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The possibility of multiquantum transitions between excited atomic sublevels is studied. It is
shown that in the case of nonequidistant sublevels, when single quantum transitions are ex-
cluded, a stationary component and also components whose intensity is modulated with a fre-
quency two or four times that of the radio frequency field should appear in the fluorescence
radiation. The effect is of a resonant nature and involves a resonant shift that is proportional
to the square of the radio-frequency field amplitude.

A great number of theoretical and experimental
researches have been devoted to the multiquantum
transitions between Zeeman sublevels and the
ground state. A detailed exposition of the theory
of these transitions and the description of the
basic experiment can be found in 1174} and the re-
view of Bonch-Bruevich and Khodovoi.!s]

Multiquantum transitions can take place not only
in atoms in the ground state, but also when the
atoms are in one of the sublevels of an excited
state. The existence of such transitions can be
detected by studying the spectra of the fluores-
cence light emitted by atoms of rarefied gases in
transitions to the ground state. The observation of
such transitions between excited states by means
of fluorescence light is to a certain extent simpler
than the observation of transitions between sub-
levels of the ground state.

In the study of multiquantum transitions in
atoms in the ground state, the method of optical
orientation of these atoms is employed. A polar-
ized orienting longitudinal beam of light rays of
resonant frequency is used here not only to change
the difference in population of the magnetic sub-
levels, but also to detect resonance transitions
between them. The greater the degree of orienta-
tion obtained, the greater the possibilities afforded
by this method. In those cases in which orientation
of the atom is impossible, this method of observa-
tion is completely unsuitable.

Resonance transitions to the excited state can
be studied by observing the light reradiated by the
atoms, which makes it possible to avoid the neces-
sity of bringing about orientation of the atoms.
This is due primarily to the fact that the light re-
radiated by each atom possesses information on

the resonance phenomena in the excited state.
Thus it would appear to be possible to increase
significantly the range of objects of investigation,
going beyond the limits of the very restricted
number of atoms which can be optically oriented.

For simplicity, we shall consider below only
two-quantum transitions. However, the method of
calculation allows us in principle to consider
transitions of higher order, too.

1. METHOD OF CALCULATION

We shall consider an atom the total electron
spin moment S of which is equal to 0 in the
ground state and 1 in the excited state. For the
adjacent excited state, the total orbital momentum
L will be taken equal to 1. In this case, the total
angular momentum of the atom J = L + S takes on
the values 0, 1, and 2 in the excited state and 0 in
the ground state.

We consider optical transitions between these
states of an atom which is placed in a constant
magnetic field Hy and a radio-frequency field
H;(t). An example of such a transition is the
transition 6!S; ~— 6°P, , 5 in atoms of the four
isotopes of mercury. With account of the interac-
tion between the momenta L and S, the Hamil-
tonian for the problem of interest to us can be
written in the form

H = Ho+ Hi(t) + Hopt, (1)
where
Ho= K¢ + altfo(LsS-+ L-S4) + L.S:]
+ mLLz + (JJsSz (2)

describes the interaction of the momenta with one
another and with the constant magnetic field Hy,
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directed along the Oz axis. #; includes the non
magnetic interactions in the atom and the radia-
tion damping of the excited state. 5/, (t) describes
the interaction of the angular momenta with the
radio frequency magnetic field H;(t), which ro-
tates in a plane perpendicular to H, with frequency
W

Ha(t) = 2(QL- + QsS-) et 1o (QLLy + QsSy)

X e-—imot. (3)
In writing (2) and (3), we have used the notation
L:t - Lx =+ iLy, S:t = Sx + iSy,
ws = —ysH, Qs = —vysHy, (4)
o = —yLHo, Qp = —vy.H,,

where vg and y1, are the gyromagnetic ratios of
the spin and orbital angular momenta.

Optical excitation is described by the last term
in Eq. (1):

Hopt(t) = E(t)eD, (5)

where D is the operator of the electric dipole
moment, and e’ is the unit vector of polarization
of the light wave. The system of units is used in
which i=c =1,

The state |t) can be represented in the form
of a superposition of time-independent states

[£> = ao(t) |my> + Dam, (t) My, (6)
™y
where my’ =0 is the magnetic quantum number of
the ground state and mj that of the excited state.

Its change with time obeys the equation
d
i —|t> = |, 7
ldtl H|t> (7)

For the present, we shall not impose any limita-
tions on the value of the intensity of the radio fre-
quency H;. The interaction of the atom with the
light field of the radiation we shall take into ac-
count with accuracy up to first order of perturba-
tion theory. In this case, it is convenient to ex-
press the Hamiltonian (1) in the form of a sum of
two terms

H=H+ Hopt, (8)

where I’ =0y + 9, (t). If we denote by | ) the
state of the system which is obtained from the
initial state |t’) only under the action of the op-
erator 7', then the equation of motion of this
state will be

d

i—|>=%'|>. 9

o=t (©
The evolution of the system from the instant t’

to the instant t under the action of %’ can also be
described by means of the operator U(t, t')

[>= U, t')|t>. (10)
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Assuming that the atom is initially in a single sub-
level of the ground state with my’ = 0, we obtain a
first—aﬁ)proximation solution of Eq. (6) in the

form (6

1
|5=U(t0) ]0>+1?S At U(t,t') #ope () U(¥,0) |05, (11)
0

To find the operator U(t, t’), we transform to a
new set of coordinates which rotate with frequency
wq around the direction of the field H;, by means
of the unitary operator T = exp(iw J,t)

[ =T|>. (12)
Then Eq. (9) transforms into
NN (13)
where dt
Hi' = Ho+ QLx + RsSx — wod, = Ho" + H/, (14

Ho' = QrLy + QsSx — wol, + ((DLLz + @SSZ) ~+ aSL,

The solution of Eq. (13), in which .”Jt’{ no longer
depends on the time, immediately leads to an ex-
pression for U(t, t'):

(15)

U(t t,) — e—i0T tg—i #/(I—t)giwel
7

In order to obtain the final form of the solution
of Eq. (7), it is still necessary to compute the co-
efficients ay(t) and a;,g(t), which enter into the
relation (6). Taking (11) and (6) into account, we
get for the coefficients anJ:

1 1
() = TS dt’ X\ <m | U (t,') |n> <n| Hopi(t) |05, (16)
0 n
To obtain (16), we have assumed that at the initial
instant of time t = 0 the atom is in the ground
state described by the state vector | 0).

2. CALCULATION OF THE MATRIX ELEMENTS
(m|[U(t, t')[n)

In strong magnetic fields, where the coupling
between the angular momenta L and S is broken,
the calculation of the matrix elements
{(m|U(t, t')|n) presents no difficulty (¢! By
means of a transformation to a set of coordinates
whose z-component is identical with the direction
of the effective magnetic field in the rotating set
of coordinates, the Hamiltonian H{ is converted
to diagonal form. In the case of arbitrary magnetic
fields, it is not possible to reduce the Hamiltonian
H{ to diagonal form by a simple transformation in
another representation; consequently, the calcula-
tion of the matrix elements of the operator U(t, t’)
is made considerably more difficult. Inasmuch as
the operator J, = L, + S, commutes with the time-
independent Hamiltonian, operators of the form
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exp (—iwgd,t), which enter into Eq. (15), are
diagonal.

The operator #i, which is defined in the rotat-
ing set of coordinates, does not depend on the
time. Therefore, we shall use for the determina-
tion of the operator exp[—i%j(t —t")] in Eq. (15)
a relation which is valid for any time-independent
operator A[m],

e~ial = §{e~i57'aSt} §-1 = R(1), (17)

where S is time-independent unitary matrix, and
S~'AS is diagonal. Then the matrix exp{ iS~Ast}
is also diagonal and its matrix elements are
easily found if the matrix S is known. In the case
of a single angular momentum, this matrix is

E,—20, A B 0
A E; — 0 C.
B 0 E3 — ®p Da
0 C, D, E,
!%0” I = O Cb Db 0
0 C. D, 0
0 0 0 c.
0 0 0 D,
0 0 0 0
where
A= —i_cosl-i—%sin&, B = —-S—zésinn— —l—g—icosﬂ,
Y2 2 y2 2 2 2 y2 2

1 1
Co = —(Q1as + Qqa6) cos B + —(RQsa5 4+ Qia6) sin a ,
Y2 2 y2 2

a

a, = ag,

(J)S'_(OL_E.;—Q

as ==

(Ei+a)®—

POKAZAN’EV, YAKUB, and SKROTSKII

identical with the unit matrix transformation to a
representation in which the Hamiltonian defined in
the rotating system is diagonal. Then the operator
U(t, t') can be written down in the form

U (t t') —_ e—i.r,m.,tSe-is—'#o'S(t—l’)S—ieu,wot
’ (18)

— eiT.0dR (¢ — t) eiT 0ut gilhotiT/Nt—t),

Thus the problem reduces to finding the matrix
S and consequently to a solution of the correspond-
ing secular equations which are necessary for
diagonalization of the energy operator. Omitting
the tedious intermediate calculations, we write
down the following expression for the matrix of
the operator 41 in the representation (J, mg):

0 0 0 0 0
C, Co 0 0 0
D, D, 0 0 0
0 0 ¢ D, 0
Es 0 Cy Dy’ 0 . (19)
0 E, C;/ D/ 0
Cy Cf Ei4+0p O A’
Dy D 0 Egto, B
0 0 A B Ey+ 20,

Dy = — (@4 + Qte)sin 4 = (@05 + Q) cos 1.
V2 2 y2 2 (20)

The matrix elements Cp and C¢ are obtained
from Cg by the substitutions aj —~ b;j and aj — c;j,
respectively. Similar results yield Dy and D¢
from Dy. The primed quantities are obtained
from the corresponding unprimed by means of the
substitution ;<= Q,:

a
os— oL+ E, +_aa6’
(21)

(ws — or)?

a6=

{{{os — or)2—(Ei + a)?R 4 2a2[(0s — 01)2 + (Ei + a) ]}

The coefficients bj are obtained from aj by the
substitution E; — E; and cj from a; by the sub-
stitution E; — Eg,
Ws — O,

[(0s — L) + 4a?"

The rows and columns (19) are determined by
choice of the quantum numbers J and my. The
quantities E;(J, my) lying in the diagonal ele-
ments of the matrix (19) are the energy of the

cosn = (22)

magnetic sublevels of the excited atom in the ab-
sence of a radio frequency field for arbitrary
values of Hy. For J =2 and my=2,1,0, -1, -2,
these energies are respectively equal to
Ey=a+ oL+ os,
Ey = 1z(0s + L) + Vo[ (0s — )2 + 4a2]",
Es = —2%[3a — 2rcos (¢ /3),
E; = —lfs(0s+ or) + o[ (0s — ©L)2 + 4a2]",

Eg:d—ﬁ)L———ms.

(23)
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The quantum numbers J =1 and mgy =1, 0, -1
correspond to the energies

E3="'3(0s+ or) — o[ (0s — oL) 2+ 4a?]",
E¢ = —2[3a + 2r cos (;n:/3+<p/3),

Es = —'/s(0s + o) — 2] (0s — 0r)? 4 4a?]'"a. (24)

Finally, the quantum number J =0 corresponds
to the single sublevel with energy

E,= —2[sa+2rcos (n/3—¢q/3). (25)
Here we have the notation
r =13{7a? + 3 (0s — @)%} ",
2 — J— 2
cosp=a 402" — 9 (0s — wr)?] (26)

[7a® + 3 (0s — o)

3. TWO-QUANTUM TRANSITIONS BETWEEN
ZEEMAN SUBLEVELS OF AN EXCITED STATE

We shall consider two-quantum transitions be-
tween the magnetic sublevel belonging to the same
value J = 1, We shall separate from the matrix
(19) a submatrix which contains the states 3, 6 and
8. We then have:

6 + A(D + Ea Dc 0
v _ D, E, D/ (27)
| #o"| 0 D' 8—Av+E, |
where

1 T | 1 n

D, = — —(Qics + Qac6) sin — + —(Qac5 + Quce) cos —,
72 2 y2 2
1 .m 1 1

D) = — —(Q:c4 + Q4ce) sin — + —(Ques + Q3ce) cos —,
12 2 72 2

8= (Es—Es) — '[2(Es—Es), Ao = /2(E3— Es) — wo,

(28)
6 is the frequency distribution of the single and
double quantum resonances, Aw is the deviation
of the radio frequency field from (E; — Eg)/2.

The single resonance will take place for Aw= %9,
the double one corresponds to the condition Aw = 0.
Inasmuch as it is rather complicated to carry
out the analysis for arbitrary fields, we shall limit

ourselves to the case of weak and intermediate

values of the constant magnetic field. Then the

expressions Ej, Eg and Eg, and also D¢ and Dg,
2 [1

reduce to the form
o (se)]
2y2 2Q,

E, =—a+av§——§2
9*[ 14 (w42

E6 = —a + 2a§2,
272 Q

D/ =

a
Eg=—a—ayf— 5% (29)

BETWEEN ATOMIC SUBLEVELS 175

where
£ — lvs — ve| H, ='YS+YL,
2a Ys — YL
If we write down the eigenvalues of 7 in the
form Eg + 0y, then the secular equation for a de-
termination of these eigenvalues reduces to a
cubic equation in oj. Near the double resonance,
the solution of this equation is greatly simplified,
inasmuch as in this case Aw/é ~ (9,/6)% < 1,
Finally, the approximate values of o that have
been obtained will be valid only under the limita-
tions put on the value of the radio frequency field
by the inequality given above. We then obtain

Qi=|YsiYL|H1.

1 1

— 1 2 ) —_—_p27k M'/z} s

03 6{ +g @t ay) =5t
6 1
0 = — % (p+ qy—zzﬂﬂ),
Oy = 6{1 + 1zz(p +qy)— ipzz’* — M'/«} (30)
-8 32 ’
where the following notation has been used:

Q Ao 1+_2__§, q——(5§+§2)

2= — = —,
)

6’ -
M:yz—gzzy—l——z’*
4 64

If the eigenfunctions belonging to the eigen-
values E; +0j, are written

a;
qf’i = (ﬁ‘t ),
Yi

where i =3, 6, 8, then the solution of the equation
gives an expression for «j, Bi, %:

(31)

(0—|—Aw—0,) (6—|—Am-—01\]/
a=[1+ it () |
b — §+Aw—o; _ ‘_&_6+Am—ci (32
i D. GV D T —Aw—a;

Close to the double resonance, the second term
in the expression for @i can be neglected in com-
parison with the rest of the expression. In this
case, the coefficients take on a very simple form:

. D
a3==cos—, ag=0, (18——511'15,
ps =0, pe=1, Ps=0,
() [0} (33)
Yszsmg, ve = 0, Y8 = €OS
where
(Ao — 0*)2
2@ —
COS (A(D—(D‘)Z—‘}—QZ 2
Q+4 25 > Q+ ( §2> (34)
2 — g2 * 5 -)-
@ 6462(1 s ) O T ap\ BTy
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Thus the coefficients o, 8j and y; are known;
then the matrix S is obtained for the group of
levels of interest to us:

az Qg 0ag
S—=|Bs Bs Bs |
Y3 Ye¢ Ys

Substituting (35) in (18), we obtain the matrix ele-
ments {m|U(t, t')| n), which are necessary for
finding the coefficients ay, J(’c), and consequently,
the state vectors |t).

(35)

4., INTENSITY OF THE FLUORESCENCE LIGHT

The component of the field of the radiation field
in the direction of the unit vector e, is, as is well
known, (8] equal to

2k2
eE = ——<0[eD|®, (36)
where |t) is the state of the atom at the time t:
t
1 , ,
|8> = a0|0> +TS dt’ D) exp {— i[oo(mt — nt’)

0 m,n

(37)

— (ko+ iT/2) (¢ — )T} <m| R (t — ') nXn|€9D| 0> |m>.

Then the intensity of the fluorescence light, which
is determined by the expression (E*-E)/8m, is,
if we take into account (36) and (37), equal to
kl" t t
1= dt’ \ di"E (t')E (t”
syt JarE@)E(W)

Q 0

X an'R'r:z'n (t - t”)

> GumBun(t—1)

m, m’, n, n’

X exp {—i[oo(mt — nt! — m't +n't") = (ko +iI/2)
X (t—1t)1}, (38)

where Gy’ = (0|e-D|m) (m’|e-D|0) is the
radiation matrix, and Fp,’ = (n|e’-D|0

X 0| e-D|n’) is the excitation matrix. The matrix
elements of these matrices can be found in the
paper of Dodd and Series. 0]

We shall assume that the exciting light is
propagated along the Ox axis and polarized along
the Oy axis. In this case the atom can be excited
at a Zeeman sublevel characterized by the mag-
netic quantum number my =+1. The expression
for the intensity of the reradiated light, linearly
polarized in the direction e and propagating at
angles 6 and ¢ at some instant of time t, will
consist of three groups of components. These
comprise terms which are independent of the time:

I2sin2 @

Ir2+-46°M

[ I cos 2¢ + 2 (wo + 8M':)sin 2¢
I'? + 4 (w0 + 6M':)2

Ii=Io{'¢(1+00526) <1+ >+rsinze-
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O  Tcos2¢+ 2(wo— 6M')sin 2¢

<h .
X €os ) + r2+4((1)0_6M1/’)2
() T'cos 29 + 2wosin 2¢ | (39)
XSt 5+ =5 T F Zov) ‘szq)]}’

terms which describe the modulation of the inten-
sity with frequency 2w:
T cos 2wt + 2m sin 2wet
I'2 4 4og?
T cos 200t + 2(@o + 8M")sin 20t @
T2 1 4 (0o | 6M)2 oy
T cos 2wt + 2(wo — OM"2) sin 2ot . 9]

12=Iosin(I){I‘(1+ cosze)[

2

T+ 4 (o — OM)? )

+ [cos(2mot — 29)

+7Tr

T cos 2 (wot — @) — 28M": sin 2 (wot — @) cos D ]
24 462M
X sin? 0}, (40)

and terms which describe the modulation of the
intensity with frequency 4wg:
I sin? 0 sin? @
—
5 {2 T cos 2 (2wet — @) + 2w0 sin? 2 (2we — @)
I'2 4 4og?

T cos 2 (2wet — @)+ 2 (wo — 6M')sin 2 (200t — @)

' T2+ 4 (wo — 8M')2
T cos 2 (2wet — @) + 2(wo + M) sin 2 (2wet — @)

T T2+ 4 (0o + 0M'%)2 }

13=IO

+

(41)
In obtaining these expressions, it has been taken
into account that the correlation of the incident
electric field at the various times can be repre-
sented by the expression

KE(t')E(t")> = 8= Tdkp(k) exp {—ik(t’ —t")}.
As to the width of the frequency spectrum of the
incident radiation, it is much greater than the
natural line width and therefore

o (k) =~ p(ko).

The quantities sin & and cos ® enter into the
right hand side of Egs. (39), (40) and (41) as fac-
tors which, in accord with (34), have a resonance
denominator (Aw — w*)? + Q2 while w* is de-
termined by Eq. (34) and is the amount by which
the peak of the resonance curve is shifted from its
position at the point of double resonance Aw = 0.
This shift depends not only on the constant field
H,, but on the square of the amplitude of the radio
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frequency field Hy. Evidently, this shift can be
determined from the value of the measured reso-
nance frequency of the double transition.
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