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The damping coefficient of fourth sound in a plane-parallel capillary or in a system of plane-
parallel capillaries is calculated by means of the two-fluid hydrodynamical equations for
helium II. The sound absorption is due to a viscous mechanism of energy dissipation and to

heat flow through the capillary walls.

AS is well known, two types of vibrations can
arise in helium below the A point: ordinary (first)
sound and second sound, which corresponds princi-
pally to temperature oscillations.

A few years ago, Pellam'?’ and Atkins'?’ called
attention to the fact that one can materially change
the character of sound propagation in helium by re-
tarding the normal motion in it. The sound in a
thin film of helium has been called third, and in a
sufficiently thin capillary, fourth sound.

The speed of fourth sound (we shall be inter-
ested only in fourth sound), according to Atkins, is
equal tot 1

U0 =(—p—su12+—g’1uzz>/2. (1)
Lo o

It is correctly measured if the experiments are
carried out on a complex system of branched capil-
laries made from powdered rouge. The dimensions
of the very curved capillaries here are of the order
of the distances between them. Naturally, such a
system presents difficulties for theoretical inves-
tigations. We consider the propagation of sound in
an isolated capillary and in a system of identical
parallel capillaries. Such a geometry permits an
exact calculation not only of the sound velocity but
also of the absorption coefficient.

To retard the normal component in the process
of sound propagation, it is sufficient that the length
of the viscous wave Ay or the length of the free
path of the elementary excitations / be much
greater than the dimensions of the capillary d. If

Ay S>dAdS>, (2)

DHere and below, we shall neglect thermal expansion in
this paper.

then the absorption coefficient can be expressed
in macroscopic terms—by means of the macro-
scopic dissipation coefficients (the hydrodynamic
case) If now

I>d, (3)

then a microscopic consideration is required. In
the present communication, we consider only the
hydrodynamic case. The hydrodynamic consider-
ation is valid for sufficiently low frequencies

(w<< 2n/d2pn, where 2d is the width of the capil-
lary, n and p, the viscosity and the density of the
normal component of the helium) and comparatively
high temperatures.

The energy dissipation in the superfluid helium
is described by five viscosity coefficients and the
coefficient of thermal conductivity. The absorp-
tion of sound is determined by viscous mechanisms
(they play the dominant role in the absorption of
first sound) and thermal conduction (the latter is
responsible for the absorption of second sound),
the various dissipation mechanisms entering addi-
tively into the absorption coefficient. This allows
us to consider the several mechanisms independ-
ently. We first calculate the viscous portion of the
absorption coefficient.

The complete linearized set of hydrodynamic
equations, without account of the normal (dissipa-
tive) thermal conductivity, has the following form:

p+divi=0
0ji a al)ni OUnn 2 OVnt )
L P o=y — — 26
ot + Vi 1 E)xk ( B.zh 0.1}1' 3 " a:cz
7}
+— [Gadiv(i— ova) + Gadivval,

Vi+ Vu = V[C:div(i — oVa) + G div vy, (4)
(0p) + opdivv, = 0.
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Here p is the density, o the specific entropy, P
the pressure; 7, & = &4, &9, &3 are the viscosity
coefficients; v, and vg the velocities of the nor-
mal and superfluid components; j = PaVn T PgVg
Pn(s) the density of the normal (superfluid) com-
ponent, and Vu = —ogVT + p'IVP.

For simplicity, we shall consider a plane capil-
lary, unbounded in two directions, and choose the
z axis along the third direction. The set of equa-
tions that have been written down, if we add the
dissipative component with the corresponding
boundary conditions to the last equation, makes it
possible to consider the propagation of sound in
the capillary for any relation between the width of
the channel and the length of the viscous wave. In
particular, one can show that first and second
sound are propagated in the capillary when
w > Zn/dzpn. When the frequency decreases, the
velocity of first sound changes and when w
<« Zn/dzpn, it becomes equal to the velocity of
fourth sound (see (1)). Oscillations corresponding
to second sound are damped and cease to propa-
gate.

If we consider waves whose lengths is much
greater than the dimensions of the capillary, then
the set (4) can be greatly simplified, since v,, and
Vs can be set equal to zero, while P, p and o can
be assumed to be independent of the coordinate z.
Moreover, if we direct the x axis along the direc-
tion of propagation of the wave, we then have (we
omit the vector indices)

o+ 9j/ 0z = 0,
dj 0P 4 \ Pvn Pvp 0%(vs —vn)
T =gt o e
., ou 0% 2vp
bt o= Dsﬁsa—xz(ys—vn)ﬁ‘@k?;;,

(5)
(op) 4+ 0p dv,/0z = 0.

We average the set of equations over the z co-
ordinate. As a result, only the second component
of the right side of the second equation is changed.
It is written in the form (n/d)(8vy,/0z), ~4. Since
Vnlz=q =0, we get dvy,/dz = —pv,(0)/d, where
is a quantity of the order of unity, which can be de-
termined in the exact solution of the two-dimen-
sional problem with the corresponding boundary
conditions. We denote

pn/d*=R (6)

(according to the Appendix, for a plane capillary,
B = 3; for a cylindrical capillary, B = 8). With ac-
count of the notation introduced, the set of equa-
tions (5) is rewritten in the following form:
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p+0j/0z =0;
9  oP (4 vn *
A= (St ) — Rvu ot Lios o (0a—vn),

0%v,
ox2 '’

7} 02
bkt = 0l (v —va) +

. ovn (7)
(o) +op5-=0.

Eliminating vg and v, from Egs. (7), assuming
that all the variable quantities depend on time and
the coordinates according to an exponential law
e~ Hwt—kx) , and neglecting the thermal expansion
of the helium, we get

("’2"79?’“2>P'= —io {Kéﬂ‘i‘Cz)kz—i—R]%

’

7’

+[(gn+—to)e+r )],

(G_aikz_ﬂ"_mz>0/= im{[?—i—(?%—i—%——&)k%%’

do Ps0

R 4 n ;z ] G/]
S (2 — k2| —¢. (8)
+[S+G T uren—u) e
The primes denote the amplitudes of the variable
parts of the specific entropy and the density. Since
9P/ is the square of the velocity of first sound
(ud), and (% /pp) 8T /30 is the square of the veloc-
ity of the second sound (u%), it is convenient to in-
troduce the following notation:
oP s 0T s

1z=a—p—ia)§1, 2 = ngzﬁ—-io)p%(pgs—g),

R=R+(/sn+l—tp)k @G=t).
Setting the determinant of the system (8) equal to
zero, we get for the square of fourth sound speed

ul = Wik

2 (pn ~
U —\ — Uy
Y

N

fi~z>_'p"k2
+p “ Lwﬁ

(w2 — #s2)

10
X (u?— f,2) =0. (10)
Taking into account the fact that we are interested
in only one solution of the latter equation (which is
weakly damped as R — »), and also the smallness
of the dissipative components, we have

ipnk?

oR

w2 = uy? — t0psLs 4 (tao® — u4?) (wae® — u2?), (11)
where uy, is determined by Eq. (1).

From the last expression, we easily find that in
the case under consideration (I << d), the sound ab-
sorption coefficient due to viscous mechanisms is
equal to

__ Cspsw?

T Pr0? Pspn (W2 — us?)?
vis T 2u402 .

ZR pz quk

(12)
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The first component describes the dissipation
of the sound energy as a result of the mutual fric-
tion of the superfluid and normal components. Ac-
cording to Khalatnikov and Chernikova,m]

2
€3=:3“(p—aﬂ 'S—> uizpn.ph Tph.r
po? Cre
where S and Cpy, are the entropy and the heat ca-
pacity of a unit volume of the liquid, Pn.ph is the
- phonon part of the normal density. We shall not
write out the rather long expressions for the pho-
non-roton relaxation time 7pp y and the coeffi-
cient 8. They are contained in L],

The second component is connected with the
slipping of the normal component. We note that one
should observe a significant increase in the damp-
ing coefficient of the fourth sound near the A point,
since the velocity of the second sound and pg van-

,ishas T — T;\.[“

We also note that in the absorption of second
sound, a modification of which is fourth sound,[ 5,61
¢4 plays the principal role,[ ") while here both 7
and ¢3 are involved. If we take it into account that

u?m = u%ps/p, then Eq. (12) is simplified to become

Lspw? u? \2
I1vis = _—2\ .
uy/

uy dp

dZ mzpnz (1
2u? 6 psh

From the latter formula, it is seen that the tem-
perature dependence of the first component is de-
termined principally by the temperature depend-
ence of the coefficient of second viscosity ¢3 and
the second component not only by the viscosity but
also by the temperature dependence of the normal
component density.

We shall now explain the role of the thermal
conductivity in the propagation and absorption of
fourth sound. In the consideration of the viscous
mechanisms of dissipation, the role of the walls of
the capillary is that the velocity of the normal
component on them vanishes; in clarifying the role
of the thermal conductivity, it is necessary to take
it into account that the thermal emission takes
place across the walls. Therefore the complete
set of equations of hydrodynamics of helium (in the
last equation, one must include the dissipative heat
flow), must be supplemented by the equation of
thermal conduction outside the gap (in the wall):

. Koy

T, = C—W—ATW, (14)
where ky, Cy and Ty, are the thermal conduc-
tivity, heat capacity and temperature of the wall.
The latter is measured from the temperature far
away from the capillary, that is,

(13)

T. =0 for (15)

w 2] co.
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On the boundary with helium, the usual boundary
conditions for helium are satisfied:
—%w 0T w/0z2=0Q, (z=24d),
(16)
%y 0Ty /02 = a(T — Tw) (z=4d),

where

Q, = —x0T/3z + pTov,, = energy flux density

k is the thermal conductivity of the helium and «
the specific coefficient calculated by Khalatnikov;
the inverse quantity o1 is the thermal resistance
of the boundary.[“

The last equation of the set (4), which is supple-
mented by the dissipative heat flow, takes the form

(0p)'=iAT. 17
T

We have omitted the component op div v, since,
in the approximation in which we are interested
(without account of the slipping of the normal com-
ponent), the velocity of the normal component must
be set equal to zero [here the total set of equations
consists of the first, third and fourth equations of
the system (4)]. Averaging Eq. (17) over the thick-
ness of the shell, neglecting the dependence on the
coordinate z of the quantities o and p, we get

02T
ox?

or
T(op) = (o) _, +*

By using the solution of Eq. (14) with the bound-
ary conditions (15) and (16), it is possible to ex-
press the first component of the right side of
Eq. (18) in terms of the temperature of the helium
on the boundary. If we now neglect the dependence
of the temperature on the coordinate z, which is
justified by the small thickness of the capillary,
then Eq. (18) takes the form

(18)

or 0%’ 1 o’ \
T '=—-( - ), (19
(00) = * G T T e e Y
where
y=(k*—ioCw/%w)"™, Rey > 0. (20)

As d — 0, if the thermal resistance of the bound-
ary 1/a and of the wall of the capillary 1/y«,, are
finite, then o' vanishes, which changes the charac-
ter of the wave propagation in the capillary. As-
suming ¢’ =0 and Vvnp = 0 in the system (4), we
easily find that the square of the velocity of sound
propagation is equal to (see t2dy,

uo? = (ps/p) dP/dp.

Actually, two equations are left from the system
(4), as ¢’ =0 and v, =0:
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0 + psdiv v, = 0, {rs+-;—vp.=o, (21)

whence, by eliminating vg, we obtain

— 0 0P pp_-’ulz. (22)

YO 2 Ds
0 —usAp =0, Ug o Op

In first equation of the system (2), keeping the
component which describes the friction between
the superfluid and the normal components (it con-
tains &3), we get

o— P 0P Aot

P o Ap = Tsp,Ap,
whence we easily find the absorption coefficient
(more accurately, the part of it that is independent

of the thickness of the capillary):

(23)

I &0 = Gpw?/2us. (24)

We note that in this case this is an exact formula
(cf. (13)). The index (o) in the sound absorption co-
efficient means that, because of the walls, the en-
tropy o is constant.

For the determination of the coefficient of sound
absorption due to thermal conductivity, it is con-
venient to make use of Eq. (19), expressing ¢’ ap-
proximately in terms of p:

' 00 p 25
0 = TG—ETR—O- ( )
Ro— 1 1 (26)

=7 1/a 4+ 1/yxw
Substituting the value of ¢’ in the equation of mo-
tion of the superfluid components, and eliminating
vy by means of the equation of continuity, we ob-
tain

opP Too? , -
— %8'79‘ Ap = —f;: Ap, (27)

whence

Tpo? 1
0o a)ZBeR-—o.

therm™

(28)

By making use of Eq. (30), and neglecting k? in
comparison with wCy /Ky, We get

@ __ Tpa? w22 1/0 4 (1/26C wrw) "
T ou? d 1/ +[1/a+(2/0Cwxw)

We now make clear how the second component
in Eq. (12) changes if the isothermal character of
sound propagation in the capillary is taken into
account. For this purpose, we set ¢/ = T =0 in
the set (7) (the last equation need not be consid-
ered), and obtain from the second and third equa-
tions

. (28a)
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(29)

Substituting (29) in the equation of continuity and
again eliminating vg, we find

ps OP % _ p,20P[dp %

~ o 0~ pR oz

and, finally,

i m = d?p,%0%/6psn. (30)

Thus, the total absorption coefficient, due to
viscous mechanisms, is equal in this case to

Lspw?

2 p202
2u,? 6 0sT ’

(31)

@)
r vis =

This expression differs from Eq. (13) in the ab-
sence of the factor (1 — u%/u%)z, which is especially
important at low temperatures.

We shall not make a comparison of the absorp-
tion coefficients (31) and (28), since the latter de-
pends essentially on the properties of the walls of
the capillary. It should be noted that the principal
role in the dissipation of sound energy is played by
surface mechanisms (the second component in Eq.
(31) and (28)). We turn our attention to the fact
that I‘ég)erm depends linearly on the thickness of
the capillary, while the second component in Eq.
(21) is proportional to d? (see the definition of R
and R;—Eqgs. (6) and (26)).

The different dependence on the thickness of R
and R, means that the situation can exist in which
R should be regarded as a large parameter?’

(R ~ 1/d%, while R, is small (R, ~ 1/d). This
should hold in each case for large thermal resist-
ance of the walls of the capillary. In this case, the
dissipative losses from thermal conduction in the
propagation of ordinary fourth sound (the velocity
of sound is determined by Eq. (1)) are small. Neg-
lecting k* in comparison with wCy /Ky , We get

I'therm
uzzpn w2
= ——-———— M—_

2u40°0Che

1/a 4+ V1/20C wrw ‘,
1/@+(1/a +V2/oConw)? !
(32)

Let us estimate numerically the coefficients of

absorption associated with the slippage of the nor-

mal component and with the thermal emission

through the walls of the gap (the second component

in Egs. (13) and (32)). For a gap of thickness

d=10"%cmat T = 1.5°K, we have Ivis(m)

~107% w? [sec”!], while Ttherm =~ 1[sec™]. In the

estimate of I'therm, the heat transfer coefficient

of the quartz was taken to be equal to 0.25 watt/

cm? deg.“’]

2
d

Ugo?
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The coefficient of absorption due to thermal
conductivity has a comparatively complicated fre-
quency dependence. At low frequency,

w200 Y200 wit w
4u4?pCred

Pthermz (33)
From this formula it is seen that the sound of ex-
tremely low frequency cannot be propagated in the
capillary, since T'iherm/w tends to infinity as the
frequency approaches zero.

As a condition of applicability of Eq. (33), we
use the inequality

]/2 pn uz Curw

4 0 U’

NPs
Crdo <d<-l/ G4
(see Eq. (13) and the footnoteZ)).

Thus, for fourth sound to be able to propagate
in the capillary it is necessary that the thickness
of the capillary be much greater than the length of
the thermal wave, and much less than the length of
the viscous wave.

We now proceed to a system of equally spaced
capillaries, the distance between which is 2d’.
Equation (19), as can easily be seen, has the form

e 1 il
9z d 1/a+ cth(yd')/ynw

while the value of y is determined by Eq. (20).

If d and d’ are of the same order, and small,
the following approximate expression follows from
(35) and (20):

or

T(00) =~

). 9)

aT'r a’ d ‘I
= Z n 24 io—Cw | 6
T (op) P (u—]— 7 xw>k +io 7 o

which it is convenient to write in the form

Cett T+ Top = nege AT, (36)

by introducing the effective values

d d
C ess =CHe+—d—CW1 Reff = %+7%w-

We now use Eq. (36) for obtaining the dispersion
law of the sound waves in the set of capillaries.
The complete set of equations consists of Eq. (36)
and the following equations:

p+psdivvs=0, vi+4+p'VP—0oVI=0. (37)

Eliminating vg, and then, approximately, T’ (the
remaining principal terms in the expansion in
powers of the frequency w), we get

2)R and Ry have different dimensions; therefore, they do
not admit a direct comparison. We shall give the correspond-
ing estimates below.
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_ (s 9P | p®T )A _ O R Ao, (38)
(P “op + Cese P Ciy O eff 5P

It is then seen that the velocity of sound propaga-
tion in the system of capillaries is equal to

2
L ]

and is identical with uy only when the heat capac-
ity of the solid phase can be neglected in compari-
son with the heat capacity of the helium.

It follows from Eq. (38) that the coefficient of
acoustical damping due to the thermal conductivity
is equal to

(39)

i /7,
T = 0502 T % o5 0%/2C" ¢ us’™. (40)

We still note that in consideration of sound in &
set of capillaries one must in principle take into
account the transition from uy to uj in the for-
mulas that describe the viscous part of the absorp-
tion coefficient (see Eq. (12)).

APPENDIX
[+
To obtain 8, it is necessary to solve the set of
equations (4) with the boundary conditions

Unx = 0, Upz = 0, Vsz = 0 forz= +d. (41)

The solution for the correction we shall seek in
the form

Vo =LVQ1 4 LVQ2 + v,
o = M1Qi + IMzQz,

where Qi and u are functions of the coordinates
and time (the time dependence is taken in the form
e-iwty: L;, Nj, Mj (i =1, 2) are the amplitudes
which do not depend on the coordinates and on the
time.

Substitution of (42) in (4) leads to a set of equa-
tions for Q; and u and to coupling between the am-
plitudes: ¢

AQ; + k201 =0,

Ve=NiVQi+ N;VQ>. (42)

AQy+ k22Q, =0,

Au+kfu=0, diva=0; (43)
Ni=PiLi, Mi=DiLi (l=1’ 2)1
p, — b Ko (/s + & — Lips) +ipaud] — infpn
S 10 — k2 (08 + iud) '
Do — ko kllo(*/sn+ &) +ipul —io’p (44

(io — k) p 0?2 — k2 (08 + iuy?)

where kf and k} (with account of the smallness of
the dissipation terms) have the form
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w? o [4
k2=k 2+ k2= [1+iu—125(§n+§z>],

ll.iz

k2?2 = k1224 kP

=m—:[1+i»gy O (%n—2§19+ﬁz+§302)+)(}] )

uy u2? L pro

k2 =k, + k2 = iopa/m. (45)

The solution for Q; and u which satisfies (43)

and (41) can be written in the form
Q; = e~ it-m cos k2, u, = iAe~Hot—R) cos k 5z. (46)

Substituting (46) in (42) and taking (44) into ac-
count, we get

Ung = e~ 40t=k) [L ]y cos k142 + Lok cos k22 + A cos k 52],

Upg = — e—i(wt—knx)[ le_J_l sin ]CJJZ + Lgklg sin k_]_gz
— A —kisinkJ_az} ,
ks
(47)
Vg = —e—i0t—Ryx) [Lipik_u sin k_le + szzk_]_z sin k_l_zz]

In accord with (47) and (41), we obtain a set of ho-
mogeneous equations whose determinant can be set
equal to zero:

kycosk,,d kycosk,sd cosk sd
kyisinkyid  kypsink;,d  —kykjysink ad| — 0,
Plkllsinkj_ld ng_,_zsinklzd 0

(48)

According to condition (2) |kg|d << 1 and since
|kg| > |ky| > |ky|, then |ky|d<< 1 and |ks|d< 1.
Then cos k|jd and sin k|jd (i = 1, 2, 3) in (38) can
be expanded in series, and only terms of order
d?k? ; retained. (Such an expansion is valid since
the solution obtained for k%; is less than k% in ab-
solute magnitude.)

Solving Eq. (8) with account of the smallness of
the dissipation terms, we get, finally,

(49)

‘Dpnzps (uiz—' u22)2']

ke = [ 14 i
i _;:og[ T 3np? s
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. 3omizge? w? (50)

k=1
1l d?uulp,  ug?

The first solution is fourth sound. The second
solution has the same structure as ki. However,
the presence in the first term of (50) of the factor
1/d? leads to the result that the first component in
(50) is larger than the second by several orders of
magnitude, so that, in the case |k;|d < 1 (the
so-called ‘‘ complete’” damping of the normal
part!® 11} the second sound is modified into very
rapidly damped waves. The thermal waves (modi-
fied second sound in the partial damping of the nor-
normal part[G’ 11]) were observed at sufficiently
large d. In this case, all the calculations given
are inapplicable.

From Eq. (49), we find the absorption coeffi-
cient of fourth sound, brought about by the slippage
of the normal component:

Az, (t) 1

Comparing (51) with (12), we see that g = 3.

1J. R. Pellam, Phys. Rev. 73, 608 (1948).

2K. R. Atkins, Phys. Rev. 113, 962 (1959).

31. M. Khalatnikov and D. M. Chernikova, JETP
50, 411 (1966), Soviet Phys. JETP 23, 274 (1966).

4D. G. Sanikidze, JETP 51, 1550 (1956), Soviet
Phys. JETP 24, 1045 (1957).

K. A. Shapiro and I. R. Rudnick, Phys. Rev.
137, A1383 (1965).

§G. L. Pollack and J. R. Pellam, Phys. Rev.
137, A1676 (1965).

TI. M. Khalatnikov, JETP 23, 21 (1952).

81. M. Khalatnikov, JETP 22, 687 (1952).

9Kuan Wei-yang, JETP 42, 921 (1962), Soviet
Phys. JETP 15, 635 (1962).

0y, p. Peshkov, JETP 18, 957 (1948).

117, Gerald and G. L. Pollack, Phys. Rev. 143,
103 (1966).

Translated by R. T. Beyer
73



