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An analysis is given of the problem of the stability of a classical system of strongly interact-
ing charged particles (dense plasma). It is shown that such a system can be stable in the liquid
state if it contains neutral particles, and a stability condition is derived. A formula is obtained
which relates the concentrations of neutral and charged particles in such a system and which

is an analog of the Saha formula.

1. Plasma, as a many-particle system, is char-
acterized by two independent dimensionless
parameters. One of them - the degeneracy
parameter A - is equal to the ratio of the limiting
Fermi energy to the temperature T = 1/8:

A ~ KemApn’h,

where m is the mass of the particle, n = N/V is
the density (N is the number of particles in the
system, V is its volume). The other - the inter-
action parameter y - is defined by the ratio of
the average energy of interaction of a pair of par-
ticles to their average relative kinetic energy. In
the classical case (A < 1) we have

Y1 ~ ezﬁn%'y

where e is the electron charge. In the quantum
case (A > 1) we have

Ve =d/a,
where d ~ n" V3 is the average distance between
the particles, a, =h%me? is the Bohr radius.

It is convenient to plot in terms of logarithmic
coordinates the lines ye] =1, yq =1, and A =1
for the electron and the ion components of a
plasma (for the sake of simplicity we discuss be-
low the hydrogen plasma). These lines divide the
(n, T) plane into a number of regions correspond-
ing to various values of the parameters vy, Yq
and A (cf., Fig. 1).

Region It Ag <1, A <1, ¥51e <1, Y14 <1 isa
classical plasma with weak interaction between
electrons and ions.

RegionI: A, <1, Aj <1, Ycle”> 1, Yeli > 1 is
a classical plasma with a strong interaction both
between electrons and between ions.

Region III: Ag > 1, Aj <1, Yqe >1, Ye1i®1-
the electrons constitute a degenerate system with
strong interaction, while the ions constitute a
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FIG. 1

classical system with strong interactions.

Region IV: Ae¢ > 1, Aj > 1, vqe > L, Yqi >1 - is
a quantum plasma with strong interaction of elec-
trons and ions.

Region V: Ag > L, A <1, 7ge <L Yeli” 1 -
the electrons constitute a degenerate system with
weak interaction, while the ions constitute a
classical system with strong interaction.

Region VI: Ag > 1, A > 1, Yqe < 1, Yqi >1-
the electrons are degenerate and interact weakly,
the ions are degenerate and interact strongly.

Region VII: A¢ > 1, 4§ <1, Yqge <1, Yeli <1 -
an electron-ion plasma with weak interaction in
which the electron component is degenerate.

Region VIII: Ae > 1, A > 1,%ge <1, vqi< 1l 2
quantum plasma with weak interaction of electrons
and ions,
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From the analysis given above of the different
values of the characteristic parameters it can be
seen that regions I, VII and VIII represent gas
plasmas at different temperatures and densities;
regions V and VI correspond to a solid in which
the electrons form a degenerate gas with weak in-
teraction; in regions III and IV states correspond-
ing to not very large values of the parameter y¢
(a typical value of y, in metals is 2—5) and to
sufficiently large values of y; represent a solid;
for other values of the parameters yj and yo un-
stable states can exist in these regions. From
Fig, 1 it can be seen that there exists a region
corresponding to a strongly interacting classical
plasma (region II) which will be investigated in
this paper.

In view of the fact that the reduced mass
mimg/(mj + mg) is in fact equal to the electron
mass mg the relative kinetic energy of the elec-
tron and the ion coincides in order of magnitude
with the kinetic energy of the electron, and there-
fore yje ® Ye, i.e., if the electrons interact
weakly (strongly) with one another, then they inter-
act weally (strongly) also with the ions.

In those regions where y < 1 one can use per-
turbation theory for calculating thermodynamic
quantities. In these regions the interaction be-
tween the particles is not great and, therefore,
the system may be referred to as a gas. In those
regions where y > 1 perturbation theory is inap-
plicable; here the interaction of the particles is
essential and the system is similar to a liquid.

A strongly interacting Coulomb system was
first investigated by Wigner (1,2} who evaluated
the correlation energy of a strongly interacting
degenerate electron gas embedded into a posi-
tively charged compensating background. Wigner
assumed that for large values of the interaction
parameter the electrons form a lattice since the
potential energy tends to localize the electrons in
definite positions, and the kinetic energy is in-
sufficient to prevent this localization. Utilizing
Wigner’s arguments one might suppose that the
system in region II in Fig. 1 represents an elec-
tron-ion crystal in the limiting case of strong in-
teraction since for a hydrogen plasma in the
classical region we always have yj =v,. However,
it is not difficult to show that for an electron-ion
crystal the following sum rule holds for the nor-
mal vibration frequencies w j (k):

D ozk)=0, (1)
j

where the summation is carried out over all the
branches of the vibration spectrum. Indeed, the
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amplitudes of the atomic displacements in an

elementary cell satisfy the system of equation (3]

‘ k
0a (%)= N Daﬁ( ! )uﬁ (%), (2)
B .

where u(k) is the amplitude of the displacement
of the k-th atom in an elementary cell, Dyg is
the dynamic matrix related to the force constants
of the lattice by the equation

ool £ ) =23 0l

where m, is the mass of the x-th atom,

Dap ( l— l’) ( %@(r)

0zq Oxp ,__r

) exp[— ikx())],  (3)

@ (r) is the poten,tlal for the 1nteract10n between
the atoms, 1y, is the distance between atoms
(I, k) and (I’, k') and the summation is taken
over all the elementary cells. In the case of an
electron-ion crystal ¢(r) = eKeK'/r and

1= 6
q)aﬁ( /7 ) = e“e"' /a’B

H% (r,)?
ol (e ()0 |
()° "

(4)

here x(i) is the radius-vector of the k-th atom
in the I-th elementary cell.

In order to derive the sum rules it is conven-
ient to write (2) in matrix form

D(k)u; = o (k)uj, (5)

where the subscript j denotes the different
branches of the vibration spectrum, uj are the
eigenvectors of the matrix D (k) normalized to
unity. From (5) we obtain

SpD (k) = D) wi2(k). (6)
i
It can be easily seen that

$pD)= 3 Dea (- )

From (3) and (4) it follows that
k
21 Daa ( =0
@ % UK

and (1) is satisfied. This sum rule means that in
the spectrum there exist imaginary frequencies
corresponding to unstable vibrations. We note
that the conclusion regarding the instability of an
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electron-ion crystal also follows from Earnshaw’s
theorem.

Thus, in a system consisting of charged parti-
cles only either the electrons, or the ions, or both
must exist in a disordered state, and in view of the
strong interaction the system can be regarded as
a liquid. As can be seen from subsequent discus-
sion all the increments of the thermodynamic
quantities associated with the interaction do not
depend on the mass of the particles, and in the
case of a hydrogen plasma are generally com-
pletely symmetric with respect to particles of op-
posite sign. From this one can conclude that at
least in the case of a hydrogen plasma both the
electrons and the ions constitute liquids. It will
be shown below that such a system can be stable
under certain conditions. In the case when the
ionic charge is z # 1 apparently due to the
stronger interaction between the ions a system
can be formed in which the ions are ordered and
the electrons constitute a liquid; but this problem
requires separate analysis and lies outside the
scope of the present paper.

2. Berlin and Montroll 4] used an elegant
method, first proposed by Kramers [5], to obtain
an exact expression for the free energy of a clas-
sical system of charged particles in the limit
Y>> L

3N y

5N
F=Fd—?(ﬁc_+2—ﬁ 'yc+66 (7)

where N = Z;Nj (summation over different kinds

of particles),
4nt s
T e () 2““'

Fiq is the free energy of an 1dea1 plasma, v,
= 2/ )2/3

But, in fact, the system investigated in ] g
thermodynamically unstable since from expres-
sion (7) one can easily obtain that (9 P/8V), > 0.
However, if the system also contains neutral
particles then such instability may be absent.
Indeed, the kinetic pressure of the neutral parti-
cles in the plasma can reverse the sign of this
inequality and thereby guarantee thermodynamical
stability of the system. We note that formation of
negative ions cannot lead to the elimination of
thermodynamic instability, since they introduce a
positive contribution to 8 P/6V which is completely
analogous to the contribution made by electrons.
In subsequent discussion negative ions are not
considered and the following model of a classical
strongly interacting plasma is adopted: an elec-
tron-ion liquid plus neutral atoms which interact

Y=
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neither with the charged particles nor with one
another.
For a hydrogen plasma we have

v/ ve = (2x) “Ben’,

where n = Nj/V =Ng/V. Starting with the condi-
tion of chemical equilibrium

D wivi = 0, (8)

we obtain an expression relating the concentra-
tions of the neutral and the charged particles. In
formula (8) uj are the chemical potentials of the
components, vj are the stoichiometric coefficients.
In our case vy = =1, vg =1,

We obtain the chemical potentials of the com-
ponents by differentiating expression (7) with re-
spect to the number of particles:

[ () ]

-1—[4———111————2]

% T (9a)

Here g, = 2, m, are the masses of the charged
particles.

The chemical potential of the neutral compon-
ent 1) is

w=—3—gn [ (s5) 2

Z = Z gne—ﬁﬂn‘,

n

(9b)

where Z is the partition function for the neutral
hydrogen atom.

Substituting (9a) and (9b) into formula (8) we
obtain after straightforward transformations

N VA me \*:
— e — R ﬁ?. 32
n? g+8— < > (2rhB)" exp (

mym_

+ ln—>
(10)

As can be seen from Fig. 1 the classical region

with strong interaction lies at T <I where I is

the ionization potential of the hydrogen atom

(I= me¥ 2h%). In this case formula (10) can be

rewritten in the form

a 1 [ 2nh2p\"
n—q=—< T ﬁ) exp<61—4—v-+ln—v).
n* 2 m Ye Ye

(11)

Formula (11) is an analog of Saha’s formula for
the case of strong interaction. The quantity
B4 (y/ve) = In (y/ve)] is a decrease in the
ionization potential.
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FIG. 2

The equation of state for the plasma has the
form

p=2z_£<_1_i)+ﬁ, (12)

The condition for thermodynamic stability is
written in the form

(%)B = —E:T/[ 72(13—— %{’) + na] < 0. (13

This condition together with (11) determine the
region of existence of a strongly interacting
plasma with respect to the parameter y. This
region is determined by the inequality

(Y9m/ 2) = z%exp (E — 4x) > 4o — 1T, (14)

where x =vy/yg & =BI. This inequality is illus-
trated in Fig. 2.

In the diagram it can be seen that the region for
the existence of a strongly interacting plasma has
an upper bound with respect to the parameter y
and increases as the temperature is lowered.
Limiting values which represent the boundaries
of the region of thermodynamic stability are de-
termined by the point of intersection of the graph
of the function ¢(x) = (m/Z) 573/2x4e §-4x
(solid lines) with the graph of the function 4x — 7
(dotted line). From the requirement that the neu-
tral component should be ideal we obtain the con-
dition which must be satisfied by the parameter &:

L rvy* (15)

8= (1270) "\ g, /

20 {30 40 3060 80
xT

Alekseev, Velikhov and Lopantseva 1] gis-
cussed questions close to those investigated above.
They assumed that the system consists of local-
ized electrons and of free ions of atoms. However,
since the interaction parameter for the ions is
greater than, or equal to, the interaction parame-
ter for the electrons, then in a system of strongly
interacting electrons the ions must also be
treated as strongly interacting.

3. In this paper it is shown that a system of
strongly interacting electrons and protons is in
the classical case apparently a liquid. It is shown
that a thermodynamically stable strongly inter-
acting plasma exists in a restricted region of
values of the parameter y. A formula is obtained
which is an analog of Saha’s formula for the case
of strong interaction.

In conclusion the authors express their sincere
gratitude to A. A. Rukhadze for his continuing in-
terest in this work and for useful discussion, and
to D. A. Kirzhnits for valuable remarks.
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