
SOVIET PHYSICS JETP VOLUME 26, NUMBER 1 JANUARY, 1968 

KINETIC THEORY OF PROPAGATION OF ULTRASOUND IN MOLECULAR GASES IN AN 

EXTERNAL STATIONARY FIELD 

L. A. MAKSIMOV and Yu. V. MIKHAILOVA 

Moscow Physico-technical Institute 

Submitted January 19, 1967 

Zh. Eksp. Teor. Fiz. 53, 228-236 (July, 1967) 

On the basis of the kinetic equation, formulas are obtained which describe the dispersion of 
sound in a molecular gas. The influence of electric and magnetic fields on the ultrasonic ab
sorption is investigated. 

THE basic aim of the present research was the 
determination of the dependence of the propagation 
velocity and the ultrasonic absorption coefficient 
on an external (electric or magnetic) field. As a 
result of the research, we found dispersion of the 
sound in a gas of molecules which possess rota
tional degrees of freedom (RDF). These formulas 
reproduce the results of the general theory of 
Leontovich-Mandel'shtam for a specific case. [1•2] 

The small parameters of our problem will be, 
first, the ratio of the reciprocals of the relaxation 
times for RDF and the translational degrees of 
freedom (TDF), 

8 === Q RDF I QTDF ~ 1 

and, second, 

w/QTDF ~1, 

w is the sound frequency. 
The first condition follows from the assumption 

that, in collisions between the molecules, the 
change in the rotational states of the molecules is 
small in comparison with the change in the trans
lational motion of the colliding molecules. The 
second condition is necessary for the possibility 
of ultrasonic propagation, because its violation 
leads to damping at distances of the order of a 
wavelength. The mathematical problem which 
arises in the latter case has been frequently dis
cussed in the kinetic theory of monatomic gases 
(see, for example,[3, 4J). 

Actually, the first condition is poorly satisfied 
(for oxygen, E(j = 4.1 ± 0.4, for nitrogen, E-N1 

2 2 
= 4.7 ± 0.4). However, we shall use it, inasmuch as 
it allows us to explain, with maximum clarity, the 
laws associated with the freezing out of the RDF 
for w ~ QRDF· This condition is evidently entirely 
violated only for molecules for which the vibra-

tional degrees of freedom are easily excited (for 
example, CO or N20), which are not considered in 
our research. If the reinforcement of the inequality 
is not satisfied, then our conclusions relative to 
the region of frequencies QRDF < w < QTDF bear 
only a qualitative character. It should also be noted 
that we formally use one small parameter E both 
for the description of QRDF and for the character
istics of the non-spherical nature of the molecules, 
which govern the dependence of the kinetic phenom
ena on the external field. As the Senftleben effect 
shows (see, for example, [5]), the latter character
istic is always small (:S 0.1), and all our conclu
sions that refer to the effect of the external field 
on the propagation of sound are unchanged if QRDF 
~ QTDF (but, as before, wjQTDF « 1). 

1; THE HYDRODYNAMIC THEORY OF SOUND 
ABSORPTION IN AN EXTERNAL FIELD 

Inasmuch as the transport coefficients of mole
cular gases depend on the external magnetic or 
electric field, [5- 10 ] it must be expected that the 
sound absorption in the presence of an external 
field will also change. This effect has been detec
ted experimentally for oxygen in a magnetic field 
by Itterbeek and Thys. [tt] At low frequencies, the 
theoretical explanation of the effect is trivial. The 
hydrodynamic sound absorption coefficient is equal 
to [12] 

In an external field, the viscosity coefficients 
and the thermal conductivity take on a tensor char
acter, [9] and we easily find, for a wave propagating 
along the x axis (by repeating the calculations 
of[12 ]) , 
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y = ~(J)--=- [2'f]xxxx + Xxx (~- ___!_ )]. (1. 2) 
2pvJ Cv Cp I 

The explicit form of the tensors T) and K can be 
taken from [s J. Inasmuch as processes for colliding 
molecules with the participation of the rotational 
degrees of freedom (RDF) of the molecules are 
comparatively complicated in comparison with 
processes in which only the translational degrees 
of freedom (TDF) of the molecules take part, then, 
in general, the coefficient of second viscosity, 
which characterizes the relaxation processes be
tween RDF and TDF, is of the same order or is 
large in comparison with the coefficients of first 
viscosity and thermal conductivity. For this same 
reason, the change for the second viscosity in the 
external field is comparatively large. Therefore, 
it suffices, for an estimate of the effect, to retain 
in ( 1.1) and ( 1. 2) the terms connected with the sec
ond viscosity, which leads to the simple relation 

Y- Yo 11\; 
~--:w=~, 

(1. 3) 

where b.?; is the change in the coefficient of second 
viscosity in the external field. Equation (1.3) satis
factorily explains the order of magnitude of the 
effect (~30%) found by Itterbeek and Thys. 

It is also easy to predict the value of the effect 
in the frequency region for which the RDF can be 
regarded as frozen, while the TDF is still in a 
state of local equilibrium. In this case, as before, 
we use Eqs. ( 1.1) and ( 1. 2), in which we discard 
terms connected with the second viscosity, and 
take into account the change in the specific heat. 

Inasmuch as the change in the first viscosity 
and in the thermal conductivity in the external field 
is of the order of 1%, it is obvious that the effect 
of the external field on the absorption coefficient in 
the frequency range under study becomes weaker, 
but on the other hand the effect of the anisotropy 
becomes sharper, since now it is not smothered by 
the isotropic effect on the second viscosity. 

2. KINETIC THEORY OF SOUND PROPAGATION 

For a description of the effect in the region of 
frequencies where dispersion of the sound velocity 
takes place, it is necessary to deduce the disper
sion equation from the linearized kinetic equation 

ox + l/ 2T u V X + y [MB] !.!::__ = - fix. 
ot ~ m oM (2.1) * 

Here u and M are the velocity and the rotational 

*[MB] "'M X B. 

moment of the molecules in dimensionless units, 
B is the external field. The form of y, which de
pends on the nature of the gas and the external 
field B (magnetic or electric), and also the remain
ing notation, can be found in[sJ. We use here the 
following collision integral (which has the dimen
sions of frequency): 

fix= nix= n ~ ~ ~ fot[(x + xd W 

- (x' + xt') W'] df1 df' df/, 

fo = const · exp (- U2 - E rot ) , 

TErot is the rotational energy of the molecule. 

(2. 2) 

Let the sound wave be described by the non
equilibrium part of the distribution function of the 
form 

X= x(u,M)exp (- iwt + i v ;;,qr ). (2.3) 

Then Eq. (2.1) takes the form 

( Q- iw + iqu + y(MB]0~ )x = 0. (2.4) 

Following[9 J, we divide the collision operator into 
two parts: 

where the second, small part describes the corre
lation between the internal and external degrees of 
freedom. Inasmuch as such a division is not unique, 
it can always be arranged that the operator a<o> 
possesses eigenfunctions identical with the eigen
functions of a collision operator of the Maxwell 
type, the probability of collision of which depends 
only on the scattering angle and does not depend on 
the value of the relative velocity and the rotational 
momenta, which do not change upon collision:[s,to] 

Q(O)¢n = Qn¢n, 

Qn = ('¢nQ¢n) = S fodf¢n *Q¢n, 

"' lm y Z.+'/2 
'¢n = LJ Ct,m 1; l,m, Yz,m, (u) 12m2 (M)Lr, 

(2.5) 

n = (lm; Z1Z2, r 1r 2, s). Here Yzm is a spherical 
harmonic, Lr is the normalized Laguerre polynom
ial; the polynomials CfJs form an orthonormal basis 
relative to the auxiliary variables U" (the projection 
of the spin on the rotational moment in the case of 
paramagnetic molecules, the projection of the di
pole moment in the case of a polar molecule); a is 
equal to zero if the moment of a (linear) diatomic 
molecule and is equal to ~2 if it is monatomic. 

In accord with the determination of !ln, the diag
.. <0 

onal matrix elements of the operator Q are equal 
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to zero. Instead of the functions with n = (00; 00, 
10, 0) and n = (00; 00, 01, 0), we shall use their 
linear combinations lfJ 3 and l/! 4 (see (2.10) and (2.11)). 

Substituting the expansions 

TDF and the RDF is large in comparison with the 
relaxation time inside the TDF, then 

n;;::: 5. (2.12) 

In the following, we shall limit ourselves to con
sideration of a frequency range that is small in % = %(0) + 8%(1) + 82)((2) + . . . ' 

w = w<OJ + 8oo(1) + 82oo<2l + ... (2. 6) comparison with the reciprocal of the TDF relaxa
tion time, i.e., we shall assume that 

in (2.4), and collecting terms of like order of small
ness in E, we find 

K:.tx<o> = o, <x<o>·, x<o>> = 1, 
k-~f) + (Q<t>- iooU>) x<o> = 0, 
K -tx(2) + (Q(t) - ioo(f>) 1y> - iw(2)x<o> = 0, 
~ ~ a 
K-1 = Q<0>- iw<0> + iqu + y[MB] aM' 

Substituting the expansion 

x<0> = ~ an'¢n, 

in the first equation of (2. 7), we get 

0 = ~ an' [ (Qn- ioo<0l)~nn' + iqUnn• 
n' . 

+ < '¢n, y [MB] :M '¢n•)] 

Hnn' = (\jln, eU\jln•), e = qf q. 

(2. 7) 

(2. 8) 

(2. 9) 

In what follows, we shall omit the index of zeroth 
approximation on w <o>. 

The sound oscillations are accompanied by os
cillations of the density, velocity and temperature 
(energy density) of the gas. This means that the 
''states'' 

1 ,,2- _,,, ( 2 + E ) ¢1 = , ¢2 = r eu, '¢s = Cv u rot- Cv , (2.10) 

are represented in the expansion (2. 8), to which 
correspond the zero eigenvalues of the collision 
operator. The matrix elements unn' connect in 
(2.9) those states which possess nonzero values of 
!Jn, that is, with 

¢4 = (~- ~)-''• (~u2 -_!_(u2 + Erot)], 
3 Cv 3 Cv 

¢ 5 = y3 [ ( eu) 2 -
1
3 u

2 J , ¢ 6 = ~S eu ( u2 - : ) , 

'¢7 = 1'2 / (cv- 3/2)eu(Erot - Cv + 3/2). (2.11) 

For all the states (2.10), (2.11), the matrix element 
in (2. 9), which depends on the external field, is 
equal to zero, i.e., x<o> does not depend on the ex
ternal field. 

Among the states ( 2.11) , there is the state zp 4 

which describes the nonequilibrium distribution of 
the energy between the TDF and the RDF. If the 
time for establishment of equilibrium between the 

n;;::: 5. (2.13) 

The relation between w and !:2 4 we shall assume 
to be arbitrary. The condition (2.13) leads to the 
result that only the first seven equations in the set 
(2. 9) are important, in first approximation relative 
to (2.13). The solution of this set of equations is 
made easier by the fact that only a small number 
of the coefficients unn' in them differ from zero: 

1 1 
Utz =--=- ·u2a = ··-=-, 

i2 f2cv 

Ua1 = "'~3(~- -~)''•, 
2 3 Cv 

u~a = l'S(~- _!_)''' , 
2 3 Cv 

u- = -~ 1/ 3 
" 2 V Cv' 

(2.14) 

This allows us to express a 1, a5, a6 and a7 in terms 
of a2, a3, and a 4 and to reduce the system from 
seven equations to a system of three equations. We 
find the dispersion equation from the condition of 
solvability of these latter three equations: 

( 
U242 \ (J) 

1 - x 2 u 1.; + u2a2 + . ) + ix2U2s2 -1+ -l!J~/ w. !Js 

( 
U2;.U~7 ) 2 (J) + ix~ u23u31 +--.-- - = 0, x = q/w. (2.15) 1+ lQ;./oo Q7 

The coefficients of the normalized functions x <O> are 
found to be equal to 

1 1 
az=--= 

1'2 
a3 = --=..xu23a2, 

i2 

(2.16) 

In zeroth approximation in the parameter (2.13), 
the dispersion equation (2.15) can be rewritten in 
the form 
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(2.17) 

which is completely identical with the dispersion 
equation of Leontovich-Mandel' shtam. [z J 

The dispersion equation (2.15) determines the 
(phase) velocity of propagation and the sound ab
sorption coefficient: 

external field, one must turn to Eqs. (2. 7) of higher 
order in E. We multiply the second and third equa
tions in (2. 7) on the left by x<o> and carry out a sta
tistical averaging. Inasmuch as 

~ drx<0>K-'F = ~ dr(K-1x<0>)F = 0, 

for an arbitrary function F, we get 

w<lJ = i(x<DJ*QU>x_<o>>, 

The change in the dispersion law (2.6) in an external 
field is determined by the difference 

dw = w(B)-w(O)= ie2 (x<OJ*QU>6KQ<t>x<o!), 

6K'= K(B)-K(O). (3. 2) 

(2. 18) Substituting the expression (2. 8) here, we find 

Here we have introduced the coefficients of first 
and second viscosity and the heat transfer coeffi
cients into the TDF (K6) and the RDF (K 7), computed 
in the zeroth approximation in the parametery of 
non-sphericity E: 

\; = nT ( ~ _ ~) , TJ = nT , Xs = ~5_ nT , 
Q, 3 Cv Q5 2 mQs 

X7 = (cv - ~ )!!!'__ . 
2 mQ7 

(2.19) 

As the frequency approaches zero (w « Q4), the 
expressions (2.18) approach the usual form, which 
follows from the equations of hydrodynamics (1.1). 
Naturally, the coefficient a4 in (2.16) approaches 
zero in this limit, which means that the TDF and 
the RDF are found in relative equilibrium. 

At high frequencies (w » Q4, but, as before, 
w « Qm, n:::::: 5), Eqs. (2.18) are almost identical 
with the formulas which follow from the hydrody
namics of a monatomic gas: 

5 T wz { ( Q~ )2 4 4 } v2 =--, y=- \; - +-YJ+-x6m .(2.20) 
3 m 2pv3 , ' w , 3 15 

The relations ( 2.18) and (2. 20) dispel the misunder
standing (which frequently arises) associated with 
the fact that the first viscosity coefficient, accord
ing to (2.19), becomes infinite as the probability of 
exchange of energy between the TDF and the RDF 
approaches zero (i.e., as the quantity Q4 approaches 
zero). It is obvious that as Q4 - 0, the frequency 
range for which the hydrodynamics is valid also 
approaches zero. 

3. DISPERSION OF SOUND IN AN EXTERNAL 
FIELD 

For the determination of the dependence of the 
dispersion law and the sound absorption on the 

dw = _!__ ~ akak,Qkk'ckk', ( 3. 3) 
n 

kk' 

ckk' = (e2n/QkQk•) (¢k, Q(1l6KQ"<1>¢k•>. (3.4) 

Following[9J, we limit ourselves to the class of 
models of collisions between molecules in which 
the transitions to states depending only on M and u 
are made very difficult. Then, in the expansion 

Q(f)'~Jk = ~· ('ljln, Q(i)¢1)1Jln 
n 

only functions with large values of Qn ~ QTDF all
pear, and the term (- i w + iq · u) in the operator K 
relative to them can be neglected (see ( 2. 7)). Then 
Eq. ( 3. 3) does not depend on the frequency and re
duces to a quantity characterizing the change in the 
kinetic coefficient. [9] For example, 

e2n A A A 4 ~ (2) 
C55 = Q/ ¢5, Q(iJKQ<1J¢5) = 15 ~ I Y2m (e) 126 Re Czm;2m, 

5 m 

These expressions describe the effect of the ex
ternal field on the velocity and the ultrasonic ab
sorption: 

dv=(v/w)Redw, dy=-v-1Jmw. (3.6) 

The behavior of quantities of the type ( 3. 5) in the 
external field was investigated in [9 J. Digressing 
from the crossover effects in an electric field (see 
Sec. 4), one can say that the correction to the dis
persion law is an even function in which the static 
transfer coefficients are close to saturation, i.e., 
when the precession frequency of the molecule ex
ceeds QTDF· 

In the hydrodynamic limit (w « Q4) the correc
tion ( 3. 3) is easily expressed in terms of the cor-
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rection to the static transfer coefficient and Eq. 
( 1. 2) can be obtained. 

For frequencies w < s-2 4 and w ~ s-2 4, the most 
important role is played by the second viscosity. 
Therefore, the frequency dependence of the effect 
in the external field can be studied if the most im
portant term left in ( 3. 3) is 

i (J)2~~( i(J) )2 
E2ffi<2> ~ - a42!J42C44 = - i -- 1 -- , 

n 2pv2 Q4 

4T {2) 
~~ = g ~Coo;oo.. ( 3. 7) 

Substituting this expression in (3. 5), we find 

(3. 8) 

(J)2~ ( ( (J) )2\-1 y~- 1+ - ) . (3.9) 
2pv3 Q4 : 

It follows from these formulas that the effect of 
the external field on the velocity of sound is most 
important for w ~ S1 4 (the dispersion region). The 
change in the sound absorption in the external field 
is greatest at low frequencies. Upon further in
crease in the frequency w » s-2 4, but w « QTDF) 
terms connected with the second viscosity cease to 
pay a determining role and the anisotropic terms, 
which are connected with the first viscosity and the 
thermal conductivity, become important. In this 
limit, the change in the velocity in the external 
field is very small, while the effect of the external 
field on the absorption coefficient is described by 
the equation 

I 2T { ( 1 \2 
~'I'Jxxxx = fS 3 COS2 8 - 3) ~C20;20 

+ 4 cos2 8 sin2 8~ Re c 21;21 + sin4 8~ Re c22;22}, 

1 2T 1 • 1 

~Xxx = 3-;. {cos2 8~Cto;!o + sm2 8~c!!;H}. ( 3.10) 

In the latter formula, in complete analogy with Eq. 
(2. 2), the values of ~c~m; tm are obtained from the 
corresponding static values ~Ctm; tm if in the 
latter functions A1m = Y 1m(u) · (u2 + Erot- cp), 
which describes the total energy flux, is replaced 
by the function A1m = Y1m(u)(u2 - 5/2), which des
cribes the flux of translational energy. The RDF 
are frozen at high frequencies and do not make a 
contribution to 6. y just as in y (see ( 2. 20)). Equa
tion (3.10) agrees with the qualitative results of 
Sec. 1. 

4. ODD EFFECT IN THE SOUND ABSORPTION 

As was noted in[to], in a gas of polar molecules 
of the symmetric top type, an unusual cross effect 
can take place in the presence of an electric field. 
In this effect, the velocity gradients produce an 
additional thermal flux; on the other hand, a tem
perature gradient acts on the viscous stress tensor: 

( fJVoq fJVop) 
q;= -xik(VT)k-sipq - 0-+-0- , 

Xp Xq, 

2 ( pVoq fJVop) 
Gik = T Spik ( v T) p + 'I'Jikpq \ OXp + OXq ' 

Sipq = T V ZT { ~ hibpqC!O;OO + 1 Cto;2oh; ( hphq- _!.._ bpq) 
m 31"3 l'15 3 

+ 3~5 C!!;2! ( ( 6;p - h;hp) hq + ( 6;q - hihq) hp)}, 

( 4.1) 

In[to], the coefficient c 11 ; 21 is actually computed 
for a specific interaction model. The coefficient 
c 10; 00 has the order of smallness of E, while c 10; 20 

and c 11 ; 21 ~ E2• The dependence of these coefficients 
on the magnitude of the electric field is determined 
by integrals of the form 

I dff a6M 6 ~ dE. . (4.2) 
J 0 M 2 + a2s2 QTDF 

It follows from ~ ipq that the eros s effect changes 
sign upon change in sign of the field. One therefore 
expects that a similar effect that is odd in the elec
tric field will be observed in the sound absorption. 

The fact that in a polar gas matrix elements 
(1/Jnl, Q(1)1/Jn) can be different from zero for transi
tions between the states (2. 5) with dependence on 
the velocity of different parity (Z -1 1 is an odd 
number), leads to the result that in the calculation 
of the correction to the dispersion law (3. 2) one 
must take into account the terms 

2' 
~(e2ffi(2l) = ~ ~akQk :S ak,Qk,ckk'· (4.3) 

n k=4,5 1<'=6,7 

This correction has virtually no effect on the sound 
velocity. In the low frequency limit, 6. E< 2>w <2> can 
be expressed in terms of the tensor of the cross 
effect, and the additional term in the absorption 
coefficient is seen to be equal to 

2ffi2 

~'Y = - 4 - Sxxx• ( 4· 4) 
pvc 

The behavior of the cross effect as the frequency 
increases is entirely similar to the behavior of the 
basic even effect (see Sec. 3). In particular, for 
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frequencies where the RDF can be regarded as 
completely frozen (w » Qi) the cross effect takes 
the form (4.4) (with the replacement of cv by 3/2 
and v0 by v 00), if in the expressior. .1) for hxx we 
cancel c 10 ; 00 and replace c 1m; 2m by quantities con
structed similar to Ctm; 1m in (3.10). The relative 
role of this effect here falls off by a factor e:. 

In conclusion, the authors express their thanks 
to Yu. Kagan, who directed their attention to the 
theme of the present research. 
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