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The exact matrix element of the ionization of atoms and systems coupled by short-range and 
Coulomb forces is represented in a compact form that is convenient for the study of the role 
of Coulomb forces. The calculation is made for multiquantum ionization, when the matrix 
element reduces to the product of two factors. The most significant of these has the form of 
the matrix element of the ionization of a system coupled by short-range forces [1) and de
pends on the Coulomb forces only via the binding energy I. The other factor takes into ac
count the specific influence of the Coulomb forces. When large distances are effective and 
a Z/ v ~ 1 (these conditions are satisfied in the case of ionization by means of a circularly 
polarized wave), the Coulomb factor takes the form of an exponential of the first Coulomb 
correction, and increases the ionization probability by an amount~ (B0~/Bv' 1 + ~2) 2v, 

where B/B0 is the field amplitude in atomic units, ~ = 2IB/ wB0, and v = a Zm/ v' 2m I (in a 
purely Coulomb field, i.e., for atoms, v coincides with the principal quantum number). For 
ionization by a linearly polarized wave, the effective values are aZ/v ~ v' I/ w » 1, making 
a quantitative calculation difficult. A qualitative estimate shows that in this case the Coulomb 
forces can appreciably increase the ionization, by an amount ~ exp ( cv' I/ w), c ~ 1. The 
elimination of the infrared (Coulomb) divergence by a constant field is discussed in passing. 

1. INTRODUCTION AND EXPRESSION FOR THE 
MATRIX ELEMENT 

We consider in this paper multiquantum ioniza
tion of atoms and systems coupled by short-range 
and Coulomb forces and by the field of an electro
magnetic wave, i.e., ionization that results from 
the absorption of a large number of photons. The 
total ionization probability depends on the field 
amplitude B and the frequency w in terms of the 
dimensionle~arameters0 ~ = eB/11w and B/B0, 

where 11 = v 2mi is the characteristic momentum 
in the coupled state, I is the ionization energy, 
and B0 = 77 3/ em is the atomic field intensity. The 
ionization matrix element is expressed in terms 

, of a product of a universal factor, in the form of 
the ionization matrix element of a system coupled 
by short-range forces, and a "form factor" due 
to the Coulomb forces. 

Such a representation is convenient for the 
analysis of multiquantum ionization, or more ac
curately when the parameters ~ and B/B0 satisfy 
the condition 

Bo'G I Bl"1 + 'G2 = 2I I wi1 + G2 ;;> 1, (1) 

1>we use the units li = c = 1, e2 I 4n =a= 1-137, and the 
notation of [']. 

which when ~ ~ 1 is equivalent to the multiquan
tum condition, and when ~ » 1 is equivalent to the 
weakness of the field compared with the field in
side the atom. In this case the first factor deter
mines the most essential features of the process. 
It was investigated in detail earlier in a paper by 
the authors [t] 2>. A characteristic feature of this 
factor is that it depends on the short-range and 
Coulomb forces only via the coupling energy I. On 
the other hand, the Coulomb factor depends on the 
Coulomb forces via I and the Coulomb parameter 
a Z/v of the initial and final states, i.e., via 
v = aZm/17 and K = aZm/p, where 11 and p are 
the momenta of the bound and ionized electron. 
For systems coupled by short-range and Coulomb 
forces, v is determined by the transcendental 
equation ( 11). In the particular case of systems 
coupled only by short-range forces we have 
v = K = 0, and we obtain the theory developed in [t] 
(see also [2]). To the contrary, in the case of pure 

2 lwe note that in ['] it was necessary to supplement the 
condition (t]ro) 2Bl'1 + ~2 1 Bas~ 1, which spells out the inde
pendence of the ionization of the structure of the short-range 
potential, by the condition (1), since even when r0 -> 0 a poten
tial having a shallow level changes the wave function of the 
final state at distances ::; 1/7]· 
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Coulomb systems, i.e., atoms, v is equal to the 
principal quantum number: v = n = 1, 2, 3, ... 

When condition (1) is satisfied, an important 
role is played in the ionization by large distances[!] 

"Veff "' Bos I B}'i + s2 ~ 1, 

and if the characteristic Coulomb parameter 
a Z/ v for the initial and final states is order of 
unity or less, then the calculation of the Coulomb 
"form factor" can be reduced to the evaluation of 
an exponential function whose argument is the 
first Coulomb correction. 

The exact matrix element describing the ioniza
tion of the atom by the field of the electromag
netic wave is 3> 

(2) 

where i/Jn ( x) is the wave function of the electron 
in the n-th state of the atom, V ( x) is the opera
tor of interaction between the electron and the 
wave, and if! P ( x) is the wave function of the elec
tron in the field of the wave and in the Coulomb 
field (the "minus" sign designates the state in 
which we have at infinity, when the field of the 
wave is turned off, a plane wave propagating in 
the p direction and a converging spherical wave 
(see [3], Sec. 134)). 

We shall henceforth construct the function if! P * 
using only perturbation theory in terms of the 
Coulomb field. In such a case, the matrix element 
Mpn is the sum of the diagrams shown in the 
figure, case a. The thick line represents the bound 
state of the electron in the atom, the hatched line 
the state in the wave field, and the wavy line the 
interaction with the Coulomb field. 

Besides the matrix element Mpn• we shall con
sider an auxiliary matrix element Mpv which dif
fers from Mpn in that the bound state 1/Jn ( x) in 

3 ) Although we neglect relativistic effects, it is convenient 
to use a relativistic form of the matrix elements and a relativ
istic normalization of the wave functions. 

the Coulomb field is replaced by a bound state 
l/Jp ( x) in the Coulomb field and in the field of the 
short-range forces of zero radius4 >. As shown in 
Sec 2, the function 1/Jp ( x) can be constructed by 
summing the diagrams of the perturbation theory 
with respect to the Coulomb field, in which the 
zeroth approximation (line with crosses in the 
figure, case b) is chosen to be the function l/! ~ ( x ), 
which has for the s-state the form 

\jlvo(x) = Nr-1 exp ( -rv- ievt). (3) 

This function coincides in form with the state in 
the short-range zero-radius potential, but its 
parameters E P• 1), and N are determined by the 
states in the Coulomb field and in the field of the 
short-range zero-radius forces. 

When the energy of the state lf!v ( x) tends to 
the energy of the state in the purely Coulomb field 
(i.e., when Ev -- En), the wave function if!v ( x ), as 
will be shown later, tends to 1/Jn ( x ), so that Mpn 
=lim Mpv• v-- n. It is obvious that Mpv can be 
represented by the sum of the diagrams c in the 
figure, in which the Coulomb field is treated as a 
perturbation. With the aid of these diagrams we 
can write Mpv in the form 

Mpv= ~\jlp-*(x)(O -'-m2)\jlv0 (x)d'x= 

00 

- 4nN ~ "ljlp-• (x = 0, t) e-i•v1 dt, (4) 

in which the entire interaction with the Coulomb 
field is concentrated in the function l/J P ( x). In the 
last equality in ( 4) we use the relation 

(0- m2)\jlv0 (x) = -4nN6(x)e-ievt. 

It is easy to verify that (4) actually contains the 
photoeffect in any order of perturbation theory with 
respect to the wave. Thus, using in (4) as the 
first-order approximation 

4 )Mpv would be the exact matrix element for the ionization 
of the bound state in the field of the Coulomb and short-range 
forces if the final function tji; were to take into account the 
influence of the short-range forces. When condition (1) is sat
isfied, this influence can be neglected. 
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where 1/Jpo is the wave function with momentum p 
in the Coulomb field, V the interaction with the 
wave, and K ( x', x) is the propagation function in 
the Coulomb field, which is equal to 

K(x',x) =- i ~ 'l'n(x')'ljln*(x)exp[- ien(t'- t)], t' > t, 
n 

K(x', x) = 0, t' < t, 

and integrating with respect to t, we obtain in the 
limit as Ev ___.. En 

Mpn = ~ d4x' ¢po-• (x') V(x')'ljln(x'), 

since 47rN1/Jri_(O)(Ev- Enr1 -- 1 (see Sec. 2). 

2. BOUND STATE IN THE FIELD OF SHORT
RANGE AND COULOMB FORCES. METHOD 
OF OBTAINING THE EXPONENTIAL 

Let us verify that the wave function 1/J v ( x) ob
tained by summing the diagrams b of the figure 
describes the state in the Coulomb field and in the 
field of the short-range zero-radius forces. It is 
easy to see that the summation of these diagrams 
leads to an integral equation, which takes for the 
s-states the form 

aZ 00 

'ljlv (r) = 'ljlvo (r) + _!!!_ ~ dr' [e-nlr-r'l - e-TJ(r+r'l] 'ljlv (r'). (5) 
1Jr o 

Equation (5) corresponds to the differential equa
tion 

( 
()2 2aZm) 

--1]2+-- 'ljlv(x)=-4:n:N6(x), 
iJx2 r 

( 6) 

which differs from the Schrodinger equation for 
the electron in the Coulomb field in the presence 
of a 6-function in the right hand side. Solution 
corresponding to the bound state should decrease 
exponentially at infinity. It follows from this 
uniquely that it is expressed in terms of the 
Whittaker function Wv, 11 2 ( 2p) or the confluent
geometric function >It ( 1 - v, 2, 2p) [4] 5>: 

'ljlv(x) = CWv, y2 (2p) / 2p = Ce-P'I' (1- v, 2, 2p), ( 7) 

v = aZm / 1], p = 1Jr 

and has the following asymptotic properties: 
c 

'l'v(x) =zr(1-v) p 
X {1-2vp[In2y2p+'ljl(1-v)-1+_!__ J + ... }, 

. 2v 
p--+0, 

( 7') 

5 )The function 'P(a, y, z) is connected with the function 
G(a, {3, z) used in the book of Landal! and Lifshitz ['] by the 
relation 'P(a, y, z) = z-aG(a, a - y + 1, -z). 

¢v(x)=C(2p)"-1e-P{1+ (i~v)v + ... }, p--+oo; (7 11
) 

Here 1/! ( z) = r' ( z )/ r ( z ) is the logarithmic de
rivative of the r -function, ln y = 0.577 ... is 
Euler's constant. Owing to the r- 1 singularity as 
r-- 0 and the known relation ~r- 1 = -471"6 (x), 
the constant C is uniquely related to the "bare" 
constant N: 

C = 2r(1 -V)7JN. ( 8) 

Equation ( 6) is inhomogeneous and its solution 
( 7) is valid for any value of TJ. In order to find the 
short-range potential and the spectrum of the 
eigenvalues TJ, it is necessary to transform (6) 
into a Schrodinger equation, i.e., represent its 
right-hand side in the form 2mV(x)1/Jv(x). This 
can be done by choosing 

2:n: ( a ) V(x)=-6(x) 1+r-+2aZmrln2y2aZmr, (9) 
mT]o ' \ ar 

where the parameter TJo characterizes the short
range potential6> • 

Using the asymptotic expression from the 
function 1/! v ( x) as TJ r -- 0, we easily find that 

• 2aZm( 1 ) 2mv(x)'ljlv(x)=-4:n:N--.. 'ljl(1-v)+--lnv 6(x). 
T]o , 2v 

(10) 
Therefore, if we stipulate that the parameter v 
must satisfy the condition 

1 
1Jl ( 1 - v) +-- In v = :n: ctg :n:v 

2v 
1 T]o 

+¢(v)-lnv+-=--, (11) 
2v 2aZm 

then the right side of ( 10) is transformed into 
-47rN6 (x), and consequently for these values of 
v the function (7) will be a solution of the Schro
dinger equation for a particle in a Coulomb field 
and a short-range potential (9) of zero radius. 

The roots of (11) are shifted away from integer 
values, to the right or to the left ( TJo ~ 0 ), so that 

v =vn 
= {n+L\n, 0 < L\n < 0,50,, n = 0, 1, 2, ... for T]o > 0 

n-L\n, 0<L\n<0,53, n=1,2,3, ... forTJo<O. 

Thus, the energy spectrum Ev = m - TJ7'2m = m 
- a 2Z2m/2v2 constitutes a system of Coulomb 
levels, deformed upward or downward (depending 
on the sign of 1Jo) by a short-range potential, and 
to this system is added in the case of 1Jo > 0 one 
more deepest level (ground state). When 
I7Jo I 2 Zm I » 1 all levels E vn become very close 
t.o the Coulomb levels: 

6)When the Coulomb field is turned on, the potential (9) 
goes over into the Breit pseudopotential [']. 
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a2Z2m ( aZm ) 
Evn=m-~ 1-4 nTJo + ... , n=1.2,:3, .. (i2) 

except for the ground state level Ev0 in the case 
'Tio > 0, the energy of which is much lower than the 
energy of the ground state in the Coulomb field, 
and is equal to 

TJo2 ( 4aZm TJo ) 
Ev, = m - 2m 1 - ---:;;-In yaZm + . · . · (12') 

We note that for the states of the continuous 
spectrum condition (11) goes over into 

.n: ctg l)0 • TJo aZm 
--==--+ Re'¢(~x)-Inx = ---, x = --, 
e-2m<-1 2aZm p 

where the same constant 'Tio relates the momen
tum p to the additional phase shift 60 due to the 
short-range forces [S]. 

The constant C in (7) is obtained from the con
dition for the normalization of the wave function 
and is found to be 7) 

'113 [ r 2 J-1 TJ3 
ICI2= nm JdzWv,•;,(z) = 2nf2(1+v)m 

0 

X { 1+ ( si:nvr[ 2v2v21_'¢'(1+v)Jr1 (13) 

The quantity in the curly brackets lies between % 
and 1 for all v :::::: 0, and is equal to Y2 when 
v = 0 and is equal to unity when v = 1, 2, 3, ... 
Thus, for all v :::::: 0 the constant C differs from 
zero. Therefore, according to (8), the "bare" 
constant N is a function of v, which vanishes 
when v = 1, 2, 3, ... When v tends to an integer 
number n = 1, 2, 3, ... characteristic of the bound 
state in the purely Coulomb field, we have 

'1'{1- v, 2, 2p)-+ (-1) 1-nf(i + n)<D(1- n, 2, 2p) 

(see[4J, formula6.7(7)), sothat ~v(x) tends to 
the usual solution of the Schrodinger equation in 
the Coulomb fields, which decreases exponentially 
at infinity and which is finite at zero: 

'¢v(x) -+'¢n(x) = Y'l'J 3 I 2nme-nra>(1- a, 2, 2w), 

'11 = aZmln. 

An important role is played in ionization by a 
weak field by large distances, 'T/r » 1. In this 
region ~v ( x) is described by the formula ( 7"). 
From the point of view of the diagram technique, 
the correct dependence of the wave function on x 
at large distances can be obtained by taking the 
exponential of the first Coulomb correction to the 
function ~~ ( x). Calculati~g with the aid of ( 5) the 
first Coulomb correction to ~~ ( x), we get 

7lwe obtained the integral of the square of the Whittaker 
function by expanding Wv, 112 in Laguerre polynomials. 

'¢v(x) = '¢v0 (x){1 + v [In 2yw- e2nrEi ( --2w) ]}. ( 14) 

When 'T/r » 1, the term e2'Tir Ei ( -2'T/r) ::::J -Y2T1r 
and can be neglected. It can be shown that when 
'Tir » 1 the principal terms of the next higher ap
proximations will be of the type ( v ln 2y1)r )n/n! 
Indeed, direct calculation of the second Coulomb 
correction with the aid of (5) yields for 'T/r » 1 

'¢v (x) = '!Jv0 (x){ 1 + v ln 2yw + v2 ( 1Mn22YW + n2 I 12)} · 
( 15) 

Summation of only the principal logarithmic terms 
is equivalent to taking the exponential of the first 
Coulomb correction so that 

'¢v(x) = 'IJ,,O(x) exp (v ln 2yw) = Nr1e-nr(2yw)". (16) 

The function (16) reflects correctly the depend
ence on r for large 1]r, namely for 'T/r » v( 1 - v ), 
but differs from the exact asymptotic expression 
(7 11 ) in the absence of the factor 

y-"~'f(1- v), (17) 

which is equal to 1 + rr 2v2/12 + ... when v « 1 
and differs noticeably from unity when v ~ 1. The 
difference between (16) and (7") is connected with 
the fact that in the higher approximations taking 
the exponential is equivalent to taking into account 
only the principal terms ( v ln 2 'T/r)n/n! and does 
not take into account the terms ~ vn. 

It is important in what follows to establish, in 
momentum space, a procedure corresponding to 
taking the exponential in coordinate space. Large 
distances in coordinate space correspond to the 
vicinity of a pole of the wave function in momentum 
space (for non-integer v, it is more accurate to 
speak not of a pole but of a branch point). The 
Fourier transform of the exact function (7) in the 
vicinity of a pole, i.e., at p2 + rf « 1) 2, is of the 
form 

4nNf(1- v)r(1 + v) (2TJ)2V 
cpv(P) = (p2 + '112)1+" 

( 18) 

It is obvious that the Fourier transform of the 
function (16), obtained by taking the exponential of 
the first Coulomb correction in x-space, differs 
from (18) in the vicinity of the pole in the absence 
of the factor y -v r ( 1 - v ) , see ( 1 7). If we express 
the first Coulomb correction in momentum space 
and take the exponential, then we obtain when p2 

+ 'T/ 2 « 11 2 an expression that differs from ( 18) in 
the absence of the factor r ( 1 - v) r ( 1 + v). Thus, 
taking the exponential in momentum space does not 
correspond to taking the exponential in the coordi
nate space. In other words, taking the exponential 
and the Fourier transformation "do not commute." 

To establish the procedure in momentum space 
corresponding to taking the exponential in coordi-
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nate space, we turn to the integral equation for the 
exact function cp ~ ( p ) : 

aZm \ d3k 
(p2+TJ2) Cjlv (p) = (p2 + TJ2) q>vo (P) + --2 J k.2 q>v (k + p}. 

n (19) 
Here cp ~ ( p) is the Fourier transform of the func
tion ¢~ (x). For the s-state we have 
(p2 + ry 2 )cp~ (p) = 41fN. Rewriting (19) with the aid 
of the shift operator 

[ aZm r d3k ( a )] 
p2+TJ2-~ J vexp kap 

we can represent its solution in the form 

ao 

= i ~ duxp (- i (p2 + TJ2) 't] 
0 

aZm.,. d3k · 
XT·exp{ i-- \ d't' I --e-i(k'+2kPJ't' ekofop} ·4nN (20) 

n;2 J J k2 ' 
0 

where T is a chronological operator which ar
ranges the operators in decreasing order of T. B> 

If we expand the T -exponential in terms of the 
parameter aZm, then in all terms, starting with 
(a Zm )2, the shift operator gives rise to correla
tion terms kk', kk", k'k", ... in the integrals with 
respect to k, k', k", ... Neglecting them in (20), 
we can replace the shift operator by unity. Then 
the T-exponential becomes an ordinary exponen
tial with argument 

. ... -p'-r -
zaZm ~ , ~ d3k iaZm ~ E2 (}'ix) -- d,; -exp[-i(k2 +2kp)'t']=-- dx-·-· 

n;2o k2 Pox' 

2 z 
E2(z) = .,,- ~ e-t' dt. 

,n o 
(21) 

Here E2 ( z) is the error function. In the vicinity 
of the pole, i.e., when p2 + ry 2 ry 2, the values ef
fective in (20) are T,..., (p2 + ry2)-1 » ry-2. Then 
-p2T ry 2T » 1 and, by integrating (21) by parts, we 
get 

8 )In (20) we have used the formula 
• 

e(«+b>• = e«•T exp ( S'd-c'e-a•'be 4 •'), 

0 

which is obtained by differentiating the operator e-are(a+b)r 
with respect to r. 

-rc~zEz<l't;;> ~ ln(-4ypZT)+ in, -p2'(-+oo. (22) 
0 X 2 

Using (21) as the argument of the T-exponential 
in (20) and integrating with respect to T, we ob
tain for cp v ( p) an expression that coincides ex
actly with the Fourier transform of the function 
obtained by taking the exponential of the first 
Coulomb correction in x-space. Thus, taking the 
exponential in coordinate space corresponds to 
neglecting the correlation terms in momentum 
space. We note that the smallness of the correla
tion terms is based on the modified perturbation 
theory developed by Fradkin [7). 

The wave function ljl_ ( x) of a partie le in the 
continuous spectrum at large distances when 
pr + p ·x » K 2, K = Zm/p, can likewise be obtained, 
accurate except for an insignificant phase factor, 
by taking the exponential of the first Coulomb cor
rection, see Sec. 4. 

The method of taking the exponential in the 
case when v, K « 1 is applicable for arbitrary 
distances and includes perturbation theory; for 
v, K ~ 1 it is applicable when 

(23) 

and is a particular case of the quasiclassical ap
proximation, which is valid when 

w(v-'1• + v} ~ 1, (pr + px) (1 +ox}~ 1. (24) 

When condition (1) is satisfied, the values effective 
in ionization are the distances 'f/reff""' BoU~ 
» 1 and the momenta Peff ""' w./1 + ~ 2 for a circu
larly polarized wave and Peff,..., 'fJ..j 2B ( 1 + ~ 2 )372/B0~ 
for a linearly polarized wave (see [t) and Sees. 1 
and 3 of the present paper). 

3. IONIZATION MATRIX ELEMENT AND PROBA
BILITY 

We turn to the matrix element Mpv (4) and 
represent the exact wave function ¢-p*< x) of a 
particle with momentum p in the wave field and 
the Coulomb field in the form of a perturbation
theory series with respect to the Coulomb field: 

¢p-'(x}= 1Jlp'(x)+2ie ~ d4x'¢p'(x')K .. (x')~A(x',x) 
vx .. 

+ ( 2ie) 2 S d'-x" d4x' ¢P • ( x") K" ( x") a:/~· ( x", x') 

X Kv(x')"' 0 ,A(x',x)+... (25) 
vXv 

Here lJip ( x) is the wave function of a particle with 
momentum p IJ.• p2 = - m 2 in the field of a wave 
with potential A J.l.: 
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<'tl {p- eA ( cp) ]2 + m2 . } 
J dcp + 1(px) . 
0 2(kp) 

(26) 

For a periodic potential it is convenient to charac
terize the function 1/Jp ( x) also by means of a four
quasimomentum qJJ. = pf-l - kJJ.e2A2/ 2 ( kp) which 
enters in the conservation laws. eKJJ. ( x) 
= ( 0, -i Z/ r) is the Coulomb potential and 
D. ( x, x') is the propagation function in the wave: 

1 I d4/ 
L1(x, x1

) =- (2n)4 J f2+ m2- ie 

J (l•r~ U - eA ( cp) ]2 - f2 } 
xcxp t i .) dcp + i{f, X- X 1

) • (27) 
(kx') 2(kj) 

It is convenient to use also the Fourier transform 
of D.( x, x') with respect to the difference x - x', 
which depends on x only through a scalar ( kx): 

00 

11 (x, /) = - i ~ d-r 

-2(kf)t . 

{ . ~ U- eA (cp + cp1)]2 + m2-1B} X exp 1 drn 1 -=-----;_:__:__:.__:_::_:..__ __ 

0 'Y 2(kf) , (28) 

cp = (kx). 

Expressing the functions 1/!v ( x) and ~ ( x, X 1
) 

in terms of the corresponding Fourier transforms 
<P v ( Q) and ~ ( x, f) and expanding 1/Jp ( x) and 
~ ( x, f) in Fourier series in the periodic variable 
<P = ( kx), we obtain after integrating with respect 
to x, x', . . . and making several transformations 
using the nonrelativistic limit9>: 

4nN ~ 
MI•v =---==- LJ b(sko + Bv- qo) · 

y2m 
s 

>< ~ dcpexp{-i ~ dq/ [q- eA(cpi)P + 112} 
_'_, 0 2(o)m 

( iaZm ~"" ~ d3j 
X 1 +-- d-r 

n;2 0 (f-q)~ 

{ _f8 
I rr-eA(cp1)J2+ 112} 

xexp -1 J dcp 
2(o)m 

<P 

( iaZm )2oo~ ~ _dJ__ + ----- d-r 
' n;2 (f- q)2 

0 
<P+tl . 00 

{ 
• ~ 1 {f - eA ( cp1

) )2 + 11 2 } ~ 1 ~ d3f' x exp -1 dcp d-r -- --.· 
2wm (f1 - f)2 

<P 0 

" {-·<P+~+6'd l{f1-eA(cpl)]2+112}+ ·.) (29) 
,, exp 1 J cp . . . • 

<P+e 2(o)m 

9 )We note that in the nonrelativistic limit q = p and q 0 = m* 
+ q2/2m, where m* = m + e 2A2/2m. 

Here e = 2wm T, e' = 2wm T 1, etc. 
In each of the integrals with respect to <P, ex

cept for the principal "zeroth" one, we make the 
following transformations: in the first we make 
the substitution <P + e -- <P' in the second <P + e 
+ 0' ... <P, etc. With this, the integration limits 
with respect to the new variable <P can be left 
the same as before, by virtue of the periodicity of 
the integrand with respect to <P. We next make the 
following change of variables: in the first integral 
T -- T, in the second T 1 - r' and T + T 1

-- T, in 
the third t" ... T 11 , T 1 + T 11 - T 1 , T + T 1 + T 11 

... t, 
etc. We finally introduce also the momenta of the 
Coulomb field z = f- q, z' = f' - f, z" = f" - f', ... 
and the shift operators exp ( za/aq), exp ( z'a/aq ), 
etc. Then, denoting by V ( T, <P, q) the operator10 l 

V(-r,cp,q)=~ aa: exp[-i(z2+2zq)-r+2izi(-r,cp)]eza:aq, 
z (30) 

where 

. _ r eA(cp1 )dcp1 

J(T,,<p)- J 2 
<P-e wm 

e = 2(o)m't, (31) 

we obtain 

X ~ dcpefC<Pl{ 1 +iaZm ~ d-r V ( -r, cp, q) 
n;2 • 

-11 0 

·z 2"" ' 
+Can;) ~ d-r ~ d-r'V(-r, cp, q) V(-r1

, cp, q) + ... } -1 
0 0 

1 00 :' 

=- -2- ~ b(sko + Bv- q0) ~ dcpef<<PlF(cp, q). 
l' m s>sa -n 

(32) 

Here 

. r [q- eA(cp1))2 + 112 
/(cp) =- 1 .l d<p', (33) 

0 2(o)m 

[ 'aZ .. J F(cp,q)=4nNTexp 1 n2m ~ d-rV(-r,,cp,q) -1, (34) 
0 

T is a chronological operator which arranges 
V ( T, <P, q) in decreasing order of T. The unity on 
the right side denotes that the differential operator 
acts on unity, so that F is a function. 

The expression (32) obtained for the matrix 
element Mpv differs from the matrix element M0 

for the ionization of a system coupled by short
range forces (see [iJ, formulas (11'), (17), (24)) in 
that the constant 47rN is replaced by the function 

1 0)The more compact form V = 2:n:2 1 l' (2q,;- 2j + W 1 iJq) 2 

follows from the relation ea · eb = ea+b+[a,b]/2, which is valid 
if [a, b] is a c-number. 
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F ( cp, q) under the integral sign with respect to 
:p 11). This function contains the entire effect of the 
Coulomb forces and has resonances for the values 
of w corresponding to the differences in the levels 
of the system. In addition, after integrating with 
respect to cp in (32), this function should separate 
the singular factor r ( 1 - v ), which compensates 
for the zeros of N at the points v = 1, 2, 3, ... 

According to the conservation laws, the contri
butions to the sum in (32) are made by the terms 
s > s 0, where 

so=m.-e .. , =!_(1+ e2A:i) 
W nonreal ul 1'}2 

= {Jw-1 (1 + ~2/2), linear polarization 
Jw-1 (1 + ~2), circular polarization (35) 

I= m- Evlnonrel = 7J 2/2m is the ionization energy. 
We shall consider a multiquantum ionization 

such that s0 » ( 1 + ~ 2 ) 31 2, i.e., the condition (1) 

is satisfied. This enables us to simplify the prob
lem in two respects. 

First, when (1) is satisfied, as shown in [1], 

large distances ~ B0 ~/B~ are significant 
for the ionization of states coupled by short-range 
forces. It is clear that the additional long-range 
Coulomb forces, which distinguish the present 
problem, retain the effectiveness of the large dis
tances. This makes it possible, in accord with 
Sec. 2, to use in lieu of the exact matrix element 
an approximate one obtained by neglecting the 
correlation terms in p-space. This neglect is 
equivalent to replacing the shift operator in (30) 
by unity, so that the function F ( cp, q) takes the 
form 

(36) 

where L is the first Coulomb correction: 

iaZm r \ d3z .• 
L(cp, q) = ---- J d"tl) - exp {-i(z2 + 2zq)"t + 2t Z] ("t,(jl)} 

n2 o z2 

= iaZm f d"t E2 (l' G("t)/i"t) . (37) 
o l'G(<) 

Here E 2 ( x) is the same error function as in (21), 
and 

"' [ ) n (cp') dcp' ]2 
G(<)=(q-r-j)2= , .H(cp)=q-eA(cp). 

2wm ·' 
~~ (3~ 

We note that inasmuch as the function F was ob
tained by taking the exponential (this is designated 

11 >For a constant field, the sum over s in (32) should be 
replaced by an integral, q 0 should be replaced by p0 , and the 
integration with respect to cp should be carried out from -oo to 
+oo. 

by the tilde symbol in (36)), it requires, in accord 
with Sec. 2, a correction term which after integra
tion with respect to cp should turn into 
y -vr( 1 - v) (see (17)). 

Second, when s0 » 1, the exponential ef ( cp) in 
(32) is a function strongly dependent on cp, and if 
F ( cp, q) is not as strongly dependent, then the in
tegral with respect to cp in (32) can be calculated 
by the saddle-point method. The saddle points cp i 
are determined by the condition f' ( cp ) = 0 or 

(q- eA(cp) )2 + TJ2 = 0. (39) 

Denoting by fi and fi the values of the function 
f ( cp) and its second derivative at the saddle points, 
we obtain from (32) 

Mpv =- 1 ~ 6(sko + Ev- q0) ~ ( 21t, y;f,F(cp;, q). 

l' 2m ' -/; (40) 

Expression (37), generally speaking, diverges 
logarithmically at the upper limit of integration 
with respect to T, owing to the specific infrared 
divergence inherent in terms of the perturbation
theory series in the Coulomb field [B]. It is usually 
eliminated introducing the mass A of the Coulomb 
photon, i.e., by replacing the propagation function 
1/ z2 by 1/ ( z2 + A 2 ). In summing the perturbation 
theory which has be regularized in this manner, 
all the terms that diverge when A- 0 are gathered 
into a phase factor with a diverging phase, and 
this factor does not influence the physical quanti
ties [s, toJ. 

To regularize expression (37), however, it is 
simpler to introduce a finite upper limit T 0 for 
the integration with respect to T, and carry out 
the usual subtraction procedure 

. ""s [ E2(l' G(-r)/h) 1 ] L = taZm d"t ------
l'G(-r) q"t + q/2wm 

0 

+ ix ln 2wm"t~, (41) 

"to- oo. 

The imaginary part of L, which does not depend 
on cp, does not enter in the probability. 

It is further convenient to represent L in the 
form L = L0 + ( L - L0 ), where L0 differs from 
(37) in that the function G is replaced by the poly
nomial 

X= TJ~, (42) 

which represents the three first terms of the ex
pansion of the function G ( T ) taken at the saddle 
point, near T = 0. Inasmuch as {3 1 ~ ..[73; 
~ Bl1-:t'1VB0~ « 1, it is easy to calculate L0 
exJlicitly, accurate to terms that vanish when 
B 1 + ~ 2/B0~- 0: 
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r E2(fGo('t')/h) ( 16y ) 
L0 = iaZm J d"C ~ v ln + in . 

0 l' Go('t) ~~ + 2 f ~2 

We represent the difference L - L 0 in the 
form 

L -'- L 0 = ixl + ix ln So, 

(43) 

l= fde[E2(l'(s-so)g(8)/i8) _ E2(y(s-s0)g0 (8)/iH) 

0 Y g(B) l' go(B) 

X- 1~8 l• (44) 

where g(fJ) =(ry 2w/Iq) 2G(T) and g0(fJ) 
= ( ry 2wljJiq) 2G0 ( T). Supplementing now the relation 
(36) with the factor (17) and going over from the 
constant N to C, in accord with ( 8), we obtain 

F ( cpo, q) = 2nC ( 16 )"exp ( ixl + ix ln So+ inv). 
TJ ~~+2l'~2 (45) 

Constant field. In this case A = acp, and 
B = wa; the function G ( T ) at the saddle point co
incides with the polynomial G0 ( T ), for which 

~~ = 2Bl'fl Bo, ~2 = (B I Bo)2, ~ = 1 + (q22 + qa2) I 1]2; 
(46) 

the constant field eliminates the Coulomb diverg
ence, and no regularization of the function L is 
required. Thus, L = L 0 and 

2nC [ 8Bo ]" 
F(cp0, q) = -TJ- (1 + l' ~)B ei"". (47) 

Using now the results of [1) on the ionization of 
a system bound by short-range forces, we obtain 
for the differential and total ionization probabilities 
per unit time in a weak field ( B/B0 « 1) expres
sions of the type 

w = n I dq2dqs exp(-2Bo~'i•/3B) [ 8Bo ] 2
V 

2TJa J ~·12 (1 + l' ~)B 

= 2n~CI 2 (~0 r-1 exp( _ ~~). (48) 

For v = 0 this formula describes the ionization of 
a system coupled by short-range forces, and co
incides with (8') of Itl, while for v = n, where 
n = 1, 2, 3, ... , it describes ionization of ns
states of hydrogenlike atoms (see the problem of 
Sec. 77 of[3) and [ttl). 

Circularly polarized wave. A = at cos cp + a 2 

sin cp, ai = a2, ai ·k = 0, at• a2 = 0. The coefficients 
{3 1 and {3 2 of the polynomial G0 are equal to 

B [ ( u2 + 1 + ~2)2 - 462u.L 2]'1• 
~~ = Bo6 ' 

B2 (2u2 + 2 + 1;2) ~2 = (49) 
3Bo262 

where 
u = .!!._ = [ (s- so) (1 + 62) ]'/: 

·r1 So 

Bo6('1-\--62) 1(1-\--62) 
so= 2B = w 

Ul = u sin fJ ', and fJ' is the angle between q and 
k. 

The function g ( fJ ) at the saddle point is equal 

- sinS B+- (1-cosB). 50 u2 + 1 + 62 } 262 ( ) 
u2 u2 

The main contribution to the probability of 
ionization by a circularly polarized wave is made 
by those values of s and fJ' for which s - s0 ~ s 0 

» 1 and ( e' - rr/2) 2 ~~Is« 1 (see below 
and [1]). Therefore the significant momenta 
u ~ u1 ~ ~ are those for which the Coulomb 
parameter is K = aZm/2 ~ v!v'l+12 :S v. 

When ~ ~ 1, the effective values in the integral 
J of (44) will be fJ ~ 1, for which g ( fJ) ~ 1, and 
the arguments of the E 2 functions are of the order 
of ~ ~ ..fSo » 1 and these functions can be 
replaced by unity. Then 

00 1 1 1 
~~ ~ df:l[l'g(B)-lfgo(B)- 1-!--8-J; (51) 

J is a complex function of s, fJ ', s0, and ~, and 
is of the order of unity in the effective region of s 
and fJ' for all ~ :S 1, so that iKJ ~ K ~ v. Thus, 
when ~ :S 1 it is necessary to use (45) with f3t and 
lh from (49), and to obtain from (51) the imaginary 
part of J, which gives a correction of the order of 
unity ( Re J does not enter into the probability). 

For ~ » 1, we have KJ ~ JJ ln u~ « 1 and can 
be neglected, and since in this case f3t 
~ 2B(l +u2 cos2fJ')1/ 2/B0 and {3 2 ~ (B/B0 ) 2, we 
obtain the same function F as for a constant field, 
but with the replacement q~ + q1 - q2 cos2fJ'. 

Thus, using the results of [1J' we obtain for the 
ionization probability the expression 

ICI2 . "r e-2s(ct-thct) ( 16 )2v 
W = - ~:l J dB' sin 8' - e-2ximJ, 

21] s th a ~~ + 2l' ~2 
s>so 0 (52) 

where cosh a= ( s/2~ sin 8') [( 1 + ~ 2 )/s0(s- s0)]11 2, 

The angular distribution has a sharp maximum at 
fJ' = rr/2 with a width tl.8' ~ ( s tanh a )-112 1e'= rr/2 
« 1. Integrating with respect to the angle fJ' by 
the saddle-point method, we obtain 

l'n 1 C 12 e-2s(c.--thct) ( 16 )2" w = ---~ u - e-2xlmJ; 
21] s>so (stha)'/, ~~+2l'~2 (53) 
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it is understood that e' = 1rl2 in all the quantities. 
The distribution over s has the form of a Gaussian 
curve with a maximum at s = sc, where sc is 
determined from the equation 

2ac = Sc ch ac = ~ [ 1 + ~2 l •;, 
th ac Sc- so 2~ so(sc- so) .J 

f s0/In ~-2 + ... , In ~-2 ~ 1 (54) 
Sc - So = l so ( 1 - 2/3~2 + ... ) , ~ ~ 1 

and a width 

(s- sc) eff "" [ Sc th Uc J '/, 
ac2 + (ac/th ac -1) 2 

= { )'2so/In ~-2, In ~-2 > 1 

l'2so~, ~~1 
(55) 

Thus, for all values of ~ (except the exponen
tially small ones, when ln ~- 2 "ii:-~ » 1 ), the 
width of the distribution over s is large compared 
with unity, i.e., ionization proceeds with absorp
tion of a large number of photons in excess of the 
number necessary to overcome the threshold. At 
the same time, this width is small compared with 
s0, and the maximum of the distribution is located 
a distance sc - s0 ~ s0 from the threshold, so that 
in units of s0 the distribution has the form of a 
narrow peak. 

Assuming that ~ is not exponentially small, and 
replacing summation with integration in (53), we 
obtain ultimately 

nlcl 2 [ s - s0 J'h w = -- c (1 + ~2) 
2T] so 

x( 16 ' )~xp[-2xclmlc] 
~!c + 2f'~2c (56) 

(the subscript c denotes that the corresponding 
quantity is taken at the point s = sc, (}' = 1f I 2). 
The complex Coulomb factor in formula (56) can 
be approximated, in order of magnitude, by the 
formula 

( 16 ) 2"exp (-2x0 Imlc) ""-'( . Bo~ -)2
v. 

~!c + 2f~2c By1 + ~2 
When ~ » 1 formula (56) goes over into (48), ex
cept that the argument of the exponential is 
- ( 2B0 I 3B )( 1 - I/ 15~ 2 ). At small values of ~ it 
simplifies if ~ 2 « s 01 « 1, when we have through
out tanh ac ~ 1, ac ~ sc/2 ( sc - s 0 ), where sc 
is determined from the equation 
ln [ s~ I~ 2s0 ( sc - s 0 )] = scI ( sc - so ) . 

Linearly polarized wave. The main contribu
tion to the probability of ionization by a linearly 
polarized wave is made by those values of s for 

which s - s 0 ~ ( 1 + ~ 2 ) 3/ 2 [1]. Therefore the sig
nificant momenta are 

q = T] [2B (s - so) I Bo~J'I' ~ T] [2B ( 1 +~2)'12 I Bo~) 'I•. 

When qeff ~ TJ, i.e. when ~ ~..; B0IB » 1, the 
form factors F ( q;~, q) corresponding to the two 
limiting points 

<Jl:;: = + \jl - ie, cos <p:;: = ( u1 + il''0 I ~. ~ = 1 + u22 + u32. 

coincide and have the same form (47) as for a 
constant field. Therefore, when ~ ?: -./ B0 IB » 1 
for example, the total ionization probability is 
(cf. (23') of [1] ): 

W= 4y3:rtiCI 2 ('1Bo)2v-;~p[- 2Bo ( 1 __ 1_)] (57) 
TJ B . 3B 10~2 . • 

When ~ ~ 1 the problem becomes greatly more 
complicated by the fact that ( s - s0 ) eff ~ 1, and 
the effective momenta become small compared 
with TJ: q = TJ..; ( s - s0 ) w/I ~ TJ..; w/I « TJ and the 
Coulomb parameter K becomes large: K = a Zm/ q 
~ vf II w » v. Therefore when v ~ 1 (the case of 
greatest interest) we have K ~ qreff » 1 and con
dition (23) for the applicability of the method of 
taking the exponential is not satisfied. 

However, the quasiclassical condition (24) is 
satisfied, as before, and therefore it would be 
possible to calculate the matrix element by means 
of formula. ( 4), using for l/J P ( x) the quasiclassical 
function e1S(x) in the field of the wave and in the 
Coulomb field. Unfortunately, the determination 
of the action function S, which satisfies the Hamil
ton-Jacoby equation, is in this case a complicated 
and independent problem. Therefore we shall at
tempt in Sec. 4 to present a qualitative estimate 
of the form factor F when ~ ~ 1, making use of 
the exact expression for F. 

4. WAVE FUNCTION OF FINAL STATE AND 
PROPERTIES OF THE FORM FACTOR F 

The procedure presented at the start of Sec. 3 
gives for <Pq*(x) (see (25)) the following expres
sion ( q; = -wt) 

-··( ) 1 { . . t \jlq x = -=-exp - ~qx + lq0 
l'2qo 

tp . -
. ) [q- eA(<p'))2- q2- e2A2} 

- l d<p' :....=... __ ..:....:......:....::...._..;;;_ __ 
2(t)m 

0 

X T exp{ i::m S dr: S ~:z e-i(z'+2zq)~+2izj-izx e•ofoq} ·1. (58) 
0 

When the field of the wave is turned off (A = j = 0) 
this function goes over into the wave function of a 
particle with momentum q in a Coulomb field, and 
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should therefore differ from the known solution 
(see [3J, formula (134.9)) 

-· 1 ( . + . t +:rt% ) 'ljlq (x) = -:=-exp - ~qx ~qo -
}2~ 2 

X r(1-ix)<D(ix,1,ib), 

(59) 
x = aZm/q, b = qr + qx 

only in the infrared phase factor. Since this factor 
does not depend on x, it can be readily obtained by 
using the limiting case b » 1, when (58) can be 
calculated, neglecting the correlation terms, i.e., 
replacing the shift operator by unity (cf. Sec. 2). 
We then obtain from (58) for A = 0 

'ljl~··(x) ~ 1 exp[-iqx+iq0t-ixlnb+ixln 2ql· 
~~ ~~ 

This function differs from the asymptotically exact 
function (59) only in the infrared phase factor 
exp[iK ln (2q/y.\)}. 

We have thus established the following important 
relation: 

{ iaZm r \ 
T exp --2 J d,; J 

:rt 0 

= eXJp[ixln 2q + :rtXl r(1-ix)<l>(ix,1,ib), 
y"A 2 ~ 

').,-+ 0, x = aZm I q, b =· qr + qx. 
( 60) 

Relation ( 60) gives a certain idea of the com
plexity of the Coulomb "form factor" 

"aZ "" d3z 
F(cp, q) = 4:rtNT exp{ ~ :rt2 m ~ d,; ~ z2 + ')..,Z 

0 

X e-i(•'+2qz-ielt+2izJ(<,<Pl e•Ofaq } ·1, ( 61) 

w hie h differs from the left side of ( 60) in the fact 
that the constant vector x is replaced by the 
vector -2j ( T, cp), which depends on T andre
presents the change in the coordinate of a classical 
particle from the instant t = - cp I w to t = - cp I w 
+ 2m T in a coordinate frame where the particle is 
on the average at rest. 

Constant field, A ( cp) = acp, B = wa, and (see 
(31)) 

(62) 

The term that is linear in T, added to the term 
-2iz . q T, leads to a replacement of the momentum 
q by the vector II = q - eA ( cp), so that F depends 
on the two vectors II and emB. It is easy to see 
that these vectors enter in F only in the form of 
the dimensionless invariant combinations 

aZmiTI, emB I IP, (63) 

Owing to the term that is quadratic in T, the func
tion F does not contain an infrared Coulomb 
divergence and therefore needs no regularization. 
Thus, the constant field plays the same role for 
the elimination of the Coulomb divergence as the 
photon mass .\. In this connection, the factor F 
has the point B = 0 a singularity, and in a suffi
ciently small vicinity of this point its functional 
dependence on the field should be the same as the 
dependence of the expression in (60) on A. as 
A.- 0. 

Thus, for a sufficiently weak constant field the 
function F is equivalent to expression (60) in 
which x = 0, q is replaced by II = q - eacp, and 
.\ is replaced by AB = ( emB/II 2 ) f ( B ·II/BIT): 

( aZm 2II naZm) l . aZm) 
F ( <p, q) = 4:rtN exp ill ln y').,n + 2iJ r \1 - ~ ~ . 

(64) 
An exact expression for ?I.B can be obtained by 

calculating the first term of the expansion ( 61) in 
powers of a Zm/II and comparing it with the cor
responding term of the expansion ( 64). We then 
obtain 

'J.,n = em(BTI +BIT) 14yiP. 

At the saddle point cp = cp 0 = ( q1 - irdr:)! ea we 
have 

II= iTJ, 
aZm 

i--=v II , 

(65) 

em(BII+BIT) . (1+l'~B (66) _ __.:. _ ___:. _ _....:_. = ~ 

rr~ Bo ' 
and F ( cp, q) goes over into ( 47). 

Unlike in the method of taking the exponential, 
the factor r ( 1 - v ) arises here in natural 
fashion and, together with the coefficient N, makes 
the matrix element finite for a purely Coulomb 
field (i.e., for v = 1, 2, 3, ... ) . 

Alternating field. If ~ is sufficiently large, 
then the effective values in ( 61) will be TJ 2 T 

~ B0 /B » 1, so that the variable e will be ef
fectively small: eeff ~ 1/~ « 1. Expanding (31) in 
powers of (} and retaining only the linear and 
quadratic terms, we obtain for j ( T, cp) the expres
sion ( 62), in which A ( cp) and B ( cp) now stand for 
the potential and field of the wave corresponding 
to the phase cp •12> By the same token, we essen
tially reduce the problem to a calculation of 
F ( cp, q) in a constant field, thus leading to the 
result (64), where II= q- eA(cp). For the func
tion F at the saddle point we obtain expression 
(47). 

12)For example, for a linearly polarized wave A(cp) =a 
cos cp and B(cp) = -wa sin cp. 
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A rough qualitative idea of the value of F when 
~ :S 1 can be obtained by assuming that j ( T, cp ) 
does not depend on T, and that at the saddle point 
qj ~ q · j ~ --/ I/ w >> 1 (we have in mind a linearly 
polarized wave, since the case of a circularly 
polarized wave was considered more accurately in 
Sec. 3). Then 

( 2q nx) . . F (<p, q) ~ 4nN exp ixln-+- f(i- lx) <!> (lx, 1, z), 
v'A 2 

z = i'l(qj- qj), ( 67) 

and we arrive at the need for determining the 
asymptotic behavior of <I>( iK, 1, z) when K ~ I z I 
~ --/1/w » 1. 

Let us replace the sum 

~ f(ix + k)z" Ll _ _.:.._ _ ___;._~ = <!> ( ix, 1, z) 
k=O f(ix) f 2 (k + 1) 

by an integral and the r functions by their 
asymptotic values, and let us evaluate the integral 
by the saddle-point method. Then 

e!(ko) 

(l(ix, i, z) = f(ix)[ko(ko + 2ix)]'l• ~ 

f(k) = -ix + k + ixln (k + ix)+ kIn zk-3 (k + ix), ( 68) 

ko = z /2 + l'(z /2)2 + ixz. 

The obtained asymptotic expression is valid for 
those z and K for which Re ko and Re f ( k0 ) » 1. 
At the saddle points cp ± = =r: ljJ - iE, and cos cp :r: 
= ( ~ i-if)/~ the value of z at ~ < 1, when ueff 
~ v w/I « 1, is determined by the formula 

z+ = 2i(qj- qj)+, 

h+ = +-2 TJ [l' 1 + s2 (1- cosS)+ isin8], h+ =iS+= 0. 
wm 

The effective values of the variable e can be such 
that Z:r:eff satisfy the conditions of applicability of 
the asymptotic relation ( 68). In this case F ( Cf':r:, q) 
~ exp ( C± vi I/ w), C± ~ 1, i.e., the Coulomb field 
greatly intensifies the ionization. 

We have considered in this paper the Coulomb 
forces both in the initial and in the final states on 
par, and have shown that if the momentum of the 
ionized electron is comparable with the intra
atomic one or exceeds it: q ~ TJ, i.e, 01. Z/ v :S 1 
(as is the case for the effective momentum in the 
ionization by a circularly polarized wave), then 
the Coulomb field increases the probability of 
ionization by a factor ~ ( B0 UB~)2v, owing 
to the fact that it increases the density of the 
electrons at large distances; the role of the 
Coulomb forces is then equally important in the 
initial and in the final states ( 2), and were they to 
be neglected, say, in the final state, the exponent 
of this factor would be decreased by one half. 

Thus, the effect of the Coulomb forces in the final 
state reduces to a factor ~ ( B0 ~/T--1 1 + ~ 2) v, 
which depends strongly on the initial state via the 
exponent v (for a purely Coulomb field v coin
:::ides with the principal quantum number n). 

On the other hand, if the momentum of the 
ionized electron is small: q « TJ, i.e., aZ/v » 1 
(as is the case for the effective momentum in the 
case of a linearly polarized wave), then the 
Coulomb forces in the final state lead to an ap
preciably stronger intensification of the ionization 
by an amount ~ exp ( c--1 I/ w ), due to the decrease 
in the effective distances by a factor 
1- c'--/ w/I(c' ~ 1). 

Keldysh [121 calculated the ionization of an atom 
by a linearly polarized wave without taking into 
account the Coulomb forces in the final state, and 
introduced in the final result heuristically a cor
rection factor ~ B 0 ~/B~, which, as shown 
by our calculation, coincides in order of magnitude 
with ours for a circularly polarized wave and 
v = 1. 

Although the exact matrix element (32) has 
resonances, these are not taken into account in 
the present approximation, since we have assumed 
that the frequency w does not satisfy the reso
nance condition. Resonance effects can be taken 
into account separately, as was done in [121. We 
note that Gold and Bebb [13• 141 developed a standard 
perturbation theory for multiquantum ionization. 
This approach, which is valid when ~ « 1, ac
counts for resonance effects, but leads to a very 
cumbersome formula for the ionization probability, 
and the corresponding approximation formula in 
the multiquantum case is subject to a large error, 
since it is highly sensitive to the adjustment 
parameter Q. 
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