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An attempt is made to modify the axiomatic method of quantum field theory in such a way
that a nontrivial example may be formulated within the framework of the theory. The rele-
vant axioms are given. The essential point is the use of nonequivalent representations of

the canonical commutation relations.

THE so-called axiomatic method of quantum field
theory has been developed rather far in recent
years (cf., for example,“'”). The main difficulty
with this method is that up to now it has not yet
been possible to formulate a single example with
interacting fields within the framework of this
method. On the other hand, the Lagrangian
formalism (cf., for example,[4’5]), which lies out-
side the framework of the axiomatic method and
has a much less rigorous foundation, allows one
to calculate successfully many specific effects in
the theory of interacting fields.

In the present paper we make an attempt to
modify slightly the axiomatic method, by bringing
it closer to the Lagrangian formalism, so as to
make it possible to construct a model of interact-
ing fields within its framework. The paper is de-
voted to the formulation of the relevant axioms.

In quantum field theory one usually assumes
that the interaction between the fields plays a
double role. First, the characteristics of the par-
ticles (charge, mass) arise as a result of the in-
teractions. In the Lagrangian method the bare
particles are renormalized. Second, these real
particles interact with one another. Still adhering
to this point of view, we propose the following
method of description of interacting fields: At
some instant T the interaction leads to the forma-
tion of particles which can approximately be re-
garded as free particles as far as their mutual in-
teraction is concerned; the further evolution of
the system is described in terms of these parti-
cles.

Two sorts of fields will be associated with a
system of interacting particles: an interacting
field, which is needed for the description of the
evolution of the system, and a free field, which is
necessary for the interpretation of the fields in
terms of particles. In the more customary termi-

nology these are the interacting Heisenberg field
and, for example, the in field. The description of
the interacting fields in terms of particles formed
at the instant T will be called the T representa-
tion. In order that these particles may be re-
garded as free, the time T must be sufficiently
far away from the time when the reaction takes
place. In the limit T may be either — « or +«,
In the following we shall take T — — « which
corresponds to a description of the system in the
in representation, More exactly, we shall regard
T as finite but sufficiently large in modulus.

We assume that each state of the interacting
fields expressed in terms of the particles formed
at the time T is represented by a vector in the
Hilbert space # ( T). This type of description is
clearly not covariant. However, the covariance of
the description can be regained if the time instant
T is replaced by a space-like hyperplane
Z (T, n), i.e., if the state of the interacting fields
is represented by a vector of the Hilbert space
# (T, n). Correspondingly, a state of the system
is not to be considered at a fixed time instant t
but on some hyperplane X (t, n). Here we have
introduced the following notations. Each hyper-
plane X (t, n) is characterized by the unit vector
along the normal n [(n, n) =1, ny > 0] and the
‘‘distance’’ t from the origin

t= (n,z), (1)

where x are the coordinates of a point on the hy-
perplane.

Before we construct the space (T, n), we
introduce a special description of the points lying
on the hyperplanes. We shall characterize the
points of the hyperplane Z(t, n), not by the co-
ordinate x, but by some other quantities which
are constructed in the following way. Let A (n)
be a Lorentz transformation of the form
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Aw=no, A= Ay = — ng;

(2)
K“ﬁ = 6“5 + (1 + no) _inanﬂ" a, 6 = 1) 2, 3

We introduce four unit vectors ej(0) with the
projections

e:(0) = {bio, 8it, 842, 8:s}, i =0,1,2,3
and construct the vectors
ei(n) = A-t(n)e:(0). (3)
With the help of the ej(n) we form the quantities

t= (eo(n),z), za= (ea(n),z); a=1,2,3. (4)

The definitions of t according to (1) and (4) are
identical. If we invert (4) we have

z = teog(n) — DZaa(n). (5)

The vectors x of the form (5) satisfy identically
the equation of the hyperplane (1), so that the
quantities z, are independent. Thus the quanti-
ties t and n give the position of the hyperplane,
and the quantities z, give the position of the
points on this hyperplane. The quantity t will be
called the ‘“reduced time’’ of the point x, and the
quantities z, will be called ‘‘reduced coordinates.’”’

Let us now consider the proper orthochronous
Poincaré transformation & = ( A, a). Under this
transformation,

z—>z = Az + a, (6)

the hyperplane = (t, n) goes over into the hyper-
plane Z (t’, n’), where

n'=An, U= (n,2')=1t+ (n,a). (7

The reduced coordinates and the reduced time
transform like t— t’, zg — z{,. The quantities t’
and z& are defined by (4), where n and x are
replaced by n’ and x’. One easily finds that

t>t/ = t+1T, Za—>Zd = NTaptp+Ca  (8)

where

1= (eo(n'),a), cCa= (e“(n/)va),

Zraﬁrvﬁzzrﬁarﬁv=éw- 9)
It is seen that ryg is the three-dimensional
matrix of rotation. The explicit form of rog can
be obtained without difficulty, but it has a rather
complicated form. Thus, under Poincaré trans-
formations the reduced time undergoes a transla-
tion, and the reduced coordinates are rotated in
three-dimensional space and translated. We em-
phasize that the quantities determining these
transformations (7, cy, Tgg) depend not only on
the parameters of the Poincaré transformation,
but also on n,
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For points lying on the same or parallel hyper-
planes, the distance between two points in the re-
duced coordinates |z — z'| and the reduced time
interval [t — t’| are invariants under Poincaré
transformations. We note that the concept of a
state at a given instant of the reduced time is
relativistically covariant, in contrast to the con-
cept of a state at an instant of ordinary time. The
use of the reduced coordinates and the reduced
time therefore enables us to introduce in a rela-
tivistically covariant manner not only the Heisen-
berg picture, but also the Schrodinger picture.
The latter could not have been done using the
ordinary coordinates and time.

Let us now describe the mathematical form of
the Hilbert space (T, n) whose vectors describe
the state of the system. In order not to burden the
discussion with complications which are not es-
sential at the present time, we consider only the
case of a neutral scalar self-interacting field.

For a realization of the Hilbert space # (T, n)
we take recourse to the Fock space (cf., for ex-
ample, the book of Schweber [*1). That is, #(T, n)
is the closure in the norm of the manifold D(T, n)
whose elements are the finite sequences of func-
tions

{f(z); T,n} = {fo, fr(21)s... . fi(z,. .., Z)}.  (10)
Here T and n indicate that this sequence is a
vector in #(T, n), The functions fj(zy,..., zj)

are symmetric in their arguments and belong to
the Schwartz space S( R3i);[6] Z{, ..., 2j are the
reduced coordinates of the hyperplane orthogonal
to n. If in the usual way (as in the nonrelativistic
theory) we introduce in D( T, n) creation and an-
nihilation operators Y% (z) and the vacuum vector

|Q;T,n> = {1,0,0,...},
then the vectors of D(T, n) can be written in the
form

+ 3§ @ fia,- 2Bt (). () |25 T, 7).

Here and in the following (dz) =dz;...dz;.
Strictly speaking, the operators y* must be pro-
vided with indices T, n since they act in different
spaces, but since the way they act is the same, we
shall omit the indices T, n in the operators. The
scalar product is defined as

@lp =g h+3 § (@& (@,....m)fi (..., m). (12)

(11

From the operators ¥ * and ¢~ we can construct
symmetric operators ¢,; and ¢_; which satisfy
the free field equations
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Qo (t, Z) = —(E:;)—a V—% S dudke®z-Wy—0

. . (13)
X [t (u) + oe=to'o™ ()

where w = V k% + m?, m? > 0,0 =x1 (0 =1 for
the field operator, ¢ = —1 for the operator of the
canonical momentum),

We give the following physical interpretation
of the vectors of #( T, n). Using the operators
(13), we rewrite (11) in the form

+ 20 @)1/ (..., 2) 0+ (0,21) ... 94 (0,2:) |3 T, ).

Here ¢, is the positive frequency part of ¢,. The
quantity £ is expressed through f in an elementary
way, and we shall omit the prime in the following.
We assume that the vector (14) would describe a
state of our system on the hyperplane Z(T, n) in
the Schrodinger picture if the system had devel-
oped from a state without interaction at t =T, In
other words, we assume that on the hyperplane

Z (T, n) the state of our system can be approxi-
mated by a state of non-interacting particles de-
scribed by the field ¢. In the following we shall
use the Heisenberg picture, i.e., we assume that
the vector (14) describes a state of our system of
interacting particles at an arbitrary time instant,
where all the time dependence of the system is
incorporated in the operators of the interacting
fields. We put this in the form of an axion:

Axiom I. A state of a system of interacting
fields in the representation corresponding to the
hyperplane Z (T, n) is described by a normalized
vector of the Hilbert space # (T, n).

Let us now turn to the construction of a repre-
sentation of the Poincaré group. A transformation
of the coordinate system can lead to two kinds of
changes in the vectors describing the state of the
system, First, the coordinate transformation may
induce a transformation of the vectors within
H (T, n). Second, if the transformation of the co-
ordinates changes the hyperplane Z (T, n), then
the interpretation of the state vectors must also
change. The system of interacting fields will no
longer be interpreted in terms of particles corre-
sponding to the hyperplane X (T, n) but in terms
of particles corresponding to some other hyper-
plane Z (T’, n’). Thus the state of the system
will no longer be described by a vector of the
space Z(T, n) but by a vector of the space
2 (T, n’). More definitely, we introduce the
following axiom:

Axiom II. To each vector |f; T, n) [of the form
(14)] of D(T, n) and to an arbitrary proper ortho-
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chronous Poincaré transformation & = (A, a)
there corresponds a vector | f{A,a} An, T+7)
of D(T + 71, An):

[Fiaey; An, T 410 = fo|Q; T + 1, An)
+ 3§ (@)@, m) 0t (5 €)@yt (3, 1z t-e)
X|Q; T+, Any=fo|Q; T +7,An)

+ 3§ (@)f(—mrim—e)....,r (z— )
% @0, z1)... 9+ (0, 2) | T+, An),

where r, ¢, and 7 are given by (8) and (9).

Formula (15) also serves as a definition of the
functions fj(—7; ...). If we introduce the opera-
tor U(A, a) by

U(A, a) If(A,ﬂ)v An7 T+T> = ]f; n, T>v

(15)

(16)

it will evidently be isometric. We emphasize that
in general, U(A, a) takes a vector from one
Hilbert space to another. Thus it is impossible to
introduce an operator of the energy corresponding
to the generator U(1, a).

It is seen from (15) that the Poincaré transfor-
mation P sets the sequence of functions {f(z)},
describing some configuration of fields corre-
sponding to particles formed at the instant T, in
correspondence with the sequence {f(-T1;

r! (z - c))}, describing some other configura-
tion of fields corresponding to particles formed at
the instant T + 7. It may be assumed that for suf-
ficiently large negative times and sufficiently
small 7 the particles formed at the time T + 7
will be the same as those formed at the time T.
We recall that we regard the particles as free for
such times T. Then the Poincaré transformation
reduces to a change in the configuration of the
fields describing the same particles.

Correspondingly, we shall regard the sequences
{f(z)} and {f(-7; r!(z —c))} as elements of
the same Hilbert space (the definition of the norm
is the old one), It is easy to see that they are
connected by a unitary operator U,(A, a), which
is constructed in an elementary fashion. The op-
erator Uy(A, a) has seven generators which can
be given a physical meaning (reduced energy,
momentum, and angular momentum), In particular,
we take the generator Uj(1, Tey(n)) as the oper-
ator of the ‘‘reduced energy’’ E, and the genera-
tors Ug(1, cqgeq (n)) as the components of the
‘“‘reduced momentum’’ Qy. It is easy to see that,
if the operator of energy-momentum P is defined
as the generator Uj(1, a), then

P = Eey(n)— D) Quea(n). (17)
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It is verified by an elementary calculation that P
has the correct transformation properties, the
vacuum is an eigenvector of P with vanishing
eigenvalue, and the spectrum of the operator P
lies in the forward light cone. Thus the spectral
condition is fulfilled. The angular momentum op-
erator can be treated analogously. We call atten-
tion to the fact that in our approach there are no
generators corresponding to quantities with no
direct physical interpretation.

For the description of the evolution of the inter-
acting system we must introduce the operators of
the interacting fields. It is easy to see that the
operators ¢g (t, z) form an irreducible repre-
sentation of the canonical commutation relations
for each fixed value of t, where all these repre-
sentations are unitarily equivalent. Let us intro-
duce the operators Ag (t, z; T), which also form
irreducible representations of the canonical
commutation relations but not necessarily equiva-
lent ones. The operators Aq (t, z; T) will be
treated like operators of the interacting fields in
the T representation. The properties of the op-
erators Ay, will be formulated in a set of
axioms.

Axiom IlI. For fixed values of t and T the
quantities Ag(t, z; T) (¢ =+1) are generalized
operator functions on the Schwartz space S(Rj).

The essential point in Axiom III is the fact that
the field operators are defined for a fixed value of
t. Usually it is assumed that the fields are aver-
aged over t. But when the fields are averaged
over t it becomes unclear how the chronological
ordering of the fields can be introduced. It is
known what important role this ordering process
plays in the construction of the theory in the
Lagrangian approach. The fact that up to now no
one has succeeded in constructing a single model
of interacting fields in the axiomatic method, is
largely explained by the circumstance that in the
axiomatic method there is no equivalent of the
chronological ordering process. In the adopted
version of Axiom III this difficulty naturally does
not arise.

Axiom IV, The region of definition of
Ag(t, z; T) is D(T, n), the region of values lies
in D(T, n).

Again, strictly speaking the operators As; must
be provided with an additional index n, but we
assume that the action of the operators Ay in the
corresponding Hilbert space is independent of n,
and hence omit the index n.

Axiom V., The operators As(t, z; T) satisfy
the canonical commutation relations

{Ag(t,Z;T), AD(t:u;T)]=]/Zi(c—p)G(Z—u)v

o,p==4+1. (18)

The fact that the field operators must satisfy
the canonical commutation relations is a reflec-
tion of the principle of correspondence with non-
relativistic quantum mechanics and is assumed in
many formulations of quantum field theory. From
this circumstance conclusions are drawn regard-
ing the observable quantities., However, we must
keep in mind that if the fields are regarded as
generalized operator functions which must be
averaged over the coordinates as well as over the
time, it is meaningless to talk about equal-time
commutation relations, let alone, to draw any
conclusions from them. Nevertheless, this is what
is usually done. In our approach such contradic-
tions do not arise. Because of Axiom III our
canonical commutation relations have a com-
pletely clear mathematical meaning,

Axiom VI, The operators As(t, z; T) are
symmetric (Hermitean),

This axiom is not very essential. It reflects the
fact that we work with neutral fields.

All observable quantities must be expressed in
terms of the operators of the interacting fields
Ay. To this end, the system of these operators
must be complete in some sense. In order to give
these words a clear mathematical meaning, we
form the ring ¥ of operators y*, i.e., the set of
all possible finite sums and products of these op-
erators. The ring of operators ¢4 (t, z) evidently
coincides with %, We have then:

Axiom VII, For fixed t and T the ring of op-
erators Ay (t, z; T) coincides with %, where

As(t,z;T) = @o(t,z) for (=T. (19)

It follows from this axiom that the operators
J* can be written in the form of certain polynom-
ials in Ay (t, z; T). This immediately implies
that the Aa(t, z; T) form an irreducible repre-
sentation of (18). Since any vector of D(T, n)
can be obtained from the vacuum by acting on it
with some polynomial of the operators ¥* and
therefore, of Ay (t, z; T), the vacuum will be a
cyclic vector for the fields Ag (t, z; T). Formula
(19) expresses the fact that the fields ¢5 corre-
spond to particles formed at the instant T.

An immediate consequence of axiom VII is the
formula

Ao(t,z T) = § (du)To (6 T3 35wy, W)

X (po'l(T7 ul)---(po'i (T, ui), (20)
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where JJ are certain coefficient functions. In
order to guarantee the relativistic invariance of
the theory we impose the following restrictions on
the dependence of the J (iT on their arguments:

Axiom VIII, The functions
J9(t; T; 2z; uy,...,u;) depend only on t — T,
lug —z|,..., 0 —z].

That axiom VIII guarantees the relativistic in-
variance of the theory can be seen in the following
way. Let us go from one coordinate system to
another with the help of the Poincare transforma-
tion & = (A, a). Then the field operator
A(t, z; T) goes over into A(t+ 7, rz +c; T+ 7).
We call attention to the fact that notonlyare the co-
ordinates and the time (t, z) changed on which
the field operator depends, but also the T repre-
sentation is altered. Indeed, if in the old coordi-
nate system the state was described in terms of
particles corresponding to the hyperplane
Z (T, n), then in the new coordinate system the
same description must be given in terms of parti-
cles corresponding to the hyperplane
Z(T+7, An). It is easy to verify that axiom VIII
leads to the formula

U+(A,a)A(t, 2, T)U(A,a) = A(t+7; rz+¢; T +7). (21)

Comparing (21) and (16), we conclude that the
theory is invariant under Poincaré transforma-
tions.

The local properties of the theory are formu-
lated in the following way.

Axiom IX. The operators Ag(t, z; T) satisfy
the strong locality condition

[Ao (24, 21; T), Ay (2, 253 T)] =0 for Izi - Zzl >lt1 — tz|.(22)

Axiom IX can be weakened somewhat:
Axiom IXa. The operators Ag(t, z; T) satisfy
the weakened locality condition

[Ao(t1,21; T), Ap(t2,22; T)]
=0 for |u—n|d|ti—t|+n, (222)
where n is some small positive quantity.

As already noted, the quantities | z; — z;| and
|ty = ty| are invariant under Poincaré transfor-
mations. Therefore the weakened locality condi-
tion has a covariant form. It is seen that the weak
locality condition is conveniently formulated in
terms of the reduced coordinates and the reduced
time.

It is known that the introduction of the concept
of a state localized at a given moment in some
spatial region meets with great difficulties in the
theory of quantized fields. With the help of the
operators Ag(t, z; T) we can construct states
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which have properties which justify their being
called localized in some region of the reduced
coordinates at a given instant of reduced time.
As already noted, any vector of D(T, n) can be
obtained from the vacuum by acting on it with an
operator of the type

) S (d2)fi(t;ma, . . . 2:) Ao, (8,20 T). .. A (8,255 T),(23)

which belongs to the ring %,. This ring is gener-
ated by the operators $*. Consider two vectors

| £) and | g) of D(T, n). We write them down
with the help of operators of the type (23) (with the
same t). With these same vectors we form two
sets of functions {fj(t; z,..., zi)} and

{gi(t; Zis oo ,zi)}. Using the canonical commu-
tation relations we can show that the states | f)
and | g) are orthogonal if the supports in z of all
f are located in the region G; and the supports
of all g in the region G, and these regions do
not intersect.

Let us now consider the state | f). We express
it with the help of operators of the type (23), using
at one time the operators Ags(t, z; T) and
another time the operators Ay (t, z; T). This
same vector f we set in correspondence with two
sets of functions {fj(t; zy,...,z;)} and
{fi(t’; z{,...,2zi)}. Let the supports of all func-
tions of the first set be located in the region G.
Using the axiom IX we can then show that the sup-
ports of the functions of the second set will be
located in the region G’ which is defined by the
conditions
if 7z=G, z’=G,thento |[z—72| < |t—1]|. (24)
If axiom IXa is used instead of IX, then the region
G will be defined by the inequality |z — z’|
=|t=t']| +n.

The region G may be called the region of
localization of the state at a given instant of the
reduced time. This appellation is justified, first
by the fact that two states which at a given moment
are localized in nonintersecting regions are ortho-
gonal to one another; secondly, a state localized at
a given instant in some region G, will at later
moments be localized in regions lying in the light
shadow of G.

Axiom VII does not propose that the operators
Ay (t, z; T) for different t span equivalent
representations (18). Moreover, it can be shown
that the operators Ay (t, z; T) can only describe
noninteracting fields if these operators are uni-
tarily equivalent, where the vacuum is invariant
under this unitary transformation and (22) is

satisfied (this is a variant of Haag’s theorem [2’7]).
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In this connection it becomes clear why we had
to introduce the set of Hilbert spaces #(T, n).
Indeed, fixing some T;, we can connect the opera-
tors Ag at different times t with one another
using (20). We obtain a certain operator algebra.
All these operators act in J#( Ty, n). On the other
hand, this algebra can be regarded as abstract
without specifying the spaces in which the opera-
tors act. In this case the spaces # (T, n) can be
regarded as spaces generated by this algebra,
where the different (T, n) are characterized
by the fact that the operators A; have a vacuum
in the corresponding space at t = T. If all opera-
tors were unitarily equivalent, we could restrict
ourselves to this space. But if the operators are
not equivalent, we must introduce a set of spaces,
since the space in which the operators A; have
a vacuum at some time t, cannot have a vacuum
for the operators A, at another time t'.

In the beginning of this paper we said that we
want to work in the in representation. For this it
would be desirable if the operators Ay (¢, z; T)
had in some sense a limit for T — — »_, More
precisely, expressions of the type

lim <g;T|A(t,2;;T)...A(t,25;T)|f; T). (25)
T—> — o0

should exist as generalized functions.

In order to describe the evolution of the system
we must know the dependence of the operators
Ag(t, z; T) on t, ie.,, we must practically know
the form of the functions J(if. Choosing the func-
tions J‘i’ in some way, we can determine a specific
model of interacting fields. In other words, the
knowledge of the functions J¢ plays in our case
the same role as the knowledge of the Lagrangian
in the Lagrangian approach.

Thus the problem of the construction of a non-
trivial example of the theory has been reduced to
the problem of constructing functions J‘i’ which
satisfy all axioms enumerated above, or at least
all equations which they must satisfy. It turns out
that these equations can be formulated relatively
easily, at least if the locality condition is taken in
the form (22a). It can be shown that these equa-
tions have a solution. However, all this requires
a special consideration,

TA.S. Wightman and L. Girding, Ark. Fysik
28, 129 (1964).

2R, F. Streater and A. S. Wightman PCT, Spin,
Statistics and All That, N, Y., 1964, Russ. Transl,
Nauka, 1966.

SI. T. Todorov, in Lectures of the International
Winter School in Theoretical Physics, Dubna,
1964,

4N. N. Bogolyubov and D. V, Shirkov, Vvedenie
v teoriyu kvantovannykh polel (Introduction to the
Theory of Quantized Fields), Gostekhizdat, M.,
1957, Engl. Transl. Interscience Publ., N, Y.,
1959,

’S. 8. Schweber, An Introduction to Relativistic
Quantum Field Theory, Row, Peterson, N, Y.,
1961, Russ. Transl, IIL, 1963.

1. I. Gel’fand and G. E. Shilov, Obobshchennye
funktsii i deistviya nad nimi (Generalized Func-
tions and Operations on Them), Fizmatgiz, 1958.

'R. Haag, Danske Vidensk. Selsk. Mat.-Fys.
Medd. 29, Nr, 12 (1955).

Translated by R, Lipperheide
151



