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Some relations are derived which must be fulfilled in order that particle-like solutions of
the simplest nonlinear spinor and scalar field equations exist. Despite the restricted validity
of the Lagrangians considered (for example, they do not describe neutral particles), such
relations may be useful for choosing a realistic nonlinear Lagrangian.

1. SPINOR FIELD

LET us consider a spinor field described by the
Lagrangian (h=e=c=1)

L="2% %=1, , -+ kb + JAn (bAng)" (1)

where the last term consists of a sum of scalar,
vector, and tensor terms of arbitrary form but
with the same degree of nonlinearity n > 1; AN is
a constant. This field has a conserved energy-
momentum tensor

Ty = Y20, yyvp — Yopyvp,  — Oy,
and a conserved current vector
]u‘ n = 0.

Tyw,v=0 (2)

JU' = 'lp'Yp,'llJ '

From the point of view of classical field theory
one is particularly interested in the solutions of
the equations obtained from the Lagrangian by
variation with respect to J and ¥

— b+ ko 4 1 DA (PANY) AN =0,
N

(3)
Pouyn + kop + 1 X Av (PANP) 1Ay = 0
N

which satisfy the following conditions:

1. The static condition. The current vector
Ju and the energy-momentum tensor Ty, are in-
dependent of the time at any point in space. The
most general form of the function satisfying this
condition is

P = e—-hxqpo (1'1, Z2, x3) ’

where k is a real constant.

2. The solution must be continuous and bounded
everywhere.

3. The solutions must be square integrable,
i.e., must fall off at infinity more rapidly then

r 2 (12 =x? + x} + x).

Such solutions correspond to particles re-
garded as clusters of the field. It is easy to find
the following behavior for the desired solutions
at infinity:

o — %P {— rYke — &%}
0 — )

r—>00 r

where, by condition 3, kg > kz, or

—<Bp=k/ko <1 (5)

Let us multiply the conservation law (2) by xJ
and integrate over the whole volume of the field.
Then we find, using conditions 1 to 3,

{ Twav=o. (6)

For u =4 the integral on the left-hand side of (6)
is the total momentum of the field. Therefore the
total energy of the field fT44dv will be equal to
the rest mass. It is known that in the linear
theory k; is the rest mass of a particle regarded
as a singularity of the linear field, vy ¥y — k¥

= 0. Making use of a limiting transition to the
linear theory, we impose yet another condition on
the solutions of (3):

4. ko= S Tudv. (7

And finally, we shall assume that our field can
describe particles with some charge Q # 0, and
in particular with the minimal charge. We then
have the condition

5. 0= (10 = (yprydv. (8)

It turns out that the requirement of the exist-
ence of a solution satisfying the conditions 1 to 5
imposes rather strong restrictions on the choice
of the nonlinear term in (1) and in particular on
the degree of nonlinearity n.

We note that the field equations lead immedi-
ately to
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S[L+(n—1)ZAN(1EAw)"]du=0. (9)
N

After summation over the spatial indices we ob-

tain from (6) another useful equation, which holds
because of the field equations and conditions 1 to

3:

S [ — 2L — /sy + /by — ko

= AN(x—pApr)"}du=(). (10)

N

Eliminating the nonlinear term from (9) and (10),
we obtain

-1 — _
F[en—92+" 2 @and +Fvv

+ (n— 1)k01—p¢]du = 0. (11)

Using (11), (8), and (7), we find after some trans-
formations
k

(2n —3) 5" { wrpdo

=3 — 4k § prpdo + (n— 1) ko § Pp. (12)

Let us introduce the notation
§wrpdo = § (il + [4e[3 v A

+ (flwsl2+ [w|2dv = a2 42,

§ Fpao = § (w2 + el av

— ol + lar =2 — 12
Then we have from (11)
{(2n—3)/Q—BBr—4)—(n—1)}a?
={-@r—3)/Q+BBrn—4) — (n—1)}b% (13
Neither a nor b can be equal to zero, since that

would otherwise lead to the trivial solution; we
therefore have two possibilities: either

(n—3)/Q—BBr—4) —(n—1) =0,
—(@2r—3)/Q+B(Brn—4)—(n—1)=0,
or

2n—3)/Q—BBr—4)—(n—1) <0,
—(@2n—3)/Q+pBr—4)—(n—1)<< .
The first case can be excluded at once, since it
implies the inequality n = 1. This leaves the
second possibility
(2rn—3)/Q—(n—1) <B(Bn—4)

< @2n=3)/Q0+ (n—1). (14)

Let us show that for degrees of nonlinearity
1<ns= 4/3 there are no solutions for charges Q
equal to or smaller than the elementary charge:
0<Q= 1. Let 1<n= ¥, We multiply (5) by
3n —4=0:

—3n+4=8(Bn—4) =3n—4 (15)

Subtracting the second inequalities of (14) and (15),
we obtain

(2n —3) < (2n — 3)/Q.

In the region 1<n = %; we have 2n — 3 < 0;
therefore 1/Q <1, Q> 1. In the region n > ¥; we
have

B(3n—4)<3n—4 4—3n<pB(3n—4). (16)

Combining the first and second inequalities of (14)
and (16) pairwise, we find

4n —5>(2n—3)/Q > 5 — 4n.

For Q =1 solutions satisfying the conditions
1to 5 exist only if n> %, 1>8 >(n - 2)/(3n - 4).
For Q = 1/3 we must have

Us<<n<<2.

Spherically symmetric solutions of (3) which
satisfy conditions 1 to 3 have been investigated
by Finkelstein et al.[2] using a nonlinear term of
the form

_ 6—A — 244 o —
Dldn (pAx) " =—— w>2+7+~2 (Pywp)? (17)
N 1

and by Chepurnykh (3]

the form

using a nonlinear term of

2y (PAND) ™ = A (H ) (18)
N

In this work four nodeless solutions have been
computed numerically. On the basis of these cal-
culations it was concluded (although with poor
accuracy) that

S T44dU == 2k0S (19)
for ¥, = S = Y, (in the spherically symmetric
solutions considered, the spin S = @/2). Relation
(19) coincides with condition 4 for Q = 1. These
results as well as the results of [1’2], which lead
to the conclusion that solutions obeying conditions
1 to 5 evidently exist for nonlinearities of the

form (17) and (18), indicate that condition 4, which
is natural in classical field theory, is a reasonable
condition to impose.

2. SCALAR FIELD

Let us now consider a nonlinear scalar field
with the Lagrangian
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L =g, ute, u+ kPgte + AeTe)?, n> 1.

Varying with respect to ¢ and ¢, we obtain the
field equations

®, pp — ko?@ — An(@*e)"~ip =0,

@ wT — kot — An(gte) "ot = 0. (20)
The field has a conserved energy-momentum
tensor
Tuww =@, 0%, v + 0,v7Q, p — 8wl, Tuy,v=10 (21)

and a current vector

Jw=0,ute—0%p 4, Juu=0.

As in the previous section, we impose the
following conditions on the solutions of (20): 1) the
static condition ¢ =e” 4<p0(x1, X9, X3); con-
tinuity and boundedness everywhere; and 3) square
integrability.

In the case of the scalar field these three con-
ditions are already sufficient for determining the
region of values of the degree of nonlinearity n,
for which such solutions do not exist.

Let us assume the existence of solutions
satisfying conditions 1 to 3. These will then have
an asymptotic behavior at infinity analogous to
(4), and will satisfy relations similar to (6) and

(9):
exp {—r Yk — K2}

Qo =C - koz—k2> 0; (22)
§ Twdv=0; (23)
[ ot 01— Foro -+ kit oro -+ nh(gte)1dv = 0. (24)

Summing over the spatial indices, we find from
(23)

§ 2e.r g, —3L1dv

— § [~ + 3Rgrq — Shigre — 34 (grg) "] do = 0.
(25)

Eliminating the nonlinear term from (24) and (25),
we obtain

@—n) § ot qudv=3(k2— 1) (n—1) (otedv. (26)

Since kg —k?>0, n —1>0 and both integrands
in (26) are positive, we must have 1 <n < 3 if
solutions satisfying conditions 1 to 3 are to exist.

Let us now impose the following conditions on
the solutions:

4) ko= Twdv = § [22gro — L]dv, 27
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5) 0= { nav= § 2ngropan. (28)

We easily find from (24) and (25) that
2(n—1)
{ Lav= T { (ke — 1) gt dv.

Substituting this relation in (27) and using (28),
we obtain another important equation

2(n—1) koz—chQ

= 0k —
ko=20 T

n—3
In particular, for Q@ =+ 1,

klky=p = F(n—1)/(2n—4%).

But owing to (22) we have —1 < < 1; for
Q =+1 we must therefore have 1 < n < ¥%; if solu-
tions satisfying conditions 1 to 5 are to exist.
For the nonlinear scalar equation, as for the
spinor equation, only spherically symmetric
solutions have been investigated. Nehari (4] has
shown the existence of positive solutions of the
equation

RI/+_§RI=R_(RZ)n—1R

for 1 <n < %, This was shown by a different
method by Zhidkov and Shirikov'® for the case
1 <n < 2, Using a method analogous to the one
considered above, the author (6] has shown the
nonexistence of solutions of (29) for n > 3 and
has determined a lower limit for the eigenvalues
R(0).

I express my gratitude to V. A, Levin for use-
ful discussions.
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