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The Fermi excitation spectrum in antiferromagnets of the transition-metal-oxide type is studied 
as a function of the magnetic ordering. It is shown in the localized-electron model that because 
of the Pauli principle the electron and hole bands are much narrower in the ordered state. A 
strong broadening of the bands and hence a decrease in the energy gap occurs above the Neel 
point. The results obtained can explain the observed dependence of the electrical conductivity 
on the magnetic structure in substances of the NiO type. 

}. IN this paper we study the structure of the elec­
tronic spectrum of antiferromagnetic semiconduc­
tors of the transition-metal-oxide type (e.g., NiO, 
CoO, Fe20 3). It is characteristic of this class of 
substances that the very same d electrons are re­
sponsible for both the magnetic and the electrical 
properties. Hence it is natural to expect that the 
structure of the d band should be closely associ­
ated with the magnetic ordering. 

The substances in this class are ionic crystals. 
The separation between the transition-metal ions in 
them is large, and consequently the overlap of the 
d functions of different ions may be neglected. The 
delocalization of the d electrons is due to indirect 
exchange; [ 11 it is small, and in the calculation it is 
necessary to start from the localized electron 
model. 

We shall first consider the case when the atomic 
wave functions are nondegenerate (e.g., the hydro­
gen s-level) and there is but one electron per cen­
ter. The complexities brought about by the five­
fold degeneracy of the d-level will be introduced 
later. 

Using the localized Wannier functions as a basis, 
we write the Hamiltonian of the electrons in the 
form 

H= ~ ~~ an;aan,a+ 1/2~ Un,n,Pn,Pn,=H'+Ho, 
(n1n2),t:s nfn.1 

(1) 

" 
Here a~a is the creation operator for an electron 
with spin a at site n; {3 is the matrix element of 
the transition of the electron to a neighboring cen­
ter due to indirect exchange, and the symbol 
{n1n2) in the first term H' of the Hamiltonian indi-

cates summation over nearest neighbors. The sec­
ond term H0 describes the Coulomb interaction of 
the electrons. All the remaining terms of the inter­
action, which contain integrals of the Wannier func­
tion of different centers, are small and may be left 
out. [1] 

The characteristic parameter of the Coulomb 
interaction is the quantity U = U00 - U01 • For the 
given substances, U:::; 6 eV and {3:::; 0.3 eV. In 
this case it is possible to treat H' as a perturba­
tion, taking H0 as the zero-order Hamiltonian. In 
the ground state of H0 there is one electron per 
center; this state is 2N-fold degenerate with re­
spect to spin (N is the total number of centers); 
its energy is E0• This degeneracy is lifted in sec­
ond order with respect to H'; the effective Hamil­
tonian of the corresponding secular equation can be 
reduced to the Heisenberg Hamiltonian with antifer­
romagnetic interaction 

(2) 

The Schrodinger equation with the Hamiltonian (2) 
determines the stationary linear combinations 
I a); from them one determines the wave functions 
of these states: 

H' ) 
I<Da) = ( 1- Ho-Eo Ia). (3) 

We shall assume that the ground state I <1>0 ) of 
the Hamiltonian (2) is antiferromagnetic. With this 
assumption it is possible to calculate the average 
values of the spin operators in the ground and ex­
cited states of the Hamiltonian (2). [ 21 

2. Let us consider the structure of the spectrum 
of the single-particle Fermi excitations of the sys-
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tern. Such excitations can be obtained by transfer­
ring an electron from the center n1 (a hole at the 
center n1) to the same level of center n2 (an ex­
cess electron at n2) and considering the case when 
the electron and hole thereafter move independently, 
without forming a coupled pair of the exciton type. 
In the zeroth approximation this state is separated 
from the ground state by a gap U-the repulsive 
energy of two electrons at one center, and the sub­
stance is a dielectric. 

Our system corresponds to the dielectric phase 
of the model proposed by Hubbard[ 3] for treating 
the Mott dielectric-metal transition. 

We symbolize the energy of the electron by E e 
and that of the hole by Eh; from the above it is 
clear that in the zeroth approximation Ee- Eh = U 
and the state with the excess electron or hole is 
N -fold degenerate. The term H' lifts the degen­
eracy, leading to delocalization of the electrons 
and washing out the electronic and hole levels in 
the band. 

The spectrum of elementary excitations is de­
termined by the poles of the single-particle Green 
function 

(4) 

Averaging here is understood both in the quantum­
mechanical and in the statistical sense, i.e., 

( .. .)= ~(1Dnle-H/kT, .. I1Dn) ~~ (IDnle-H/kTI«Dn). 
n n 

To determine the spectrum it is necessary to 
find the mass operator M; the spectrum is given 
by the solution of the equation 

1-G<0lM= 0. (5) 

The mass operator is calculated in the first order 
of the perturbation H', utilizing the fact that the 
first-order correction to the Green function is 

G<1):::;::: G<0JMG<0>. 

Having calculated G<l> we shall solve, instead of 
(5), the following equation, which is equivalent to it: 

G<0l - G(l) = 0. (6) 

Since the ground state of the Hamiltonian H0 is 
degenerate, the standard technique of perturbation 
theory in the interaction representation is not appli­
cable to the problem of calculating the Green func­
tion. In the Heisenberg representation, which we 
shall use, it is necessary to carry out the averaging 
in (4) over the eigenfunctions of the total Hamil­
tonian H, taken in corresponding order; in zeroth 

order with respect to H' for the degenerate states 
these are the true linear combinations I a), deter­
mined by solving the secular equation with the 
Hamiltonian (2), and in first order they are the 
functions I <I> a) given by Eq. (3). 

In expanding the Heisenberg operators in a 
series in H' we use the formula[ 4] 

~ 

e'i(Ho+H').= eitHo + i ~ ei(~-t)HoH' eitHo dt + 0 (H'). (7) 
0 

In the statistical average it is necessary, for the 
degenerate states, to use in the exponential their 
energies Ea, found after the degeneracy is lifted, 
so that 

and it is possible to omit from the average all 
states other than I <I>a), since all such states are 
separated from the ground state by the energy gap 
u » {3. 

Substituting (3) and (7) into (4), separating out 
the terms of zeroth and first order in {3, and car­
rying out a Fourier time transformation, we obtain 

G (O) . ( ) _ [ 6a,a,- K2(~1, <110"2) + K2(n1 0"!0"2) l 
n,a1-n20';a e - 6n n 

· . e - Ee + if> e + Eh - if> J ' " 

(8) 

(I) ~ . 
Gn,a, n,a, (e)= 0 [6a,q, 

- 2K4 (n1n2, 0"1<72)] ( 1 . - 1 . ) 
e - e. + ~6 e + Bh - ~6 

+ ~K4 (ntnz, 0"!0"2) ~ ~K._+(n1n2, 0"10"2) • 

( 8 - Be + t6} ~ ( e + Eh ~ if>) 2 
(9) 

Here n1 and n2 are nearest neighbors, and K2 and 
K4 are correlation functions given by the statisti­
cal averages over the spin functions I a) from the 
quadratic and quartic forms of the Fermi opera­
tors, respectively: 

+ K~(n, O"HJe) = (ana, ana), (10) 

¥4 (niin.%, cri1l2) = (:Sa;;.,, llon,cr a;!;" an,a, ). (11) 
a 

All the elements of G<l> for other than nearest 
neighbors are zero. When the spin functions I a) 
are acted upon, we have 

+ . + 
an, ±Vz an. ±'h = 1/2 + Snz, an,±'/, an, =F'h = Sn±. (12) 

Using (12) and taking into account that after the 
averaging, the elements of the correlators that are 
non-diagonal in the spins vanish owing to the con­
servation of the spin projection, we find 

(13) 
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Here 

Sn = (Snz), 

(Sn,Sn,) = (Sn/Sn,Z + Sn,±Sn2"f). 

We have also made use of the fact that in the anti­
ferromagnetic state we have for the nearest neigh­
bors sn1 + sn2 = 0. 

It can be seen from (8), (9), (13), and (14) that 
the elements in Eq. (6) which are non-diagonal in 
the spin indices vanish and the diagonal ones are 
equivalent, and we can limit ourselves to consid­
ering an equation for only one spin direction. Then 
to first order in {3 Eq. (6) for the spectrum of the 
electrons (holes) reduces to 

1/~Kn,n,- 6n,n,( 1/2- Sn,) (e- Be(h)) 1/ = 0. (15) 

We diagonalize the matrix (15) by a Fourier 
transformation with respect to the space indices 
n1 and n2, taking into account that sn = ± s for the 
sites of the different sublattices. Setting the diag­
onal elements equal to zero, we obtain the electron 
(hole) spectrum for the simple cubic lattice 

Be(h) (k) = Be(h) + 2~q> ( T) (COS kx +COS ky +COS kz), 

(16) 

Here 

fP(T) = 1/4 + (SoSI) 
ytj4 _ s2 

(17) 

is a factor describing the effect of the magnetic or­
dering on the band structure. Thus we see that by 
taking overlap into account (the term H') the de­
generate levels of the Fermi excitations of the 
system are diffused into bands. It is significant 
that the width of these bands depends on the mag­
netic ordering. This is because the probability of 
a transition from center to center, which is pro­
portional to the matrix element of the transition {3, 
is limited by the Pauli principle. 

When there is stable antiferromagnetic ordering, 
only an electron with the opposite spin - 1/z can 
transfer to a given center with spin + 1/ 2, but then 
there are electrons with spin - % at the neighbor­
ing centers, and consequently the transfer of the 
extra electron to them is forbidden. "Zero-point 
vibrations" at T = 0 and thermal disordering at 
T i 0 make these transitions possible, but it is 
clear that when T < TN they are still suppressed 
to a large extent, and the bands are narrow. Math­
ematically this effect is indeed described by the 
factor cp(T), into which enter the correlation func­
tions of short-range order (S0S1) and the average 
moment of the sublattice s, which describes long-

range order. The single-particle spectrum de­
pends on temperature through these correlators. 
The influence of the Pauli principle on the electri­
cal properties of antiferromagnets has also been 
discussed on the basis of a somewhat different 
model in [ 51 . 

The results of (16) and (17) can also be obtained 
by the usual perturbation theory for a degenerate 
level; however, in this method it is difficult to jus­
tify the use of temperature-dependent correlators. 

Let us consider the temperature dependence of 
the correlators appearing in (17). The correlator 
( S0S1) is proportional to the average magnetic en­
ergy of one center (see Eq. (2) ), and the factor 
<P (T) can be evaluated from experimental data (e. g., 
from the heat capacity and the magnetic scattering 
of neutrons). Obviously, the sharpest change in the 
correlator (8081) occurs in the vicinity of TN, since 
the heat capacity is infinite at the N eel point. 

The value of <P (T) can also be estimated starting 
from theoretical calculations for the Hamiltonian 
(2). At T = 0 we have (S0St) = -0.295, s = 0.43, [2J 

and <P (O) = - 0.18. As the temperature is raised, 
the correlator (S0S1) increases, and there is a 
point where <P (T) = 0. Near this point it is neces­
sary to take into account the terms of higher order 
in {3 /U that were left out earlier. These terms 
lead to a finite width of the conduction band, of the 
order of 10{32/U, near this point. 

When T »TN, we have s = 0, (S0S1) ~ TN/T, and 
<P (T) - %. It is interesting that unlike the purely 
single-particle scheme, the factor <P (T) in the dis­
ordered phase is equal to %. not 1. This is due to 
the presence at each center, with probability 1/ 2 , of 
an electron with the same spin as that of the extra 
electron. 

The general appearance of the spectrum is 
shown schematically in Fig. 1. The upper band is 
the electron band, the lower band is the hole band. 
We see that the forbidden zone narrows sharply 
near the Neel point in the transition to the disor­
dered phase. 

e 

FIG. 1. 
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This model can qualitatively explain the con­
nection between the electrical and the magnetic 
properties of substances in which the magnetic or­
dering is due to indirect exchange and the conduc­
tivity is effected via the d band. The narrowing of 
the forbidden zone above the N eel point that is ob­
tained in several experiments[ 6- 9 1 is evidently 
explained by the effect considered above. 

3. In real cases one must take account of the 
complications associated with the degeneracy of 
the d band and with the fact that in general there 
is more than one d electron per center. The five­
fold degeneracy of the d level of an isolated ion in 
a crystalline field of cubic symmetry is partially 
lifted, and we obtain a threefold degenerate level t 
and a twofold degenerate level eg lying about 1 eV 
above level t. [ 101 In this connection we must keep 
in mind, first of all, that the electron can move 
over an unoccupied level. In addition, if there is 
more than one d electron at each ion, their ex­
change interaction must be considered; this leads, 
first, to a total spin of the electrons at each center 
of S ::: 1/ 2, and, second, to an additional splitting of 
the electron and hole bands when T < TN. 

In the case of a degenerate band the Pauli prin­
ciple prohibits the motion of an electron when 
T < TN. This leads to a narrowing of the conduc­
tion band in the antiferromagnetic state. In the d 
band, if the number of d electrons is less than the 
number of degenerate levels (for example, if there 
is only one d electron in a t state and two t levels 
are free), the extra electron can travel over free 
levels with the same energy, and the Pauli principle 
does not prohibit its movement. In this case the 
width of the electron band is independent of the 
spin ordering, and the factor cp in (16) is equal to 1. 
It is not difficult to see that with this structure of 
the d bands in cubic crystals the effect of narrow­
ing of the electron band below the N eel point will 
occur when the number of d electrons n = 3.5-9. 

sentation in which the matrix element of the transi­
tion f3au:/ in (1) is diagonal in a. In this case both 
the single-particle Green functions (8) and (9) and 
the correlators K2 and K4 also need to carry the 
index a. Since all singly-filled d levels enter in­
to the spin functions identically, 

1 
K'li."'l"- = 2s ~K2('<lr:. 

u.' 
(18) 

The sum in (18) now coincides, respectively, with 
the right part of Eqs. (13) and (14), in which the 
operators for spin 1/ 2 are replaced by the opera­
tors for spin S. As a result 

1 SZ+ (SoSi) 
q>(T) = 2S "fS2- s2 • ( 19) 

For large values of S we have cp(O),..., s-112 ,[2 1 i.e., 
the narrowing effect is stronger the bigger S is. 

For n > 1, inclusion of the exchange interaction 
in zeroth approximation leads for T < TN to a split­
ing of the excitation spectrum depending on spin 
direction: 

1,2 1 s 
Be =Be± -l(2S -1)-

2 S' 
(20) 

where J is the magnitude of the exchange interac­
tion of two electrons at one site. A similar formula 
also exists for the holes. Then, from (15) and (20), 
we obtain 

B~i.~ (k) = Be(h} ± [4p!cp2(T) (cos k,. +cos ky +cos k2 ) 2 

+ J2(1 -1 I 2S) 2s2(T) ]"•. (21) 

Here -rr /2 :::::; kx, ky, kz :::::; rr /2. If the extra elec­
tron moves over an unoccupied level, it is neces­
sary to replace 2S - 1 by 2S and set cp (T) = 1 in 
Eqs. (20) and (21). 

The splitting of the band is associated with a 
magnetic doubling of the period. This effect was 
considered in c 11 • 121 with no account taken of the 

Similar considerations for the holes show that the Pauli principle. For intrinsic conductivity it al-
corresponding effect for the holes will take place ways leads to an increase in the gap in the disor-
when n = 1-5.8. Hence it is clear that this effect dered phase. It is clear from (21) that in fact the 
should occur always for intrinsic conductivity, and resulting effect depends on the ratio of the param-
depending on the type of conduction and the number eters {3 and J. The form of the spectrum for 6{3 
of d electrons for impurity conductivity. > J(2S- 1) is shown schematically in Fig. 2. 

The exchange interaction of the d electrons at With increasing spin the effect of exchange 
one center when n > 1 is not small, and we need to splitting of the d band becomes stronger and may 
take account of it already in the zeroth order of become predominant. This is apparently the situ-
perturbation theory. It leads to the fact that the ation in CoO. [ 131 

total spin S at each center S = n/2 for n:::::; 5, and For comparison with experiment it is necessary 
S = 5- (n/2) for n::: 5 (Hund's rule). To the elec- to further consider the polarization of the lattice. 
tron creation and annihilation operators it is neces- The results of Giterman and Irkhin[ 121 show that 
sary to assign an index a, the number of the d the main part of the electron-phonon interaction, 
level (a = 1, 2, ... , 5). We shall work in the repre- diagonal in the number of electrons at the center, 
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FIG. 2. 

leads to a decrease in the gap, independently of the 
magnetic ordering; the nondiagonal part of this in­
teraction (the term K1 in [ 121 ), on the other hand, 
is small. 

The experimental data on the conductivity of an­
tiferromagnetic semiconductors is most complete 
for NiO. In the most careful recent work[ s, 71 a 
jump in the activation energy is obtained at the Neel 
point, corresponding to a narrowing of the forbidden 
zone when T > TN. For intrinsic conductivity the 
gap changes typically by 0. 2 to 0. 3 e V and in the 
case of Li impurity by 0.1 to 0.15 eV. 

In NiO there are eight d electrons, and thenar­
rowing effect occurs both in the electron and in the 
hole band, so that the change in the gap in intrinsic 
conductivity should actually be twice as great as in 
impurity conductivity. It is difficult to give a nu­
merical prediction of the magnitude of the change, 
since it is the difference between two large magni­
tudes that are known only to an order of magnitude. 
According to Anderson/ 1J J R; 1-1. 5 e V and 
f3 R; 0.3 eV in NiO (S = 1). Our treatment (Eq. (21)) 
gives for these values of the parameters a de-

crease in the gap above TN of 0.3 to 0.8 eV. 
In conclusion the authors wish to thank the par­

ticipants of V. L. Ginzburg's seminar, as well as 
L. V. Keldysh, for useful discussions. 
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