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The quantum theory of the spontaneous emission of atoms in an external electromagnetic field

is developed. The external field can be regarded either classically or quantum-mechanically.
The general formulas for the probability of spontaneous emission are given in detail for the
resonance approximation. The line shape is analyzed for the case of a monochromatic external
field and large Doppler broadening. The superposition of the external field leads to deforma-
tion of the line contour, which can be interpreted as the consequence (1) of a change in the ve-
locity distribution of the atoms, and (2) of interference effects arising in the mixing of stationary
states of the isolated atom by the external field. Under certain conditions, the second factor
completely counterbalances the effect of the first.

1. INTRODUCTION

THE problem of the spontaneous emission from
an atom in the presence of an external electromag-
netic field was first considered in the work of Rau-
tian and Sobel’man,“] where a calculation was car-
ried out for the simplest case of a fixed atom and a
monochromatic field. In a subsequent work,m a
postulate (in the spirit of the postulates of Kleinf37)
was introduced without any foundation. This postu-
late allows the calculation of the probability of
spontaneous emission in the quasiclassical approx-
imation for an arbitrary external field. On the
basis of this postulate, an analysis of a number of
specific cases was given in %' 4 with account of
motion of the atoms.

As is well known, the Doppler broadening, which
arises from the thermal motion of the atoms, is
much greater than the radiation broadening under
normal circumstances, and almost completely
masks it. Upon superposition of an external elec-
tromagnetic field, a relatively sharp structure ap-
pears on the Doppler-broadened line. The charac-
teristic width of this line is determined by the radi-
ative decay. Thus the study of the spectrum of
spontaneous emission of atoms in an external field
uncovers interesting possibilities for the study of
the radiation characteristics of the excited states
of atoms.

In the present work a general theory is developed
for the spontaneous emission from atoms located in

an external field. The postulate of reference [ ig

retained in the theory as a special case and the re-
gion of its applicability is shown to be limited. In
Secs. 3 and 4, a series of special cases is consid-
ered. This series demonstrates the general laws
and is of interest for the spectroscopic problems
mentioned above.

2. GENERAL EXPRESSIONS

1. We shall begin with the expansion of the field
in plane waves. The Hamiltonian of the system
““atom + field’’ is described in the following way:

H=H,+M,, Bo=0H,+0/ +H. (2.1
Here I, and fif are the Hamiltonians of the iso-
lated atom and the free radiation field. From the
Hamiltonian of the interaction H’, we separate the
term ﬁ;'; corresponding to the interaction of the
atom with waves of type u. We shall be interested
in the emission of a photon ﬁuﬁ, considering I':I,'J in
first-approximation perturbation theory and assum-
ing that photons are absent at the moment of excita-
tion of the p—e atom.

We introduce the following notation. Let u de-
note the row of wave functions of the atom and the
field without account of their interaction, i.e., the
row of solutions of the equation

ihdue [0t = (Ho + Hy) ua.
We shall write the zeroth-approximation wave
function ¥, which satisfies the equation

(2.2)
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0 - .
ih— Wy = Hy¥,, (2.3)
ot
in the form of an expansion in u:
Yy=ua; a = sag, (2.4)

where ap is the column which defines the distri-
bution over the states « at the initial instant of
time t;; s is a fundamental matrix satisfying the
equation

ifis = Cut|H |u)s, s(t) =E, (2.5)
E is a unit matrix. The row elements
Yo = us (2.6)

are linearly independent solutions of Eq. (2.3) cor-
responding to different initial conditions.
Let ¥y be the correction to the wave function,

due to the term ﬁL:

Y=Y, ¥, 2.7)

The first approximation corresponds to the result
that the term H['.t ¥, in the equation for ¥,

9 - - R
iﬁﬁ‘l& = H¥ -+ H,/¥,+ H,/ ¥, (2.8)

is discarded. We write ¥; in a way similar to
(2.4):

¥, = us; Y= ¥ay = uocag. (2.9)

From (2.8) we get the following equation for the
matrix o:

ihe = (ut|H' |we + Cut|Hy/ [w)s,  (2.10)

with zero initial conditions for o. Therefore, in
the solution of Eq. (2.10), we are interested only in
the contribution due to the second term on the
right hand side. The homogeneous equation corre-
sponding to (2.10) is identical to (2.5). Therefore,
taking the unitarity of s into account, we can
writel 8

. k4
o(t)= —%sa)g sH(¢') Qut| Hy [y s(#)dt; (2.11)

to

. i
W, (1) = ﬁi%(t) § cwot () |BWo (1)) d. (2.12)

Equations (2.11) and (2.12) are essentially the
same as the usual expressions of first approxima-
tion and are written only for the entire wave func-
tion, and not for the corrections to the individual
expansion coefficients of ¥ in terms of u,.

We turn to the computation of the probability of

spontaneous emission of a photon of type /.L:[ 61

1 ¢ .
wp = — § (O | f,| W, (2.13)
h(!)u 1o
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The integral in (2.13) is obviously the average in-
crease of energy in the u-th type of oscillation.
The ratio of this energy to the energy of the photon
ﬁwu is the probability that, after a single act of
excitation of the atom, the photon of interest to us
will be emitted in a spontaneous transition (the pho-
tons hw, were absent at the initial time t = t;).

We substitute (2.7) in (2.13) and discard the
term (¥{|H,|¥;). We also note that

OV | [ ¥) = —ion<W* | B9, (2.14)
Formula (2.13) then becomes
i & -
wp=—— § Qe |y | Woddt — & c.
to
(2.15)

= — % S agtot(ut| H,' |uysapdt — x. c.
tﬂ
In what follows, two other forms of writing Wy will

be convenient. If the function ¥; in (2.15) is ex-
pressed in terms of ¥, with the help of (2.12), we
can obtain

Wy = _f‘zi‘zS <‘yo' Iﬁu,|qro> dt S <‘F0+U?MIIIFO> dr’. (2. 16)
Lo to

The general structure of the expression (2.16) is
identical with that for the case in which the external
field is absent—the probability W, is the sum of the
squares of the matrix elements of the perturbation,
computed with the help of the wave function of the
zeroth approximation. The difference is that ¥; in
(2.16) takes into account the interaction of the atom
with the strong field which ‘‘mixes’’ the states of
the isolated atom. It is then clear that the spectral
composition and the integrated intensity of the
spontaneous emission depend on the external field.

Another representation of w,, corresponds to the
elimination of the zeroth-approximation function
from (2.15); this is easily done with the help of
Eq. (2.10):

w, = [eteln, €= cagy. 2.17)

Equation (2.17) contains a summation over all
states whose probability differs from zero as

t — «, In this relation, it is convenient that only
one (ground) state of the atom is included. We
note that Eq. (2.17) is essentially a generalization
to the case of an external field of the well-known
equations of the Weisskopf-Wigner theory (see, for
example, [T} Eq. (18.13)).

In the derivation of Egs. (2.15)—(2.17), two as-
sumptions were made. First, in the use of the first
approximation, the appearance of only a single pho-
ton of frequency wy is possible. States with two
and more photons of the same type do not appear.
The error connected with this assumption is negli-
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FIG. 1. Scheme of zeroth-approximation states. The straight
arrows indicate transitions induced by the external field. The
wavy arrows indicate spontaneous transitions.

gible. Second, we have limited ourselves to the
analysis of the spontaneous emission for types of
oscillations where photons are absent at the initial
instant of time. Therefore Eqs. (2.15)—(2.17) are
inapplicable, in particular, at those frequencies
where there is an external field. Otherwise, the
expressions obtained are completely general and
exact.

2. Equations (2.15)-(2.17) are too complicated
for specific calculations, since they contain a sum-
mation over a large number of field states. This
summation can be carried out partially in explicit
form in the so-called resonance approximation (the
frequencies of the external field are close to the
transition frequency, the distance between the lev-
els being much greater than the width of the levels
and the energy of interaction of the atom with the
field). Here, however, it is necessary to consider
separately the spontaneous emission via the differ-
ent transitions.

We shall assume that the spectrum of the exter-
nal field contains a comparatively small number of
harmonics, the frequencies of which are concen-
trated near a single transition m — n. We first
consider w, just for this transition. Figure 1
shows the diagram of the zeroth-approximation
states that appear after excitation of the atom to
the level m or n. The external field (we shall also
call it ““strong’’ and number its states by the in-
dices vy) produces the transitions m — n, which
are drawn in Fig, 1 as straight-line arrows. For
sufficient intensity of the strong field, the proba-
bilities of finding the atom in the levels m and n
are equal in order of magnitude, independently of
what level of the atom was excited. The indices A;,
€j, and pj denote the spontaneous emission of the
photons hw A ﬁwei, and ﬁwpi, respectively, by the

transitions m —n, m — !, and n — j. The levels [
and j can in turn decay or be ground levels—that is
immaterial,
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In contrast with the transitions m — 7 and n — j,
at which the strong field is absent, for the transi-
tion m — n, it is necessary to consider the possi-
bility of the spontaneous emission of a large num-
ber of photons. Actually, after the excitation of the
atom, for example, to the level m, and the sponta-
neous emission of the photon A, the state n, vy, Ag
appears; the strong field induces the transition of
the atom to the level m (state m, vy, Ay) and it is
necessary to consider the state n, vy, Ay, Ay, etc.
Thus there arises a sequence of groups of states,
and each group is characterized by the presence of
k photons Ay, Ag, ..., Ag.

To begin with, we complete the summation in
(2.17) over all the spontaneous photons A4, €, pj.
For the states of the k-th group, the submatrices of
the amplitudes of the probabilities aik) (the atom
in the levels i =m, n, I, j; the elements of the sub-
matrices o(k) are enumerated by the indices of
the strong fleld) are connected, in agreement with
(2.10), by the equations

ihel = Hyo®, ine® = H,e®, (2.18)

which should be solved for the zero initial condi-
tions. Integrating (2.18) and substituting the results
in (2.17), we obtain

wy, :Z {Z IHpkl

l(Jk
t

+ 2 sk ' S S dt’ AH+G£Lk)+ (t) °,(k) (t ) A "ﬂek (1= t)} :
it to to

ka* Wp, — Omy,

_m g ()

t
S tSdt AheP () o (') Age
t

to )

QB R= (l)gk_' Wnj.

The column Ap gives the initial photon distribution
of the strong field. We replace the summation over
Pxs €k by integration over Qppcs Qe and by sum-
mation over the remaining parameters of the oscil-
lators of the field, as usual. After integration over
the frequencies, 8(t —t’) appears, which allows us
to carry out the integration over t’. Summation now
gives the first Einstein coefficients 2y,,; and

2yp;j for the transitions m —1/ and n— j:

wll — (
ta

{uvm Z Mgty 2% Gt (h)} Andt:

Ym = 2 Ymi, Yn = Z Ynj-
1 j

(2.19)

Formula (2.19) has a simple interpretation:
% aﬁlf” o%{’ and 27 PALAPALS)
k

probabilities that the atom is found in the levels m
and n, while a photon of type p appears in the field;
the probabilities of decay of these states in the time
dt are 2y, dt and 2y, dt. Consequently, the inte-

are the total
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grand in (2.19) is the rate of spontaneous emission,
and the integral is the probability of emission of
the photon within the relaxation time.

In Eq. (2.19), there is left only the summation
over the groups of states. We shall show that all
the 0%) and a(k) can be expressed in terms of the
same matrix. With this aim, we write the equations

for a(k) and a(k).
ih 6% + Vol | = Hpnol?;
i [0 + Va0t = Humoln’ + H,'s%;
i Sm + VmSin') = Hons®;
ik [s(k) + YnS (k)] = ;Lmsm + }I S(k—l)
E=0,1,2,...; so =0; H), = ppu"|H)|ugom);

H7,1,m — <¢n* U_]_IIA{//l U'lpm> (2.20)

Here U is the row of eigenfunctions of the strong
field, vy and yy are the eigenfunctions of the y-th
type of oscillation for the numbers of photons 1

and 0, and 3, and 3y, are the eigenfunctions of the
isolated atom with the strong field. The constants
Ym and y, arise as in (2.19) as the result of sum-
mation over all the spontaneous transitions from
the levels m and n.

In the presence of the strong field, the sponta-
neous emission will take place for excitation of the
atom both to level m and to level n. In order to
include both these cases, we introduce the matrices

(GO )] k) &)
. Omm Omn Smm Smn
o) = , St = ' (2.21)
® () ® _® )
nm Onn Spm Snn

where the second index indicates to what level the
atom is excited. The equations for oK and S(k’,
according to (2.20), have the form

ifi|o® 4 yo®] — H” o) = H,'p+S®); (2.22)
B[S® 4 ySB] — H'S® = Hy ‘B¢  k=1,2,...;
(2.23)
| E 0
hS+yS]—H’S=0; S=80; S(t)= <o E \ ’
(2.24)
o 01\ _<’Ym0 . ” 0 Hmn//
p_<00} Y= OY")’ H _<Hnm” 0 )
(2.25)

The probability Wy averaged over the excitations
of the atom, can be written in the following fashion
in place of (2.19), with the help of ok,
¢ 0
ovm oo § Saovmpovac), o= (1),
to R 0 pn
Q: (2.26)

p=——A
p Qm+Qn "
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where Q and Qp are the numbers of acts of ex-
citation of the levels m and n per unit time.

The fundamental matrix of Eqgs. (2.22)—~(2.24) is
the same. It satisfies Eq. (2.24) for unity initial
conditions, i.e., it is identical with S. The func-
tions o(k) and s have zero initial conditions,
and one must consider only the solutions due to the
right-hand sides. It is seen from Eqs. (2.23) that
the states of the (k — 1)-st group are the ‘“source of
excitation’’ of the states of the k-th group, which is
graphically illustrated in the scheme of Fig. 1, If
the fundamental matrix S is known, then sK) and
‘¥ can be found by quadratures:

. t
12
0= ——8(1) { s-

to

() Hy, BSE-0 () Y

. t
o) = — ﬁLS(t) S S-Y(YH/BHSE(YdY. (2.27)
i to
Thus all the K’ and o'k’ can be expressed in
terms of the fundamental matrix S of Eq. (2.24).
We now express w,, in terms of S. It follows

from Eq. (2.22) and its conjugate that
26" Mgt = — c%[g(hHo(k)]

— L {g(h)+Hu’B+S(k) —_ S(k)-l-ﬂ H /*O-(h)}_

Inasmuch as 0" =0 for t = ty and t — e, then it
follows from (2.26) and (2.27) that

w, = 2 Re 2 Sp{ 0 iﬁ S SEHBH,* o™ dt }

= Z 2 Re Sp {p — Sdt S d’ Hy* (t)H,' (t') S®H (1)

(2.28)
X BS(£)S () ﬁ+s<h)(t')}.

The first row in (2.28) is similar to (2.15), the sec-
ond, to (2.16). Equation (2.28) differs from this in
that summation has been carried out in it over all
states arising in the spontaneous transitions m —1
and n — j. There remains only the summation over
A4y Ay, ..., A and over the groups of states of

Fig. 1. Systematlc use of (2.27) permits us to rep-
resent all the S in terms of S. After this, sum-
mation is carried out over the Ay. As a result, we
obtain the following final formula for Wyt

iHI

o t
wy =2 Sp \p Re{ S dtS dt’ e—i12u(t—t)
1. to
x [S+(t)ﬂs(t)s“(t’) BrS(¥)
oo v th 4
-+ Z‘ (2Ymn)hS dty... S dty At (ty, ...,

h==1 to to

i) ST (%)
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X BS () S (#) p*S (1) At ..., 1) ]})

A(tr,. .. t) = S=1(t) p+S(tr). .. S~ (tx) B+S(tr),
(2.29)

QU« = OWp " Omn.

The first row in (2.29) is determined by the
left-hand states of the scheme of Fig. 1, while the
contribution of the k-th group to w,, is given by the
k-th term of the series. In the limiting case of very
weak external field, H” =0, the matrix S is diago-
nal, as a consequence of which all the terms of the
series are identically equal to zero. The first term
in (2.29) gives the usual expression for Wy
— |Hu’|2_i5_ (Ym =+ ya) /7

A2 2Ym $2u2+(Ym+’Yn)Z.

In the presence of an external field, the spec-
trum will naturally be different.

In the limiting case of a very strong field, the
matrix S attenuates like exp {—(ymy + vn)(t —tp)},
and the k-th term of the series will have the factor
(Ymn/(Ym + yn)]k, i.e., (2.29) can be regarded as
the expansion of w,, in powers of the parameter
Ymn/(Ym +Yn).- Physically, this is completely clear
from Fig. 1, inasmuch as vy, is the integrated
rate of excitation of states of the k-th group from
the (k — 1)-st, while vy, + v, is the damping rate.
If the inequality

wy

(2. 30)

'Ymn<ym+Yn, (2.31)

is satisfied, which holds in many cases, then one
can discard the series and limit oneself to the first
row in (2.29):
| F ot :
h: 2Sp {p Re S dtS at’ exp {(—iQu(t — ')}

to to

X SHOPS(HS()BHS(H) } .

We note that the approximation corresponds to the
situation in which in the Hamiltonian f in (2.1), we
discard not fI,, but all the interaction terms with
zero oscillations that are in resonance with the
transition frequency wmn.

Simple estimates show that the strong field will
significantly affect wy if the number of its photons
is much greater than unity, This means that the
strong field can be considered quasiclassically.
Here the eigenfunctions U are absent in the ex-
pansion of ¥, and the elements of the matrix S
will not be matrices but simple functions. But then
(2.29") is identical, apart from the sign, with the
expression obtained in '2°%), Thus the postulate of
L21 holds only in the quasiclassical approximation
and upon satisfaction of the condition (2.31).

3. We now turn to transitions between one of the
levels m, n and any third level (see Fig. 2). Here
the spectrum of spontaneous emission will obvi-

o~

wy =

(2.29")
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FIG. 2. Scheme of states of an isolated atom and spontane-
ous transitions between them.

ously undergo changes in comparison with the case
of an isolated atom.

Calculation of wy, for the indicated transition
differs little from the case m —n. Therefore, we
shall not dwell on the details of the calculation, and
only write down the final result. For transitions
from m and n to a lower level, Eq. (2.29) remains
in force if BS(t)S™'(¢t")8" is replaced by
B exp {—vi(t —t')} 8" for the transition m — 7, and
by B" exp {~vj(t - t')}B for the transition n — j
(Fig. 2). For transitions from higher levels to m
and n (i.e., for f —m and g— n, Fig. 2) the fac-
tors in (2.29) to the left of B and to the right of "
are replaced; furthermore, the necessity of sum-
mation over the processes of excitation of the lev-
els m and n disappears, since only the excitation
of the initial levels f and g are essential in the
case considered. For example, for g —n, one can
find

712 (od t
w, = z—ui%zl— Re{a,+{ at{ ar

to to

X exp {—iQu(t — ) — g (t + &' — 260)}

t tk_i

X [S(i)s—i(z')+2 @yma)® $ b § by A*(t, . 1)
h=1

to to

X S(8)S1 () A (ty, ..., ) :lan}; tn =< 0, (232)
Ay

The probability w;, for the transition f— m is ob-

tained from (2.32) by replacing Yg by vf and the

matrix a, by

().

4. We consider the case in which the elements of
the fundamental matrix are linear combinations of
exponential functions of the time. This case is of
interest from the view of applications. Such a form
of S exists if, for example, H” in (2.24) is a peri-

odic function of the time.'®! We limit ourselves,
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for simplicity, to the quasiclassical approximation

and set
2 Apge™! 2 Anpe™
s p
: (t) - (2 ere—ﬁrt E Bnqe-ﬁqt ’ (2' 33)
r q

Then the integration in (2.29) leads to the following
result:

wu=PmRe{ Z

Csr
as’ + ﬁr/ -+ i(Qu —as’ + ﬁr”)

Cyq
R e
n R Ty
T e{z ap’+Brti(Qu—ap”+ ")

pr

+ E, ’ ’ -qu ” ” }’

pq 0P + Bq + i (Qu—ap"+B4")
p=p+ip"
while the coefficients Cg, etc. do not depend on
the frequency Q- According to (2.34), the line of
spontaneous emission consists of components of
Lorentzian shape; the location of their maxima is
determined by the energy difference of the quasi-
stationary states E,,— E, + 1 (¢” —g"), while
their width is determined by the sum of the damp-
ing constants o’ + B’. In other words, in regard to
the width and location of the maxima, the situation
is as if a transition took place from each ‘‘state’’
(m, s) and (m, p) to the ‘‘state’” (n, r) and (n, q).
Of course, each exponential function is not a solu-
tion of the Schrodinger equation, but their combina-
tion (2.33) is, and real physical meaning attaches
to the entire set of Lorentzian components in (2.34)
and not to each one individually. Nevertheless, in
many problems, the form (2.34) is very convenient
for the qualitative analysis of the phenomena. In
particular, the integrated probability of spontaneous
emission is equal to the sum of the integrated prob-
abilities of the individual components. Therefore, if
the contours corresponding to the different terms in
(2.34) do not intersect, then the picture of the tran-
sitions between (m, s), (m, p) and (n, r), (n, q)
characterizes sufficiently completely the intensity
distribution in the line. If the overlap of components
is appreciable, then interference effects are present
and the resulting line contour can have nothing in
common with the sum of the Lorentzian components.

In the following sections, general formulas will
be put down for the case in which the external field
is a plane traveling monochromatic wave with fre-
quency w. Here the fundamental matrix has the
form (in the quasiclassical approximation)

S(t)= (B Aietif dget - Bleni—en) ) 5(2.35)

(et — euat) @it (Asemut 4 A e0at)ei?'t,

(2.34)

a=a +ida”,
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iQ 4T V<i9’+v>2 o
e — —--‘G2
aq,2 2 o oy 2 )
A=l m Ay 2T Vm  p G
ay — O ay — Og (2'36)
QL =0—0mn—kv, T=vym+vn, V="1Yn—Vm
G=pmnE/2fl,

where k and E are the wave vector and the ampli-
tude of the external field, v the velocity of the
atom, ppyp the matrix elements of the dipole mo-
ment for m —n. We note that (2.35) is a special
case of Eq. (2.33). We shall assume that the condi-
tion (2.31) is satisfied, and shall use Eq. (2.29’) for
the calculation of Wy - As has already been recalled
above, interest attaches to the case of a gas, where
the motion of the atoms must be taken into account.
Here the quantity Q in Egs. (2.29) and (2.29') must
be replaced by

Qp., = Qp, - kuV = Op — ®j; — ku,V_1 (2.37)

where wjj is the frequency of the transition under
study, and k;, the wave vector for spontaneous
emission. Averaging over the velocities is com-
pleted for the Maxwellian distribution

(Y n7) -3 exp {—Vv&/72}, ¥ =7V 2kT/m.

3. THE TRANSITIONS f—m and g—n

We begin with consideration of the transitions
f—m and g— n (Fig. 2), inasmuch as it is con-
venient to trace the role of the excitation of the
levels of the atom in an external field by means of
this simple case, and to make clear the specific
interference effects.

For the transition g— n, substitution of (2.35)
in (2.32) gives the following formula for the angu-
lar and spectral densities of spontaneous emis-
sion:

Yen 1
4tyg T

<wu>=
4 4 (3.1)
R 2 1 \ ]

° <vg et =) et e —a)/

The angle brackets denote averaging over the
velocities. The structure of Eq. (3.1) will be clear
if we note that, in accord with (2.35), the lowest
level n of the transition is ‘‘split’’ by the field into
two ‘‘sublevels,’’ with respective quasienergies
Ep—ai — ' and Ep — oy — iQ’, widths (—aj)
and (—ozé), and probability amplitudes A, and A;,.
Therefore, the two terms in (3.1) correspond to the
situation wherein the upper level g combines with
each of the sublevels of the state n.

Inasmuch as A; + A, = 1, the integrated proba-
bility of spontaneous emission does not depend on
the external field
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oo

W= S wpdoy =
This should be expected, since the atoms located
in the upper level g do not interact with the exter-
nal field. Thus all the changes of w, concern only
the line shape, i.e., they have a purely ‘‘interfer-
ence’’ origin.

In the case of very high fields,

1 Yen

_ (3.2)
4T vy

Q'+ T
BElsie—;  Au=i, ¢>w

Q2 = —

and in place of (3.1) we have

(wu)=%ﬂe<<Vg+%+i[Qu_%—G

_<ku——]2{—/ v]—1 (3.3)
At TG o (-5

In this case, two well delineated lines are obtained,
with maxima at the frequencies

Quzwu_ﬁ)gn=9/2i0.

The line widths depend on the relation vy, + I'/2
=yg+ (Ym + Yn)/2 and the ‘‘Doppler’’ width
]kﬂ- k/2|v; this depends in turn on the observa-
tion direction kj/k, and the ratio of the frequen-
cies of the spontaneous emission and of the exter-
nal field. The interference effects are maximum if
k, = k/2, i.e., the direction of observation is
identical with k and w,, = w/2. In this case, the
motion of the atom does not affect the width; it is
determined by the sum Yg * (Ym + Yn)/2. If the
observation is made in the direction —k for the
same ratio of frequencies, i.e., k# = —~k/2, then
the atomic motion is more significant.

We shall not analyze (3.3) in further detail, since
the fields that are attainable at the present time
are insufficient for realization of the conditions of
applicability of this formula; we return to the case
of not very strong fields, when the two components
in (3.1) are not resolved. Here, it is natural to re-
duce the terms in (3.1) to a common denominator,
and to consider them together:

W
(wyw =»;Re<[yg + Ya -+ iQy
GZ —1>
Ym+ve +i(Q —Q) 3 /7
For G =0, Eq. (3.4) transforms directly into
the ordinary expression for w,,. It is seen from
(3.4) that the external field leads to a change in the
line width and in the position of its maximum. The
changes here depend, in particular, on

(3.4)

-+

NOTKIN, RAUTIAN and FEOKTISTOV

Q) — Q' = (0p — Wgn) — (0 — Omn) — (ku — k) V. (3.5)

First, we shall consider the case k, =k, where
the effect of the external field is a maximum. Then
(3.4) can be expressed in terms of the probability
integral of complex argument:[“

(wy) = _V;ZJ Re{e?[1 — @ (2)]}; D(z)= %§ et dt;

G2 __}(3-6)
lve +vym+i(Qu—)1 )"

1
Z=—“:{Yg+\’n+i9u+
kaw

For a large Doppler width,
kuo >vg + vn + G/ (vg + ¥m),

one can write (3.6) in the form

(3.7)

____2_'Yg+Yn
VY kup

w
() 22— exp (=94 (k) {

It w?

2 G* (ym + v¢)?
—_— e (3.8
1 (g - ym) B (QM_Q)Z‘I‘(Ym"‘YE)Z} (3.8)

It is seen from (3.8) that a ‘‘valley’’ of Lorent-
zian shape appears against the ‘‘background’’ of the
Doppler broadened line; the valley width is deter-
mined by the parameter G2/[ ku\_/(yg +vm |, which
is smaller than the socalled saturation parameter
G% ¥ myn by 2 factor K,V (ym +7v¥n)/ym yn. It is of
interest that the valley width yg + vy, is determined
by the damping rate yy, of level m, which does not
participate directly in the transition g— n. This is
obviously connected with the fact that the external
field ‘“mixes’’ the states m and n of the isolated
atom.

We note that for these effects to appear strict
satisfaction of the condition k# =k is not neces-
sary. From (3.5) and (3.4), it is easy to see that
the satisfaction of the inequalities

0 << (vg + vm) /Fu?,

is sufficient, where ¢ is the angle between k
and k. For atoms with an atomic weight of about
20, T ~400°K, g +vm ~ 10° sec™ and y = 1y,
the conditions (3.9) mean that ¢ ~1° and |A,~ Al
~ 100 A are entirely admissible.

It is not difficult to see that for a significant dif-
ference between ku and Kk, the effect of the field
will be much smaller than in the case under dis-
cussion. Therefore, we shall not analyze the situ-
ation in detail for ku #k.

We now turn to the transition f-— m, i.e., the
transition to the upper of two levels which are con-
nected by the external field (Fig. 2). Here we have

lku""kvku, (3-9)

Ay
v — oq 4 iRy

W A
=g Re< +yf—a2+ig,['>l
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= Wnat Re{{ys + ym + iQu’
+ G/lys +yn +1(Q + Q)Y

Formula (3.10) is obtained from (3.4) by the sub-
stitution of ¢ for yg and —Q' for Q'. Here the
interference effects are very intense for observa-
tion along the direction opposite to k. This can
offer a certain advantage from the experimental
viewpoint.

(3.10)

4. THE TRANSITIONS m — ! and n—j

In the case of the transitions m —1 and n —j
(Fig. 2), it is necessary to use Eq. (2.29’) with
those changes which were mentioned in Sec. 2.
For the transition m — [, simple calculations give

ym 4
4Ttym r

X Re <[Yl + Ym 4+ iQ0 +

(wu> ==

G2 —1
Yo+ yn (R — Q’)]

_( G
{P’" Ym  Yn /Q'2+I‘2(1+G2/Ym\(n)

< [rveimea -

The factor in the first row of Eq. (4.1) has the same
form as in (3.10). If py /Ym = Pn/¥n» i-€., if the
populations of levels m and n interacting with the
field are equal, then the line shape will be the same
as in the transition f — m (with accuracy to within
the replacement of yf by y; and k# by _kﬂ)’ and
the integrated probability of emission does not de-
pend on the external field. In the opposite case,

(4.1)

S (wp doy
o (4.2)
= It (B0 re
drtym N\ Ym Q2+ T2(1 + G?/ymyn)

As is well known,“] the factor

L !

Ym Q24 r(1+ Gz/YmYn)
is the probability of stimulated emission of a pho-
ton by the external field. Therefore, the second
term in (4.2) and the term in (4.1) corresponding
to it express the change in the population of level m
as the result of transitions induced by the external
field. As a consequence of the selectivity of the in-
teraction of the atom with the external field, the
demonstrated change in the population depends on
the velocity of the atom v (the ‘‘Bennet gap’’),
which is an additional reason for the change in the
line shape. Furthermore, in Sec. 3 it was shown
that the effect of the field on the factor in the sec-
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ond row of (4.1) is important for G* ~ (v; + Vn)kp‘_”
the change in the population is determined by the
value of the parameter G% vmI. Consequently, for
a large value of the Doppler width k v, the basic
changes in the line shape of spontaneous emission
will be connected with the second and not the first
row in (4.1).

For large values of k,V, the average of (4.1)
over the velocity can be obtained comparatively
simply. We shall only put down the formulas which
pertain to the class of observation along k and -k,
since interesting interference cases appear here:

<wu> — Ymi €Xxp {_9u2/(ku27)2}

450 Yim VR ko
_kugom_ pny r.6 1. (4.3
X{ Ym Yn /(Qu—kuQ/k)2+I‘+2 Ik )
Ty =vi4+vyn+(ku/k—1)T; kk>0; ku=4k;
G2<'Ym'Vn;
—0.2 )2
<wu> — Ymi exP{ g_zl‘ /(kﬂv) }
ku (Pom__ on & L. (4.4)
X{"’" ?(vm Vo (Qu— kuQ/k)E+T2
I-=vi+vym-+ kuT/k, kk <0; G<ymyn.

As in the case of Sec. 3, a ‘‘valley’’ appears in
the line of spontaneous emission, the width of
which is much less than the Doppler width ky V.
For observation along —k (Eq. (4.4)), the valley
width I'_ is such as could be expected on the basis
of representations of the ‘‘Bennet gap:’’ the term
(ky/K)T is the width of the valley in the velocity
distribution, converted to the Doppler shift near
the frequency wy; to this term is added the width
Y7 +Ym> due to the lifetimes of the combining lev-
els I and m. For observation along k (Eq. (4.3)),
the valley width I, cannot generally depend on the
velocity distribution if k, ~ k. Only for k u > k
will T'y = T'_. Furthermore, vy, does not enter
into Ty, but rather vy, i.e., the width of the level
n, which does not directly take part in the transi-
tion m —1[.

In the analysis of Eqgs. (4.1), (4.3), (4.4), we have
assumed that the population of the upper level m is
greater than the lower level n. In the opposite case,
the sign of the difference py/ym — ¥Yn/pn is
changed and a peak appears in the line, rather than
a valley, with the same parameters.

Let us now consider the spectrum of spontaneous
emission in the transition n —j (Fig. 2). Here we
get
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w0 = Re<[v’ HAR e Lc(;; T+ >T
X{Pm +<p’YTn %)le_*_l“zuc_i G2/ Ymyn)
8 [F+Y"v;+vm Jr—zl?zu'+9 ]}> (4.9)

Equation (4.5) is obtained from (4.1) by the substi-
tutions m ~—=n, y; —vj, Q'——0’, and the most
significant differences are the following. The fac-
tor [py/Ym — Pn/vn] appears in (4.5) with a dif-
ferent sign than in (4.1). Therefore a ‘‘peak’’ in the
transition n — j will correspond to a valley in the
transition m — [ and vice versa. This circum-
stance is clearly understood, inasmuch as the
changes in the populations of levels m and n,
brought about by the field, are opposite in sign. The
second difference pertains to the width of the
‘‘peaks’’ (valleys) in observation of spontaneous
emission along k and —k. In the approximation
analogous to (4.3) and (4.4), we have

kp, ku,_k

I =vi+¥n+-"T I =%+ (4.6)

that is, the analog of the transition n —j and
ky+k>0is ky-k<0 for the transition m —1,
and vice versa.

5. DISCUSSION OF RESULTS

It was shown above that the external field can
significantly change the spectrum of spontaneous
emission of a quantum system. These changes can
be interpreted as the result of a mixing of station-
ary states of the isolated atom in the external field.
Unusual interference phenomena appear here, as a
result of which any discussions based on the picture
of ““splitting’’ of the levels of an isolated atom can
lead to a seriously wrong conclusion. This applied
both to the adjacent transitions considered in the
present research as well as to the spontaneous
emission by the transition m — n, which was con-
sidered in {12 4],

We note that similar interference effects occur,
to a known extent, in those cases when, by selection
of processes of excitation the states of the atom at
the initial instant of time are ‘‘prepared’’ in the
form of a linear combination of stationary states
(see, for example, '°711) From the viewpoint of
formal classification, the case of interest to us is
distinguished by the fact that mixing of states takes
place after the excitation of the system, while at the
initial instant the atom is in some stationary state.

The established features of spontaneous emis-
sion are of interest from the spectroscopic point of
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view, inasmuch as they permit the experimental
determination of the radiation broadening of the
levels, which is masked by the Doppler broadening
under ordinary conditions. For example, let the
widths Iy, I'_, T%, and I'_ of the ‘‘valleys’’ be
measured in the transitions m — 1 and n —j; ac-
cording to (4.3), (4.4), and (4.6), we have

kn—k
I't=vw+vyn+ 2 (Ym +vn);
——’Yl+'Ym+ (vm+vn)
I‘+’=w+vn+ 2t yn);

(5.1)

k,
T =yt ym+ (o +va)-

k

Thus, a set of four linear equations is obtained in
the unknowns vy, Yjs Ym> and vy,. It is easy to
show that the determinant of the system (5.1) is not
equal to zero for any k k', or k (excluding the
practically umnterestmg case k, + k = k). There-
fore, measurements of I'y and I‘i make it possi-
ble to determine the radiation widths of all the lev-
els I, j, m, and n. A similar situation occurs in
the investigation of two transitions from one of the
levels m or n (for example, m — ! and m —1').
It is necessary to emphasize that only radiative
relaxation has been considered in the present re-
search, while various processes in atomic colli-
sions have been completely ignored. The account
of collisions requires an additional analysis, and
we hope to turn to this problem in another place.
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