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We develop further the quasiclassical approximation in the problem of the penetration of the
particle through a time-varying potential barrier. We consider with the aid of this method the
influence of higher harmonics of the field of the light wave on the ionization probability, and
also obtain formulas for the Coulomb correction in the case of not too high frequencies

(y <yo where vy, is defined in (51)). We discuss also the physical meaning of the parameter
Yc and the possibility of taking into account the Coulomb interaction when y 2 Yo

THE ionization of atoms in the field of a strong
electromagnetic wave was considered recently in a
number of theoretical papers.“'“ The incident
wave was assumed to be strictly monochromatic,
and the Coulomb interaction between the emitted
electron and the atomic remainder was neglected.
In our preceding paper[5 Ywe proposed a simple
method for calculating the ionization probability of
a bound level under the influence of an alternating
electric field; this method was an extension of the
usual quasiclassical approximation to the nonsta-
tionary case. In the present paper we employ this
method to consider the following questions:

1. We investigate the influence of higher har-
monics in the incident wave on the ionization prob-
ability. It turns out here that in the high-frequency
region of practical interest for experiments (y > 1)
this influence is quite significant. Thus, an admix-
ture of ~ 10™* of the second harmonic or of ~ 1077
of the third harmonic (relative to the intensity of
the fundamental frequency) is sufficient to change
the ionization probability by one order of magni-
tude.

2. We take into account the Coulomb correction
to the formula for the ionization probability. For
the region of not very high frequencies (y < vy,
where vy, is a characteristic quantity that depends
on the external field intensity F, the level energy
K2/2, and the force of the Coulomb interaction, see
(51)), we obtain formula (45) for the ionization
probability of an arbitrary atoms. The physical
meaning of the parameter vy, and the method for
taking into account the Coulomb interaction when
v R v are discussed.

1. INFLUENCE OF HIGHER HARMONICS ON
THE IONIZATION PROBABILITY

Let us consider the ionization of a bound level
(wp = k%/2) under the influence of an electric field
F(t) which is not strictly monochromatic. As
shown in %1, to find the ionization probability w
it is necessary to calculate the contracted action
S along a ‘‘classical trajectory’’ of the subbarrier
motion. With this, the extremal classical trajec-
tory (which minimizes Im §), corresponds to a
situation in which the particle goes out from under
the barrier at the instant when F(t) has a maxi-
mum. Choosing the external field in the form

F(t)y=F ) frcoskot,
k=1
we see that t = 0 is the point of the maximum of
F(t), if!

D=1, (1)
k=1

D\ k2 > 0. (2)
h==1
The ‘‘time’’ t varies during the course of particle
motion along the contour shown in Fig. 1. The
classical particle trajectory is determined from

the equations (see [5])
E=F(t), z(t)=0,

E(to)=ix, #(0)=0. (3)

We are interested only in the subbarrier mo-

DCondition (2) guarantees that F(0) > F(t) at sufficiently
small t. If F(t) has also other maxima, then it is necessary to
stipulate in addition that their magnitude be smaller than
F(0). This will be satisfied, for, example, if all the fy > 0,
but the latter condition is not essential.
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to FIG. 1. The ‘‘time’’ t for the
@ motion through the barrier. At the
instant t = 0 the particle goes
out from under the barrier, and the
remaining part of the trajectory is
0 realizable in classical mechanics.

tion, during the course of which® Im S develops.
Making therefore the substitution 7 =iwt (7 > 0)
we have

w)-—z

5 (ch kto— ch k1),

Z —shkr (4)
From this follows an equation for the determination
of the ‘‘initial instant’’ 7:

Ir
—shkn =y, _——
k§1 k Y v Ot F

(5)
(v is the adiabaticity parameter introduced in “]).
Using the equation xx =0 when t =t; and_t =0
(see (3)), we obtain the contracted action S

To

3 (t, 0) = So [i‘;-;-p(t)x—_]dt_ 2§ (1+——)d1:.

to

(6)

The quantity Im §(t0, 0) determines the princi-
pal (exponential) factor in the formula for the ioni-
zation probability

w~ exp{ - E9}1‘@) } (7)

where
1 2
f(v)=(1+—22£}) 422 5 o otrs
fafw [sh(k+E)7% _ sh(k—K)w ] g
— 2 kk[ k+ & k—k ] ®)

R>R’
When sz 5k1 Eqgs. (5) and (8) yield
1’1 + ¥

= Arshy, fo(v)=(1+—)Ar , (9)
which coincides with the result of Keldysh[” for
the ionization probability in the field of a mono-
chromatic wave. It is clear from (8) that the argu-
ment of the exponential in the formula for w is not
universal and depends strongly on the concrete
form of F(t). This gives rise to the nonlinearity

of the problem in question.

2)It is easy to see that S(t, 0) is a real quantity when
t>0.
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Such is the general scheme for calculating the
ionization probability in the field of an arbitrary
wave F(t) having a period 27/w. Let us consider
now several concrete examples.

A. Let F(t) contain, besides the fundamental
frequency w, a small admixture of the k-th har-
monic:®

F(t)=F[(1 — a)cos ot + acoskot], |a|<1.

In this case we can expand all quantities in terms
of the small parameter «:

To = Arshy — aax + O (a?),

(10)

F(¥, @) = fo(y)— alu (y)+ O (a?), (11)
where
_ 1 sh (k Arsh y)
" Vi+v2[ k -] (12)
1 [sh((k+ 1)Arshy) sh((k—i)Arshy)]
V)= k41 F—1
2 ‘ 13
_ Vity _*_Ars:w’ (13)
Y Y
k21—;1v3 for v1
hh('Y)= 2 M (133,)
h—1 f
ThED (2v) or y>1

We note that hy(y) > 0. Therefore the proba-
bility of ionization depends essentially on the
phase of the harmonic kw relative to the funda-
mental frequency w. The reason for this is easily

3)The cases of real interest are those with k = 2 and 3.
The connection between the polarization vector P and the
electric field F is

Py = G:? F;+ at;kFiFh + U-uthijFz +..
where a(®) ~ F;®. Therefore, if a(2) £ 0, then the most essen-
tial is the second-harmonic admixture. However, if the crystal
has a symmetry center, then the foregoing series contains
only terms of odd order (the case of so-called cubic medium),
and the admixture to the fundamental frequency of the laser
emission begins with the third harmonic. Generation of the
second and third harmonics by a strong light wave passing
through transparent media was observed experimentally [¢-*].
For these cases, formulas (12) and (13) simplify somewhat:

4y3
az =
T+ v

2y 1 \% Arshy
hz(Y)=——(1+—;) + :
3 ¥ v

1
()
V14 v?

Arsh y
¥

2y — 1\
ha(y) = — YT F ¥ — (1+-;) +
3 Y
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understood in the adiabatic case (y << 1), when the
ionization occurs essentially at the instants when
the field F(t) reaches its maximum value. From
(10) we get for t— 0
Fiy=F[1—1/;(1+(k2—1)a)o2+..]= Fcosw't,
(14)

where «' is the effective frequency:

o = ol +(k2—1)als =~ o[t +1/2(k —1)al.

When o > 0 we have ' > w, and this leads to an
increase in the ionization probability:

(15)

w o~ eXD{———ig(v-FAv)}

3 F
=eXP{— ((:(’ [f(v)+~—————(k23_1)

vewe . (16)

When y < 1 we get g'ty) = —y/5, and (16) coin-
cides with the exact formula (11). In the case of
high frequencies (16) strongly undervalues the co-
efficient hy(y), but the qualitative picture of the
variation of w remains the same for « > 0 and
a<0.

It must be emphasized that when y>> 1 the ioni-
zation probability w becomes very sensitive to
small admixtures of higher harmonics in the inci-
dent radiation. Thus, for a real case'®! with
v~ 30 and 2wy/w ~ 20 we get hy(y) ~ 20, hy(y)
~ 600, and fy(y) = 3.6. Therefore an admixture of
~ 107 of the second harmonic and of =107 of the
third harmonic (in terms of intensity) is sufficient
to change w by a factor of 10.

B. Assume that a phase shift ¢ exists between
the k-th harmonic and the fundamental frequency:

F(t)=F[(1 — acos)cos ot + acos(kot + ¢)]  (17)

(the maximum of F(t) is reached when wt,, = —ka
sin ¢, the coefficients in (17) being chosen such
that F(ty,) = F[1 + O(a?)]). The classical trajec-
tory is determined as before from (3), but the
analysis of the subbarrier motion becomes less
intuitive, since the ‘‘initial instant’’ 7, shifts with
the imaginary axis into the complex plane:‘“

h (& Arshy)
Yl*j__v?[(s krs Y

— iﬂk—ifs—h-&sin(p] + O (a?) }

To=i{Arshy— —y)COS(p

(18)

4)Expression (18) simplifies when y >> 1:
a2yt

Tozi:[any— e—"°+...].
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Calculation of the Action S yields

w ~ exp{——[fo(y)—ahk( )cosq)—}-O(aZ)]\ . (19)

When y > 1 and (Z-y)k'ioz 2 w/w, an admixture of
the k-th harmonic greatly changes the ionization
probability.

C. In conclusion we consider an example in
which the transcendental equation (5) for 7y can be
solved in explicit form. Let

F(t)=F D) (1 — a)a* cos(2k + 1) ot
R=0

(1 — a)2cos ot
1+ a? — 2a cos 20t

(20)

(0 < @ <1). With increasing «, the function F(t)

becomes ‘‘more peaked.”S) From (3) we get
E(t) = Z (1= n(2k+1)wt=£—arctg(ﬁsinmt}
®, = 2k+ 1 op *
(21)
To=Arsh(th(M)), p=2¥0 (22)
B 1—a

The function f(y) in formula (7) for the ioniza-
tion probability now takes the form

S{1 [Arth(ﬁsht)i' }dr

Arcthz )2]
Arth Zo
where x; =tanh (y) < 1. From this we get approxi-
mate formulas for f(y, @) in the two limiting

cases:e)

Xo

dzr )
— §;’52?_ﬁ2 k - (23)

fo(y) + ahs(y)+
Arsh Bt — 1,05 (By) 2+ ...

for py<<t

for py>1"
(24)

fv, a)=

The plot of f(y, @) against y in Fig. 2 shows that
ionization in the field (20) always exceeds ioniza-
tion in the field of a monochromatic wave having
the same amplitude and period. The value of w

5)As a > 1 we get
1—a?
lim— = 2ndi(z).
14 a2 —2acosz

6)We use here the value of the integral:

(Arth z)2
S—d =—§(3)_ 1,052 -

T
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FIG. 2.The function f(y, a) for the example (20) at differ-

ent values of the parameter a. The ratio of the third harmonic
intensity to that of the fundamental frequency is a?.

differs noticeably from that of the case « =0 when
y2 a 12,

Let us compare now formulas (7) and (8) for w
with the result of the exact quantum mechanical
calculation. The expression for the ionization
probability of a bound level under the influence of
an arbitrary electric field F(t) with period
T = 2r/w can be obtained” by the method de-
scribed in '4? for a monochromatic wave. Confin-
ing ourselves for simplicity to the case of a wave
with linear polarization, we have

w= Z wq (F, ), (25)
n=v
_of 1S
V_K(“rzyz Ei 2 )
2 2;
wn(F,a))=2ﬂSdP5<p—2—pl)an(P)|2-
Pn=TY20(n — ). (26)

The coefficients Fj(p), which determine the par-
tial probability of ionization with absoprtion of n
quanta, is obtained from the Fourier-series expan-
sion

Kam (7 (£) ) exp {%[ (P2 + %)t + 2pE () + tS Ax(r) dt’]}
0

=op{ @ +R+At} 3 Fa@emr,  (27)
n==—oo

“A?= lim LSTAz(t’) =" ¥

Tooo T3 T ol e

(28)
¥y

7)Neg1ecting the Coulomb interaction between the electron
and the atomic remainder.
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(see L4 51 for the notation).
From this we can easily obtain for F,(p) a for-
mula similar to formula (45) of L5,

L (0) (¢
Fa®lpmp, =S\ d(08) X (1)

]

ot

X exp {io—:g—g [i + = (oc)] daJL.
0

. (29)
Owing to the rapidly oscillating exponential (when
w << wp), the integral in (29) is ‘‘concentrated’’ at
the saddle point:®’ nz(to) +k*=0 or

0
A(t)= —%Z ‘%sinkwto = TFi(x2+pi2)+p. (30)

k=t
(here p = (p), p,) is the time-averaged momentum
of the emitted electron). Comparison of (29) and
(30) with (6) and (7) shows that the factor xlm(w(t)),
which contributes to the multiplier preceding the
exponential, is neglected in the quasiclassical
method. In addition, we have considered above only
the extremal classical trajectory (p = 0). This
limitation is not essential: as shown in [5], the
contribution of trajectories close to the extremal
one can be taken into account within the framework
of the quasiclassical method, and a correct law for
the decrease of w, with increasing n can be ob-
tained. Thus, the calculation of wy,(F, w) by the
saddle point method corresponds fu11y9) to the qua-
siclassical approximation in the ionization prob-
lem. The latter, however, introduces into the con-
sideration classical trajectories and has the ad-
vantage of being clearer.

2, ALLOWANCE FOR THE COULOMB
INTERACTION

In the earlier calculations!37%! we neglected the

Coulomb interaction between the electron and the
atomic remainder, i.e., the obtained formulas per-
tained essentially to the case of ionization of nega-
tive ions:

A-+nho—A+ e

However, it is clear already from the formula for
the ionization probability in the constant field101
that it is important to take into account the Cou-
lomb correction:

8)We note that the saddle point t, coincides with the
‘““initial instant of time’’ for the subbarrier motion (see Fig. 1).
91t is important here to take also into account the fact
that owing to the quantum character of the light absorption,
emitted electrons can only have discrete momenta
=pn = 2w - v) ]*%.
P =Pn
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OF, \ 21
W siat (F) = @o|Cur|? (73 ) ¢—2F3F,

A= %/ % (31)

FO = M31
Neglect of the Coulomb interaction corresponds to
A = 0. In real experiments!?’ 2F,/F ~ 10® and
A~ 1, i.e., allowance for the Coulomb interaction
introduces a factor ~10® into wgia¢(F).

In the region xr > 1, the intraatomic potential
reduces to the Coulomb potential: V(r) ~ — kq/T,
with |V(r)| << w,. This makes it possible to take
into account the influence of the Coulomb interac-
tion by perturbation theory (see a similar analysis
for the case of a constant field“Z]). We represent
the contracted action S in the form

0 29 2
S(t.0) = S [—%— V(z, t)——nz—]dt= So+ 0S;

to
V(z,t) = — Fzrcos ot + 6V (2),

8V (z) &~ — %/ for nx>1. (32)

Here §0 denotes the action calculated for the
short-range potential (A = 0), and 6S is the Cou-
lomb correction. Making allowances in (32) for
the first-order variations in 6V, we get

0
P

oV ;2
o5={ (a0s— T 20s—ov Jar—[ T —Vo— 3| ot
oz t==iq

2 2

0

(33)

Using the equation of the unperturbed trajectory
X = —9Vy(x, t)/8x and the condition X(0) = 0, we
transform (33) into

0
88=— oV (z(t))at

to

— [:zo:z-ﬁ— (5,2 X Ve, t)) Gt]

) (33a)

t=to

The perturbed trajectory §(t) = x(t) + 6x(t) sat-
isfies the condition X(t, + 6ty) = 0, which leads to

a connection between the variation 6x and O0t:
5$(t0) = —2 (to) ato. (34)

Substituting this in (33a), we get
"2 e g2
[:eax+(x . N e Vo(a,1) )at]

= [Eo —_ H(x, t) ]t=t06t0 = 0,

t=to

10)We present the values of the parameter ) for atoms of
severa] transparent gases: \ = 1.00 for H, 0.74 for He, 0.93
for Ar, and 1.06 for Xe, etc. (see the table in [*']).
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where account is taken of the equation for the de-
termination of the ‘‘initial instant’’ t, (see for-
mula (39) of t51)  Ultimately we get
]
88 = —{ 6V (z(t))dt,
te
where x(t) is the unperturbed trajectory (without
allowance for 6V).
Let us consider first the case of linear polari-
zation (the electric field F(t) = F cos wt is di-
rected along the x axis). Then'?!

(35)

z(t)= —gz—(cos wlp—cosot), wfy=iArshy. (36)
Formula (35) can be used if the perturbing poten-
tial 6V (r) is small along the entire classical tra-
jectory. In our case this is not so when kr £ 1;
this region of values of r cannot be considered
quasiclassically at all.

We therefore use a joining-together procedure:

we introduce xy such that!!

1 << ny << o = Fo/F(1 4+ Y1+ ¥2) (37)

(% is the ‘“‘dynamic’’ width of the barrier, see L5l

When 1<< kr < kX, the intraatomic potential is al-
ready small, but the external field can still be neg-
lected. Under these conditions, the wave function
Y(r) coincides with the asymptotic wave function of
the free atom:

Y (r) ~ Cunls (xr)*=te™ ~ r-texp{—ImS(r)}, (38)

where

ImS(r)y=wur— Alnxr

(see the Appendix in [5]). Therefore (35) can be
transformed into

0
08 = —idlnxa,— § 6V (2(t))dt, @ ==z(t) (39
t
(the arbitrary length x; drops out of the final an-
swer). The integral in (39), in the case of a Cou-
lomb perturbation, can be evaluated exactly:

0 oty dt
§ (=) ' Y§ chto—chrt

_ R (0/2) £ th (m/2)
= M (w/2)— th (1/2)

11)xt, decreases monotonically with increasing y. When
y >>1 we have kx, = F /Fy = 20,/w. Therefore the condi-
tion @ << w, makes it possible to choose a joining point x,
satisfying the inequalities (37).
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where 7, = wt; and 7 = wt, = sinh™! 4. Hence
83 (to, 0) = — iAIn [xxi sh(m—;—ii) | sh( T";“)J. (40)

From (36) we get as t —t;

wF 2
wz(l)=——shw(w—1)+...= ﬂ('co—'t') (41)
) o
(T = —iwt). Owing to the factor 2w;/w > 1, there

exist instants 71; such that (1 — 7y) < 1 and xx,
> 1. It is therefore possible to take in (40) a limit
as 7y — 73. This yields

oF
83 (to. 0) = — ikln( F“ )

2Fy >2A . (42)

exp{— 2Im 83} = (T

The dependence of 8S on the frequency has
dropped out, i.e., the Coulomb correction in the
ionization probability w(F, w) has the same form
as for a static field (see (31)).

The Coulomb correction for the ionization by
elliptically polarized light is calculated in similar
fashion. In this case the potential 6V(r) = —xq/T
must be averaged along the two-dimensional tra-
jectory

F
z(t)= 5)7(005 oty — cos wt),

y(t)=f2—(yﬁmt——asinmt> (43)
w n

(here k; is the average momentum of the outgoing
electrons; its value depends on vy and on the ellip-
ticity €e—see Fig. 2 of 5]y We note that when

t = i7 the coordinate y(t) becomes purely imagi-
nary, and therefore 6V(r) must be defined as
follows:

V()= — (e +y2)

= — Myo [(ch T —cht)2— 3?12<§£r0——5h—t>2] /2.
b T (4g)
It can be shown that the radicand in (44) is posi-
tive. It is now necessary to calculate the contribu-
tion made to & Im S by the region «kr > 1. To this
end, we choose 7y such that (1) — 7y) < 1 and
kry > 1, and join at the point 7y to the internal
solution (38). The arbitrary point 7y drops out of
the final answer; as a result we arrive at the fol-
lowing formula for the ionization probability with
allowance for the Coulomb correction:

w(F, o, &)= [Z—?C(y, g) ]2’“ WerlF,0,e), (45)

II1 341
where wg . is the ionization probability for a
short-range potential (A =0),
=l
,E) = —ex -——r,
C(yv,e)= p{ S [F(% Py (46)

27"
so s,

To T

F(y,e)== [(chro—-chr)z— sz'cz(

The integral in (46) converges. The ‘‘initial in-
stant’’ ty = 7y/w is determined from the tran-
scendental equation

h
sh2ty— g2 (ch T — i—E-) =42, (48)
To
which can be obtained from Eqgs. (18) of [5]  The

quantity t, has the meaning of the total time of
electron motion under the barrier. A plot of
ty(y, €) is shown in Fig, 3.

to(7.€)/t(y=0)
14 I
12
10
08
06

04

02

Il 1l I 1 1 1

4w 50 60 70 &0 90

I A
010 700 y

FIG. 3.Ratio ty(y, €)/t,(y = 0) vs. y, With increasing y,
the time of flight t, through the barrier becomes shorter. The
ordinate scale is increased by a factor of 10 for y > 30.

The function C(y, €) was calculated numeri-
cally by means of (46)—(48). The results are shown
in Fig. 4 for different values of the ellipticity €.

In the adiabatic region (y << 1) the Coulomb correc-
tion does not depend on €.12) For the ionization
probability of unpolarized atoms we obtain the fol-

lowing formula:
6 ] ( 2F, )2*-*/'-’
(1—¢)

xexp{——z——lfg[i 110(1—-—)\(24— ]1 (49)

w(F,0,6)= o0l Cul? -

12)The reason is that, regardless of the value of ¢, the
electron trajectory does not have time to bend during the
time of flight of the particle through the barrier.
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F, A0 )
Process g, eV wp/w A V/em ¥ Yo ] Experiment
Xe - Xet e 12.13 6.81 1.06 {1.34-0.3]| 24,5 | 17.8 | 1.90 i#]
Hz-—>H§'+ e 15.43 8.65 0.94 [1,440.3| 32,7 | 24.6 | 1.77 23]
If the polarization of the light is very close to F, 4NF
circular, the factor [3F /7 (1 - 62)]5‘0]1/2 should be F i x=xo  Fo <1 (502)

replaced by A(F, €) (see formula (10) of [4]).

In the region y 2 1 it is necessary to take into
account in the pre-exponential factor the function
C(vy, €). However, as seen from Fig. 4, this yields
only a numerical factor on the order of unity up to
v = 30, which can be neglected, since the formula
for w contains at any rate the unknown constant
C,1- Thus, the influence of the ellipticity € of the
light on the pre-exponential factor is insignificant
(unlike the argument of the exponential, in which
the dependence on € is strong and must be taken
into account—see [5]).

tiy.€)
10

09

08

07

06

05

04t

03 ! | I ] I
g 5

FIG. 4. Plot of the function C(y, €) for different values
of the ellipticity €.

We note now that the method used above for tak-
ing into account the Coulomb interaction is not al-
ways exact. We started from the assumption that
since the Coulomb potential is small when kr > 1,
its influence on the trajectory of the subbarrier
motion is also small (in determining this trajec-
tory we took into account only the external field
F(t), see (36) and (43)). Let us compare the Cou-
lomb force and the intensity of the external field in
the final point of the trajectory:

F.

AF ——
= 1 22.
il = (1+71+v)

(50)

For a constant field

therefore the main part of the subbarrier trajec-
tory passes through a region where the external
field is stronger than the Coulomb field, so that
the Coulomb potential can be regarded as a small
perturbation. The same holds also in the adiabatic
case y< 1.

However, with increasing vy, the dynamic bar-
rier width x; decreases, and the ratio (50) in-
creases. We denote by vy, that value of the param-
eter vy at which (50) becomes equal to unity:

Ve =TVFo/AF (y.>1).

To obtain the subbarrier trajectory when vy R vy,
it is necessary to solve the nonlinear equation!?’

(52)

(51)

i = — n./a? + F cos ot

in the region x > x4y (x4 is the joining point,

kxy > 1). Going over to the dimensionless varia-
bles 7 = —iwt and ¢ = wx/k, we transform (52)
into

ZE 1/c¢ (v )2 ( o )2 Fy

— = _f{——¢h = —] = ) —. 53

T2 Y<§2 c T), o T A 500/ T (53)
For the unperturbed trajectory (c — 0) the dy-

namic barrier width is

o= — Y
0 =— —_———
1+71+y

A numerical solution of (53), obtained by A. S.
Kronrod for several values of the parameters vy
and ¢, has shown that when s ~0.9-1.0 a quali-
tative change takes place in the form of the sub-
barrier trajectory, in that a section of ‘‘retro-
grade motion’’ appears on it (see Fig. 5). There-
fore allowance for the Coulomb interaction when
v & yc calls for a separate analysis.

Thus, the condition under which formula (45)
for the Coulomb correction is applicable is o< 1.
Inasmuch as the light emitted by a laser has a

-1

for y>1. (54)

13)Equation (52) gives the extremal classical trajectory
for motion in the field of a linearly polarized wave. (We as-
sume that p, = 0, so that the motion reduces to one-dimen-
sional. Allowance for p, does not change the principal term
of the exponential for the ionization probability).
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dt/dt

OF ATOMS IN AN ALTERNATING ELECTRIC FIELD.

FIG. 5. Plot of the velocity of the subbarrier motion at
y =100, ¢ = 0 (curve 1), ¢ = 0.92 (curve 2), and ¢ = 1.90
(curve 3). The values of 7, for curves 1, 2, and 3 respectively
are 5.30, 5.35, and 5.46. The ordinate scale for 7, - 7 > 2 has
been increased ten times.

fixed frequency, this condition is best rewritten in
the form

F>)(0/w)2F,

which shows that (45) pertains to the case of suf-
ficiently strong fields. The values of the param-
eters vy, vy etc. for the presently performed ex-
periments on ionization of atoms by laser light are
listed in the table. It is clear from these data that
for a detailed comparison of theory and experiment
it is necessary to take into account exactly the
Coulomb interaction with the aid of (52) and (53).
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the present work. The authors are sincerely grate-
ful to him for numerous useful discussions, and
also for a check on the calculations of Sec. 2.

We also wish to thank A. S. Kronrod and L. Bor-
isov for the numerical calculations.

(55)

Note added in proof (10 January 1967). Formula (35) makes
it possible to take into account the Coulomb correction not
only to the total ionization probability, but also to the mo-
mentum spectrum of the emitted electrons. Substituting in (39)
trajectory x(t) for py # 0 (see formula (48) of [*]), we arrive at
an integral of the type (46), where F(y, €) must be replaced by
cosh r, —cosh 7 — iyp«™(z, - 7), where 7, = sinh™ (1 + ipc™).
This integral can be calculated in the limiting cases y << 1 and
y >> 1. In the case y >> 1, the distribution over p_ is of the
form

III 343

2(\)0 g 2 sz
w(ps) ~ exp{—— —rot[ 14+ — <-—toz — 21+ 4)]——}
® v 3 %2

where 7, = In 2y and ¢ is defined in (53). The Coulomb inter-
action leads to a small decrease in the width of the momentum
spectrum. The most probable value of the momentum, py = 0, re-
mains unchanged here.
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