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It is shown that the displacement of the guiding centers of plasma particles in an inhomogeneous 
magnetic field (finite orbits) can play a role equivalent to that of the transverse ion viscosity. 
The effective viscosity due to the finite orbits can exceed significantly the usual collisionless 
magnetic viscosity of the ions. When this situation is taken into account it is found that the 
plasma can be unstable and this instability has been called the finite-orbit instability. This 
instability can appear at much lower collision frequencies than the usual dissipative insta
bilities. 

1. INTRODUCTION 

IT is well known that a broad class of drift insta
bilities can appear in a straight magnetic field. 
These instabilities are modified appreciably in a 
more complex toroidal system. For example, the 
presence of trapped particles can lead to the exci
tation of oscillations[ 1• 21 while a minimum H con
figuration tends to provide stabilization. [ 31 In the 
present work we direct attention to the fact that 
periodic deviations of the guiding centers from a 
line of force in a toroidal field[ 41 can lead to the 
excitation of a special kind of instability which we 
have called the finite-orbit instability. This insta
bility is closely related to the drift-dissipative in
stability. [ 5• 61 It is well known that the growth rate 
for the drift-dissipative instability is proportional 
to the square of the Larmor radius p2• However, in 
the more complicated field characteristic of toroi
dal devices a particle can be displaced by a dis
tance A from a line of force, this distance being 
much larger than the Larmor radius p; this devia
tion is due to the drift of the guiding center in the 
inhomogeneous magnetic field. It is reasonable to 
suppose that the replacement of the Larmor radius 
in the drift-dissipative instability by the quantity A 
will lead to an instability with a higher growth rate 
for a given collision frequency or to the appearance 
of instabilities at lower collision frequencies. The 
periodic motion of the guiding centers around the 
line of force leads to a collisionless viscosity (due 
to the finite orbits) in precisely the same way as 
the motion of charged particles in Larmor orbits 

a periodic magnetic field. The general solution of 
an equation with periodic coefficients is of the form 
exp (ikzz) cp (z) where the period cp (z) coincides with 
the period of the field. The results in [ 31 refer to 
the kz = 0 case where the curvature that produces 
the drift plays the role of a force that tends to 
make the plasma deviate from equilibrium. Hence 
the corresponding results in [ 31 might be called 
the dissipative balloon mode. In the present work 
we consider the more dangerous case kz -1- 0 in 
which, as we have noted above, the drift leads to an 
effect similar to collisionless viscosity. 

2. GENERAL RELATIONS 

The basic factor responsible for the drift of 
guiding centers in toroidal systems is the inhomo
geneity of the magnetic field. For example, in a 
circular torus such as Tokamak the magnetic field 
at the inside surface of the chamber is stronger 
than at the outside surface because of the toroidal 
effect. As a result, when one considers motion 
along the line of force the absolute magnitude of the 
total field is found to be variable. This effect is 
equivalent to an effective corrugation of the longi
tudinal magnetic field. Similarly, in toroidal sys
tems such as the stellarator the corrugation arises 
because of the winding that produces the rotational 
transform. Hence, the magnetic field in systems of 
this kind can be written in the form 

H = Hv{i-~ [cos { l:__z')- h]}. 
Roc 'LR 

(2.1) 

leads to a magnetic viscosity. [ 71 Here, z is the coordinate measured along the line 
Evidently this instability mechanism has not of force, Roc characterizes the depth of modulation 

been noted by Coppi and Rosenbluth[ 31 who have of the field and LR characterizes the period. The 
considered a similar problem of plasma stability in small quantity h < 1 (h ~ r /Roc) is introduced in or-
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der to take account of the minimum H feature. 
The instability considered below can be import

ant for systems with small shear. For this rea
son, in deriving equations for the small oscillations 
we shall in general neglect the small azimuthal 
component of the magnetic field Hc,o « H0• Expres
sing the perturbation quantities in the form 
cp (z) exp {- iwt + imcp} and integrating the kinetic 
equation over the unperturbed trajectories of the 
particles (assuming that collisions are important 
and that we can neglect trapped particles[ ZJ) 

r= r0 - V..L[sin(-Qt+a)-sinaJ, 
0 

Cf· = <po + v~{cos ( -Qt +a)- cos a] 
r "~ 

- ~ _!:_::__ ( Vii + _1:_ ~~ \ 
2 rRocQ ' · 2 I'll / 

r 2 2 2vu J X Lsin---,--- (zo + vut)- sin- z0 - ht -.- , 
LR LR LR 

z = zo+ vut, 

we obtain the following expression for the per
turbed ion density: 

0 

(2.2) 

n' = - ;c n°rp - i ~0 n° L; rp ( k.) eih,•a;w ( ~ exp{ -iwt 
kz -oo 

2 2~1 ]} ) - sin- z - ht- dt , 
LR LR . 

(2.3) 

where ai = (1- w1/w), kz = 27rn/L, k = m/r, L is 
the length of the system and 

• kT0 dn° 
W; = ,MQn° dr-

is the ion drift frequency while the brackets ( ) 
denote averages over a Maxwellian distribution. In 
(2. 3) we have taken an average over the fast cyclo
tron gyration of the particles and have neglected 
effects due to the finite ion- Larmor radius (drift 
approximation) because we shall consider long 
wave perturbations below kpi « 1. 

The most dangerous instability is characterized 
by the longest wavelength k- 0. In treating these 
instabilities, in (2.3) we can expand in terms of the 
quantity k, retaining terms of order k2 inclusively. 
After integration over velocity the density expres
sion assumes the form 

n' = - ; 0 n°1jl + ; 0noljl L; IJl (I.:,) eik,za, [ Y (k:) + kA( h 
k, 

-.cos2_z )F1 +(kA) 2F2], 
LR I 

(2.4) 

where 

1 Ln Vr 
A=--;-----, 

2 Rue Q 

F1 = -~[x+- x_-( x+ +-1-) Y(kz + L2 \1 2 , 2x+ R 

+ ( x_ + -1 ) Y ( k.- 2_ )] , 
' 2x_. ' LR 

F2 = ~ [x2 - (x2 + 1 + -~) Y(kz)- _!_x+2 
2 , 2x2 2 

1( 1) I 2\ 1 + T x+ 2 + 1 + 2x+2 y \ k. + LR / - 2 x_ 2 

+~(x-2+1+-1 JY(kz-2)]. 
2 2x_2 1 LR 

Here, we have introduced the notation 

x ... = . w ' v1' = v 2mT ' 
- (kz+2/LR)vT 

Y(k.) = <· wk ) , 
(J)- zU[[' 

and the brackets ( ) , as above, denote an average 
over a Maxwellian distribution. The function Y(kz) 
can be expressed in terms of the Kramp function, 
for example 

- (J) ( (J) \ 
Y(kz)= -if1n-

1
k-l -W -1 -). 

z Vr \ ,fzVT , 

In order to simplify the analysis we assume 
that in the time corresponding to a period of these 
oscillations the particles do not traverse a length 
LR, that is to say v 11 t/LR « 1; we also assume 
that kz vT I w < 1 so that (2. 4) can be simplified con
siderably: 

n' = - T~ n°rp + ; 0 n°a; L; IJl (kz) eik,z [ 1 + k11( h 
k, 

2 ) 7 J - cos- z + - ( k1]) 2 ; 
LR 8 

WR 2VT 
TJ =A-. WR=-L • 

(J) R 
(2.5) 

Here, A characterizes the dimension of the orbit, 
that is to say, the distance over which the guiding 
center of the particle can be displaced due to its 
drift in the inhomogeneous magnetic field and WR 
is the frequency associated with the transit time 
between the corrugations LR for particles char
acterized by the thermal velocity. The quantity 11 
characterizes the displacement of a particle in a 
time t ~ 1/w. 

We have assumed above that the ions move 
across the magnetic field without collisions. How
ever, as is shown in the Appendix, the relation in 
(2. 5) holds to an accuracy within a numerical fac
tor of order unity even when vii- oo. 
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When the electron mean free path is much smal
ler than the longitudinal dimensions of the system, 
the electrons can be described by the hydrodynamic 
equations. In this approximation the perturbation in 
electron density is given by[ 8 J 

, ck dn° e 
ne = -~-<p +-n°<p(kz)x(k.)ae, 

wH dr ro 
ac = ( 1 _ we"), we"=_ kcT:0 dn°' 

, w 1 eHn dr 

. k.2v•2j( . k.2ve2 \ 
x(k,) = ~-- 1 + ~--;. 

mv. mve 
(2.6) 

3. FINITE-ORBIT INSTABILITY 

The equation for the potential, which describes 
the small oscillations of a plasma, can be obtained 
from the neutrality condition n' = n~. Using (2.5) 
and (2.6) we find 

T,o [ 7 1 ( ( 2) 
1';0 a; B (kt'J)2qJ(k.)-·2"k'I'J <p ,k.- LR' 

+ qJ ( kz + L~-)) + hkyt J- ae<p (k2 )x(kz) = 0. (3.1) 

It is of interest to compare this equation with 
the dispersion equation for the inertial drift insta
bility: [ 5• 6] 

It is evident that (3.1) differs from (3.2) in that Pi 
is replaced by T/. The latter quantity, which rep
resents the distance traversed by the guiding cen
ter of an ion in one period of the oscillations being 
considered here, plays the role of an effective or
bit dimension. 

Now let us consider the conditions for which the 
finite orbit effect can be important. It follows from 
(2.4) that the term containing cos (2z/LR) in the 
square brackets cannot exceed the term which is 
quadratic in kA, that is to say, the wavelength 
along the system must be sufficiently long so that 
the term containing cos (2z/LR) can be averaged. 
This condition can be written kz « 2/LR. In the 
other limiting case of short wavelengths kz » 2/LR, 
the oscillations can be regarded as localized at each 
point and the (kA)2 term in (2.4) is unimportant; 
taking account of the dissipation we then obtain the 
usual "gravitational" dissipative instability[ 8 ] with 
a "gravitational force" which is a periodic func
tion of z. 

In a high -temperature plasma, in which the dis
sipation is small ( lle- 0), the off-diagonal terms 
in (3.1) disappear rapidly. Hence we can consider 
a system which contains three harmonics: <P(kz), 

<P(kz- 2/LR), <P(kz + 2/LR). Setting the determi
nant of this system equal to zero we obtain the fol
lowing dispersion relation: 

(3.3) 

Using this expression for the case w « w*, 
k~v~/ve < w < 4v~/Lkve we obtain the following 
value for the frequency: 

3 T o r k 2v 2 T o J -t 
W = i-----=-:(kAwR) 2 _z_e - ih-" (kAcuR) 

8 1';0 L Ve r.o (3.4) 

It is evident from this expression that minimum H 
does not stabilize these oscillations, but only re
duces the growth rate to some extent. 

Let us now consider in greater detail the case in 
which there is no minimum H, h = 0. The maximum 
growth rate for this instability w ~ w* is achieved 
for a value of kz [as follows from (3.4)] given by 

2 ( !!!._ Tl \ '" ( a ) 2/ Pi ) 2 (ka) 1 kz ~ } - \- --M Te0 Roc a S a2 • 
(3.5) 

Here, we have introduced the parameter that char
acterizes the importance of collisions in the plasma: 
S = A.e pifa2• [ 9] If kz as given by (3. 5) is found to 
be smaller than 1r /L then w does not reach w* and 
its maximum value can be found from (3.4) by tak
ing kz ~ 1r /L. 

If we assume that in this instability the usual di
mensional estimate holds for the diffusion coeffi
cient D ~ 'Y /IS_, determining (ka) from (3. 5) 
(kz ~ 1r /L) we find 

D ~ Da( m Ti0 
)''• ( PiL ) 2 __!_ 

M Te0 1rRaca S ' 
(3.6) 

where DB= cT~/eH. The factor that multiplies DB 
in (3.6) cannot be larger than unity. If some choice 
of the parameters in an actual device in (3.6) does 
make this quantity larger than unity it should be 
replaced by unity and the corresponding value of kz 
will not be 1r /L, but will be larger, in accordance 
with (3.5). 

Let us now consider plasma parameters and the 
limits of applicability of the preceding analysis. In 
order for the finite-orbit instability to develop the 
length of the system must be great enough to satis
fy the condition 

Lp;/rr,a2 >Roc/a; (3. 7) 

If this does not hold the longitudinal motion of the 
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ions becomes important and the instability van
ishes. 

It is also assumed that the electron dissipation 
is strong enough so that the electrons can be re
garded as hydrodynamic. In order for this cri
terion to hold we require that two inequalities be 
satisfied: w < v e and kz"-e < 1. However, the 
strongest limitation on collisions derives from the 
requirement that there be no trapped particles:[ ZJ 

S <Roc/a. (3.8) 

If the inequality in (3. 8) is not satisfied it is 
possible to excite an instability due to the dissipa
tive instability of trapped ions up to S < (Lp/na2). 

If this condition is not satisfied, that is to say, if 
the mean free path of the electrons exceeds the 
length of the system the dissipation becomes so 
weak that it cannot prevent the electrons from 
reaching equilibrium along the lines of force, in 
which case the electrons establish a Boltzmann 
distribution and the diffusion vanishes. [ 9J 

Thus, the necessary condition for the system to 
exhibit a strong instability y ~ w is that both in
equalities (3. 7) and (3.8) be satisfied. It follows 
from (3.6) that under these conditions 
D > DB(m'tl/MTg)112• We note that the analysis 
given above depends on the assumption LR « L. If 
this assumption is not satisfied the instability does 
not appear. 

It is interesting to compare the condition for the 
appearance of this finite-orbit instability with the 
corresponding conditions for the drift-dissipative 
instability and the thermal-force instability. It is 
well known that the thermal-force instability ap
pears when S < (m/M) 1/ 2; on the other hand, the 
finite-orbit instability can appear when S ~ 1, that 
is to say, the required collision frequency can be 
much smaller. For a given collision frequency the 
drift-dissipative instability can only develop in a 
much longer system. Specifically, it is easy to 
show that the appropriate length relation is 

Let us now consider how this instability is mod
ified in systems that exhibit large angular devia
tions between the lines of force, such as Tokamak. 
The expression for the frequency w (3. 4) also holds 
for this case if we make the substitutions kz- k 11 

= kxe/r, Roc- R where R is the major radius of 
the torus and k = m/r while e is the angular devi
ation, which, in order-of-magnitude terms, is equal 
to the angle between the lines of force of the mag
netic field separated by a distance a, the charac
teristic scale size for the inhomogeneity. For a 
circular torus such as Tokamak we have 

r rq' 
8=-R q2 , 

In view of the fact that Tokamak exhibits a mini
mum H,uoJ h ~ r/R, it is easy to show that the in
stability growth rate in this case is reduced appre
ciably as compared with the case in which there is 
no shear. This can be shown most clearly from the 
expression for the diffusion coefficient 

[ ( m )'" ( a ) 4 1 (Pi ) 2 1 ]'!. D~DB - - -- -
M, R h2 a S ' 

(3.9) 

in which the factor that multiplies DB is less than 
10-2 for values of the parameters typical of Tok
amak. 

4. CONCLUSION 

We have shown in the present work that taking 
account of so-called mixing effects, i.e., the dis
placement of particle guiding centers by virtue of 
the drift in the inhomogeneous magnetic field, can 
lead to an instability that we have called the finite
orbit instability. [ 8 J In this case, taking account of 
the ion motion in the finite orbits is equivalent to 
taking account of an effective transverse collision
less viscosity. In principle this instability can de
velop in any system with a bumpy magnetic field 
that contains a sufficiently dense plasma (dense 
enough so that collisional effects are important). 
However, the largest growth rate y ~ w is not 
achieved in a system with small shear or with 
large modulation of the field (Roc~ a). A distin
guishing feature of this instability, as compared 
with other familiar dissipative instabilities, is that 
it can develop for much lower collision frequen
cies. In systems with small shear a minimum H 
configuration does not provide stabilization. How
ever, the joint effect of a large shear and mini
mum H does reduce the growth rate appreciably. 

The author is indebted to B. B. Kadomtsev for 
many valuable comments and discussions. 

APPENDIX 

Here we will obtain an expression for the ion 
density for an arbitrary collision frequency. In the 
case considered below, long wavelengths k- 0 and 
the absence of temperature gradients (\7T0), it is 
qualitatively correct to take account of ion colli
sions by introducing a collision integral in the 
Bhatnagar -Gross-Krook form. [ 11 • 12 J In this case 
the ion kinetic equation can be written in the form 

dj' , e ·[ n' dt + vf = M Vcp • Vfo + vfo no+ 2a(vxux + Vyuy) 
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(A.l) 

Here we have taken account of the fact that the ion 
motion is across the lines of force. It is assumed 
that the wavelengths of the oscillations are long 
enough kpi « 1 so that the effect of the finite Lar
mor radius can be neglected. Under these condi
tions f coincides with the distribution function for 
the guiding centers and the second term in the rec
tangular brackets, which guarantees momentum 
conservation, vanishes. This means that the mo
tion of the guiding centers in finite orbits (mixing 
effect) does not lead to a collisional viscosity of 
the finite orbits, that is to say, the motion being 
considered only leads to a collisional thermal con
ductivity. This is understandable physically. We 
are considering collisions for which the quantities 

al = Det 

V 11 and V 1 are conserved, that is to say, the mo
mentum of the particles is simply rotated around 
the axis that coincides with the direction of H0• It 
is known that such collisions make a contribution to 
the ordinary viscosity but that they cannot make a 
contribution to the finite-orbit viscosity because 
the orbits do not intersect (because of the fact that 
the orbits, as follows from (2.2), depend on v 11 and 
v 1 but not on the angles in velocity space). A con
tribution to the transport process comes only from 
those collisions which change v~1 and vi; these 
effects, in some sense, are equivalent to a pertur
bation of the temperature and are taken account of 
in (A.1). 

Integrating (A.1) along the trajectories it is easy 
to obtain the following expressions for the per
turbed ions densities: 

- iwP [(1)], - vP [ (;;~- ; ) J 
. [( 1 mv2

)] -zwP ,Tro , 1 _ vP [(_!_ mv2) (mvz _l._)J ' 
3 T 0 2Tu 2 

1- vP [(1)], - vP [ (;;:- ; ) J 
Llz = Det [( 1 mv2)] 

1-vP --· 3 Tu ' 
[( 1 mv2' (m.vz 3 )] ' (A. 2) 

1-vP 3ru) 2To-2 

Here we have introduced the notation 

( m )''' ~ P[A(v)] = -- e-mv'I2T'dvA(v) 
2T0:rt 

0 
\ { k Ln t 1 v .L 2 \ 

X~ exp - i(w + iv)t ---- vn +-- J 
_., 2 R0cQ 2 v 11 , 

[ 2 2 2v"]} X sin-(vnt+z)- sin-z-ht-L . 
Ln Ln R 

(A.3) 

If the ion mean free path is much smaller than the 
distance between the corrugations of the magnetic 
field A. i « LR, in (A. 3) we can expand the sine 
function and the expression is simplified appreci
ably. 

We consider only two relatively simple limiting 
cases below: the case of small k (it is assumed, 
however, that w or v » vT/LR), and the case of 
high collision frequencies "ii- co, 

In the first case 

e e [ I 2 ) n' = -- no<p +- no<pa; 1 + kT) 1 cos-z- h 
TO TO \ ~ 

7 2 1 . Vi 5 2 1 J 
+-8 (kTJ) '1 +. I + , __ 6 (kTJ) 1 +. f • (A.4) 

Wi W W Wi ;(0 

In the second case 

, e e 
n = - To no<p + TO no<pai 

X 1-'/3kTJ(cos2z~-1 -h) (A. 5) 
i. 1- 7/ 3kT) (cos 2z~-1 - h)+ 1/ 3 (kTJ) 2 

It follows from (A.4) that for vii » w and 
w » (kA)2 wk!vi the expression that has been ob
tained coincides essentially with the expression for 
the ion density (A.2) in the collision-free case. 
This same result naturally follows from (A. 5) when 
w » (kA)wR· The term i(kA)2wk/vi in (A.4) takes 
account of the thermal conductivity due to the finite 
orbits as indicated above.i> 

l)It has been brought to our attention that the similar result 
has been obtained by A. B. Mikha1lovski1 by means of a hydro
dynamic analysis. 
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