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The ‘‘sphere of influence’’ model proposed by Jeffries to explain the experimental data on pro-
ton relaxation in dilute paramagnetic salts is analyzed critically. The effect of heating of the
dipole-dipole reservoir of the magnetic ion system on nuclear relaxation is considered. A
qualitative analysis indicates that when a certain inequality is satisfied, dipole-dipole reser-
voir heating can be neglected during nuclear relaxation, irrespective of the impurity-concen-
tration. If the inverse inequality holds, then, at intermediate concentrations of the magnetic
impurity, heating of the dipole-dipole reservoir significantly slows down relaxation of the

nuclei.

1. THE question of nuclear relaxation in an ionic
crystal containing a magnetic impurity has acquired
great interest in connection with the progress of the
method of dynamic polarization. Theoretical analy-
sis shows that spin diffusion plays an essential role
in the relaxation of the nuclei (of the host lattice)
(see our review paper'!)),

Comparison of the diffusion theory of nuclear
relaxation with experiment shows that there is
satisfactory agreement between them when tem-
peratures are not very low and impurity concentra-
tions are sufficiently small. However, at helium
temperatures and sufficiently high impurity concen-
trations (greater than about 0.5%), the agreement
between experiment and theory (developed in the
review“]) is unsatisfactory. Under these condi-
tions 6> b and 7; > 74 (6 is the radius of the
diffusion barrier, b is a characteristic length, 7;
and Tg are the spin-lattice and spin-spin correla-
tion times of the magnetic ion, respectively). If one
substitutes the quantity 74 for the correlation time
7 of the z components of the spin of the magnetic
ion in the formula for the relaxation time T, of the
magnetic moment of the sample, one obtains values
of T, that are two orders of magnitude smaller
than the measured ones. But if 7; is substituted
for 7 (this substitution, however, is illogical, since
when 7; > 74, we have T =7), we find values of
T,, that are three orders of magnitude too large.

In recent papers,”*“ Jeffries proposed the so-
called sphere of influence model to explain the ex-
perimental data on the relaxation of protons in di-
lute paramagnetic salts.

In this paper we shall make some remarks in
connection with this model of Jeffries. Then we
analyze the results of Buishvili’s work, 4! in which
the role of the dipole-dipole reservoir of magnetic
ions in nuclear relaxation is considered.

2. Let us consider a sphere with its center in
the magnetic ion and of radius R (R is the radius of
a sphere which fits over one magnetic ion). Sym-
bolizing the distance from a point to the magnetic
ion by r, we divide the sphere into three regions
(see Fig. 1): 0 <r < ry, (ry is the distance from
the magnetic ion to the nearest nucleus), ry, <r
<6 and 6 <r <R. Let us assume that rp K6 <R
and, in addition, that 6 > b. The overwhelming ma-
jority of nuclei are in region III, whereas region I
contains none, in general.

Internal equilibrium of the nuclear spin system
is quickly established in region III because of spin
diffusion. Jeffries'? 3! assumes that in region II it
is possible to introduce an average (over r) proba-
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FIG. 1. Sphere of influence.

1050



MAGNETIC RELAXATION OF NUCLEI

bility of nuclear relaxation; further, he supposes
that the nuclei of region III have thermal contact
with the magnetic ion only via the nuclei of region
IT and introduces the corresponding cross-relaxa-
tion time. Setting up the rate equations for the po-
larization of nuclei of regions II and III and solving
these equations approximately, we find that the re-
laxation time of the total nuclear moment (which
may be considered the same as the relaxation time
of the nuclei in region III) is given by the formula

Tyt = (Taen(r))r, 8(8/R)%. 1)
. —]‘_ .
In this formula <Td1r (r)}rm, & is the average

value of the probability of direct relaxation for the
interval (r,,, 6). The factor (6/R)3 gives the ratio
of the heat capacities of the nuclei of regions II
and III.

In our opinion, the introduction of a cross-
relaxation between the nuclei of regions II and III
is a dubious procedure. However, since the cross-
relaxation time disappears from the final result,
this assumption does not play an essential role.

A weak point of the Jeffries model is the intro-
duction of an average relaxation probability for the
nuclei of region II. Actually, in typical circum-
stances, 6/r, =2 to 4, and the direct relaxation
times at the distances ry, and 6 differ very
strongly.

Spin diffusion plays an important role in region
III, whereas it is suppressed in region II. Hence, a
definite role is played by the value of the direct re-
laxation time at the boundary between regions II
and III, i.e., Tyir (9), in the relaxation of nuclei in
region III. Therefore, instead of (1), it is more
correct to write

T, = Tan (8) (8/R)% (2)

Substitution of Tg;.(0) into (2) leads to Eq.
(5.26b) in our review paper.

3. In 'Y we assumed that, in the case 75 < 1,
when a nuclear spin is reoriented, its Zeeman en-
ergy goes into the energy of the dipole-dipole res-
ervoir of the magnetic ions. It is necessary, how-
ever, to take into account that at a sufficiently low
concentration of the magnetic impurity, the energy
of the dipole-dipole reservoir is less than the en-
ergy of the nuclear Zeeman interactions. As a re-
sult, the ‘‘magnetic ion dipole-dipole reservoir-to-
lattice’’ portion may turn out to be the bottleneck in
the process of energy transfer from the nuclear
spins to the lattice.

In Buishvili’s work,t 4! the relaxation of nuclei
in a crystal with a magnetic impurity was consid-
ered with the possibility of heating the dipole-
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dipole reservoir taken into account. In doing this,
the author limited himself to a treatment of the ho-
mogeneous problem (the nuclear magnetization was
assumed to be independent of position) and of the
high temperature approximation. In order to fur-
ther analyze the question of the role of the dipole-
dipole reservoir in nuclear relaxation, we need to
recall some of Buishvili’s results.!4!

The Hamiltonian of the system is chosen in the
form

H=H1+Ha+ Hi+ H1a +Ha, (3)

where 1, 563, and .%’l are respectively the Hamil-
tonians of the Zeeman system of the nuclei, the
magnetic ion dipole-dipole reservoir, and the lat-
tice (the Zeeman degrees of freedom of the mag-
netic ions are assumed to be in equilibrium with
the lattice), #1q is the Hamiltonian of the interac-
tion of the spins of the nuclei and the magnetic ions,
and J/q; is the Hamiltonian of the interaction of the
spins of the magnetic ions with the lattice.

Symbolizing by Bj, B3, and B; the inverse tem-
peratures of the nuclear Zeeman system, the dipole-
dipole reservoir, and the lattice, respectively, we
obtain (the dot indicates time differentiation)

: __Bl_ﬁl Ba— B
b= Ty + Tra ’
L @)
Ba= - =P,
where (¢ — +0)
bttt 11 &)
TI_TId T’ 2 Tar Tu
1 _ (2[+1)n 0 .
L @Sty _—
Tar SpH# a2 _Smet(KdKI(tht,

N and n are the concentrations of the magnetic
ions and nuclei, and (A) =Sp A/Sp 1.

Further, Typ; is obtained from Tjq by replacing
K4(t) by K;(t), and Tg; is obtained from Tgqp by
replacing Kjy(t) by K7(t); K(t) means the operator
K in the Heisenberg representation. Finally, the
operators Ky, Ky, and K; are defined by the for-
mulas

KI”__—i[%I’ %Id]y Kl=—_i[%l1 ggdl]v
Ky = —ilHa, H1a+ Hal.
From (6) it follows that
Tar/T1a = cq/er, (8)

where cy and cy are the heat capacities of the
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FIG. 2. Schematic picture of relaxation. I represents the
Zeeman system of the nuclei, d the dipole-dipole reservoir of
the magnetic ions, and [ the lattice.

nuclear Zeeman system and the dipole-dipole res-
ervoir, respectively.“

The relaxation pattern is sketched out schemati-
cally in Fig. 2.

Assuming that the correlator of the z compo-
nent of the spin of a magnetic ion is an exponential
with correlation time 7, we obtain

—1-= C Erik—3=Civ—Zrm—ﬂ (9)
Tx 3 ? oy

where rj) is the distance from the i-th nucleus to
the k-th magnetic ion, and the quantity C is given
by Eq. (2.9) in {11,

The relaxations of 81 and B4 are described by
sums of two exponentials exp (—A + t) and
exp (-A—1t), A+ > A_. We consider only three spe-
cial cases:[4:%]

Case I: Tyq> Ty;. The quantity pj relaxes with
relaxation time A-1, where

rA~=1/Tr=1/Tn (10)

Case II. Tqy » Tyq;. The quantity g1 relaxes
with relaxation time A~!, where

he=1/Tr=1/Tu+1/Tn (11)
Case IIl: Tq < Ty;, Tar< Tqp Tar < Tig-
For slow relaxation of 1 we obtain
I S (12)
et Ta Tn

4. We now consider what kind of results can be
obtained using Buishvili’s work.[*]

The relaxation process is described by four
quantities with the dimensions of time Ty, Tig,
Tqi, T1;. Equation (9) gives us an expression for
Ty. For a complete solution of the problem it is

. Vln case Ty = Ty; = =, Egs. (4) give B = (Ba - B/ T1a,
Ba =1 - Ba)/Tar; considering (8), we obtain, as of course
we should, ciB1 + cgBq = 0.

CIBI 4 cefa = 0.
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necessary to calculate Eq. (6) and the analogous
expressions for Ty; and Tg;. However, let us see
what kind of general conclusions can be extracted.

The quantity Tgy; is independent of N. It is like-
wise known' ¢! that 7q;~T;. Considering (8) and the
fact that cgq = N® (see [71), we obtain Tqy/Tq < N°.
From this it is possible with almost complete cer-
tainty to conclude that Ty increases with increas-
ing N (the quantity Tjq, of course, decreases with
increasing N, but there is sufficient reason to be-
lieve that this decrease is slower than N73),

As N increases, TIZ/TId increases. In fact,
for sufficiently small N (when 7g > 7;), the nu-
clear relaxation process does not affect the dipole-
dipole reservoir, and hence Ty; < Tyq; for suffi-
ciently large N, on the other hand, this condition no
longer holds.

Further, T; is so small that it is always possi-
ble to consider that the condition Ty; < Ty;, Tyq is
fulfilled. In all the experiments that have been done
the concentration of the magnetic ions is so small
that the condition cq < cj is satisfied. According
to (8), we find that Tg; << Tyq.

In further analysis the values of Ty;/Tjq and
Tq1/Tqp play an important role.

Let Ny and N; be the solutions respectively of
the equations Ty; = Tyq and Ty; = Ty;. The quan-
tities Ny and N, are functions of the temperature
and the external field. In addition, they depend
strongly on the type of magnetic impurity in the
host lattice. Considering all of this we have

Tn<<Tig when N <N,

Ta > Tqr when N << Ns,
TIl>TId When N>Ni,

Ty << Tqr when N > Na.

Let Ny < N;. Then when N <N; we have case I,
and when N> Nj, case IL? Thus if N, < N; there is
no range of N in which heating of the dipole-dipole
reservoir plays a significant role in nuclear relax-
ation. This result is easy to understand. In regionl
the nuclear relaxation is independent of the dipole-
dipole reservoir; in region II the dipole-dipole res-
ervoir has a very large heat capacity and so does
not heat up.

Now let Ny < N,. Then when N < N; we have
case I, when N; <N <N,, case III, and when N >N,,
case II. Thus if Ny < N,, heating of the dipole-dipole
reservoir plays a significant role in nuclear relax-
ation for intermediate values of N. We note that in
region III the coupling of the nuclei with the dipole-
dipole reservoir is stronger than the coupling of

2)More accurately, when N < N, we have case I and not
case II; when N, < N < N, we have cases I and II simultane-
ously; finally when N > N, we have case II and not case I.
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the nuclei with the lattice and the coupling of the
dipole-dipole reservoir with the lattice.

Finally, all these considerations make sense
only if Ny and N, are sufficiently small, since the
entire theory is valid only for sufficiently small
concentrations of the magnetic impurity.

5. The diffusion theory of nuclear magnetic re-
laxation (in the form given in L1y agrees rather
well with many experiments performed at suffi-
ciently low magnetic impurity concentrations (see
our review'!! and Goldman’s paper!?J).

The theory does not agree mainly with those
low-temperature measurements in which relatively
high magnetic impurity concentrations are used.
The discrepancy evidently exists because it is nec-
essary to take the possibility of heating the dipole-
dipole reservoir of the magnetic ions into account
in the theory. For this one needs to calculate the
quantities Tyq, Tqp Tyz, Tqi and after this make
a quantitative analysis based on the treatment pre-
sented in Sec. 4 (in case 6 <h, it is necessary,
however, to include spin diffusion in the calcula-
tions).

The disagreement of theory with experiment in
the case of helium temperatures and large N is
probably due to another cause, namely that in these
cases the quantity 6/R is insufficiently small and
one of the criteria of applicability of the diffusion
treatment is destroyed. It is also possible that the
disagreement is partially due to not considering
the anisotropy of the diffusion barrier. We remark
also that under conditions when 6 >b or 14 < 77 it
is difficult to make a comparison of the absolute
values of the calculated and measured values of Ty,
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since 6 and Tg are known only to an order of mag-
nitude.

We observe, finally, that in the theory the dis-
tribution of the magnetic ions is assumed to be
uniform. Non-uniformity of distribution of the ions
leads in the case of large N to a reduction of the
effective concentration, which in turn leads to an
increase in the relaxation time.

All of the above points up the desirability of
having more experimental determinations of the
dependence of T, on temperature, external field,
crystal orientation, and magnetic impurity concen-
tration.
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