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The exact matrix element of the ionization of atoms and systems coupled by short-range and
Coulomb forces is represented in a compact form that is convenient for the study of the role
of Coulomb forces. The calculation is made for multiquantum ionization, when the matrix
element reduces to the product of two factors. The most significant of these has the form of
the matrix element of the ionization of a system coupled by short-range forces (1) and de-
pends on the Coulomb forces only via the binding energy I. The other factor takes into ac-
count the specific influence of the Coulomb forces. When large distances are effective and
aZ/v £ 1 (these conditions are satisfied in the case of ionization by means of a circularly
polarized wave), the Coulomb factor takes the form of an exponential of the first Coulomb
correction, and increases the ionization probability by an amount ~ (By&/BV 1 + £2) 2V,
where B/B, is the field amplitude in atomic units, £ = 2IB/wB,, and v = aZm/V2mI (in a
purely Coulomb field, i.e., for atoms, v coincides with the principal quantum number). For
jonization by a linearly polarized wave, the effective values are aZ/v ~ Vi/w > 1, making
a quantitative calculation difficult. A qualitative estimate shows that in this case the Coulomb
forces can appreciably increase the ionization, by an amount ~ exp (C\/VLTJ), ¢~ 1. The
elimination of the infrared (Coulomb) divergence by a constant field is discussed in passing.

1. INTRODUCTION AND EXPRESSION FOR THE
MATRIX ELEMENT

We consider in this paper multiquantum ioniza-
tion of atoms and systems coupled by short-range
and Coulomb forces and by the field of an electro-
magnetic wave, i.e., ionization that results from
the absorption of a large number of photons. The
total ionization probability depends on the field
amplitude B and the frequency w in terms of the
dimensionless arameters? t =eB/nw and B/BO,
where n =V 2ml is the characteristic momentum
in the coupled state, I is the ionization energy,
and By =n%em is the atomic field intensity. The
ionization matrix element is expressed in terms

' of a product of a universal factor, in the form of
the ionization matrix element of a system coupled
by short-range forces, and a ‘‘form factor’’ due
to the Coulomb forces.

Such a representation is convenient for the
analysis of multiquantum ionization, or more ac-
curately when the parameters ¢ and B/B, satisfy
the condition

Bot/BYT+ & =21 [ o}1 + &1, (1)

DWe use the units A=c=1, e?/4n = o = 1-137, and the
notation of ['].

which when £ & 1 is equivalent to the multiquan-
tum condition, and when £ > 1 is equivalent to the
weakness of the field compared with the field in-
side the atom. In this case the first factor deter-
mines the most essential features of the process.
It was investigated in detail earlier in a paper by
the authors 11 2 A characteristic feature of this
factor is that it depends on the short-range and
Coulomb forces only via the coupling energy I. On
the other hand, the Coulomb factor depends on the
Coulomb forces via I and the Coulomb parameter
aZ/v of the initial and final states, i.e., via

v =aZm/n and k = aZm/p, where n and p are
the momenta of the bound and ionized electron.
For systems coupled by short-range and Coulomb
forces, v is determined by the transcendental
equation (11). In the particular case of systems
coupled only by short-range forces we have

v =k =0, and we obtain the theory developed in (1)
(see also [2]). To the contrary, in the case of pure

2)We note that in [*] it was necessary to supplement the
condition (nre)2BY1 + &/ Bot <€ 1, which spells out the inde-
pendence of the ionization of the structure of the short-range
potential, by the condition (1), since even when r, » 0 a poten-
tial having a shallow level changes the wave function of the
final state at distances < 1/7.

145



146 A. T1.

a
/ +//f

NIKISHOV and V. I.

RITUS

+ /Z/?/L _*_,..

‘° !
Ko |

er Al

72X X

z
CANNEA)

+o.¢

° /
- *+ Ll +

75K

Coulomb systems, i.e., atoms, v is equal to the

principal quantum number: v =n =1, 2, 3,...
When condition (1) is satisfied, an important

role is played in the ionization by large distances

Nregf ~ Bok [ BY1 + £2>>1,

and if the characteristic Coulomb parameter
aZ/v for the initial and final states is order of
unity or less, then the calculation of the Coulomb
““form factor’’ can be reduced to the evaluation of
an exponential function whose argument is the
first Coulomb correction.

The exact matrix element describing the ioniza-
tion of the atom by the field of the electromag-
netic wave is ¥

Myn = § 4" (2) V (2) ¥ (2) diz, (2)

where ¢, (x) is the wave function of the electron
in the n-th state of the atom, V(x) is the opera-
tor of interaction between the electron and the
wave, and ¥ 7 (x) is the wave function of the elec-
tron in the field of the wave and in the Coulomb
field (the ‘““minus’’ sign designates the state in
which we have at infinity, when the field of the
wave is turned off, a plane wave propagating in
the p direction and a converging spherical wave
(see [3], Sec. 134)).

We shall henceforth construct the function ¥ 7*
using only perturbation theory in terms of the
Coulomb field. In such a case, the matrix element
Mpp is the sum of the diagrams shown in the
figure, case a. The thick line represents the bound
state of the electron in the atom, the hatched line
the state in the wave field, and the wavy line the
interaction with the Coulomb field.

Besides the matrix element My, we shall con-
sider an auxiliary matrix element Mp,, which dif-
fers from Mpn in that the bound state ¥ (x) in

3)Although we neglect relativistic effects, it is convenient
to use a relativistic form of the matrix elements and a relativ-
istic normalization of the wave functions.

(1]

f f MK e oo

the Coulomb field is replaced by a bound state
¥, (x) in the Coulomb field and in the field of the
short-range forces of zero radius?’. As shown in
Sec 2, the function ¥, (x) can be constructed by
summing the diagrams of the perturbation theory
with respect to the Coulomb field, in which the
zeroth approximation (line with crosses in the
figure, case b) is chosen to be the function zp‘l’, (x),
which has for the s-state the form

PO (z) = Nrtexp (—nr — ievt). (3)
This function coincides in form with the state in
the short-range zero-radius potential, but its
parameters €,, 7, and N are determined by the
states in the Coulomb field and in the field of the
short-range zero-radius forces.

When the energy of the state ¥, (x) tends to
the energy of the state in the purely Coulomb field
(i.e., when €, — €p), the wave function ¥, (x), as
will be shown later, tends to ¥,(x), so that Mpn
=1lim Mpw v — n. It is obvious that Mp, can be
represented by the sum of the diagrams c in the
figure, in which the Coulomb field is treated as a
perturbation. With the aid of these diagrams we
can write Mp, in the form

Mpv = §u= (&) (0 — m2) i (2) dia =

— /mNS
in which the entire interaction with the Coulomb
field is concentrated in the function d)'i)(x). In the
last equality in (4) we use the relation

Pp~*(x = 0,t) e~st dt, (4)

(O — m2) 0 (z) = —4aNS(x)eievt.

It is easy to verify that (4) actually contains the
photoeffect in any order of perturbation theory with
respect to the wave. Thus, using in (4) as the

first-order approximation

4)Mpv would be the exact matrix element for the ionization
of the bound state in the field of the Coulomb and short-range
forces if the final function i, were to take into account the
influence of the short-range forces. When condition (1) is sat-
isfied, this influence can be neglected.
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b= (2) = por (@) + | B oo~ () V() K (<, 7),

where ¥p, is the wave function with momentum p
in the Coulomb field, V the interaction with the
wave, and K(x’, x) is the propagation function in
the Coulomb field, which is equal to

K(#,2) = — 1 2} $n (X')¥n" (X) exp[— iea (' — 1)], ' > 1,

Kx,z) =0, t' <<t
and integrating with respect to t, we obtain in the
limit as €, — €,

Mpp, = S dex’ Ppo=* (2') V(2 ) Pu (27),

since 47NY*(0)(€, — €y)'— 1 (see Sec. 2).

2. BOUND STATE IN THE FIELD OF SHORT-
RANGE AND COULOMB FORCES. METHOD
OF OBTAINING THE EXPONENTIAL

Let us verify that the wave function ¥, (x) ob-
tained by summing the diagrams b of the figure
describes the state in the Coulomb field and in the
field of the short-range zero-radius forces. It is
easy to see that the summation of these diagrams
leads to an integral equation, which takes for the
s-states the form

aZm’; , ,
Yo(r) = 90 (7) + _ﬂr— S dr’ {e~nir=r"l — e=ntr+0py (7). (5)
0
Equation (5) corresponds to the differential equa-

tion

(‘72 20Zm )-q;v(x) — 4uNs(x),  (6)

which differs from the Schrodinger equation for
the electron in the Coulomb field in the presence
of a 6-function in the right hand side. Solution
corresponding to the bound state should decrease
exponentially at infinity. It follows from this
uniquely that it is expressed in terms of the
Whittaker function Wy, 1/5(2p) or the confluent-
geometric function ¥ (1 — v, 2, 2p)[4] 5,

Yv(x) = CW,, 4 (2p) [ 2p = Ce?¥ (1 — v, 2, 2p), 0

Vv = azm/’n, p — nr
and has the following asymptotic properties:
C
Pr(x)= 2T (1—v) p
1
X {1—2vp[ln2'yzp—|—\p(1—v)—1+2——] +.. }

p—0,

5)The function ¥(a, y, z) is connected with the function
G(a, B, z) used in the book of Landau and Lifshitz [*] by the
relation ¥(a, y, 2) = z7%G(a, a - y + 1, -2).
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b (x) = C(20) e {1 + 1 p”"’ +o ) oo (T

Here ¥ (z) =I''(z)/T'(z) is the logarithmic de-
rivative of the I'-function, Iny =0.577... is
Euler’s constant. Owing to the r! singularity as
r — 0 and the known relation Ar~! = —476 (x),
the constant C is uniquely related to the ‘‘bare’’
constant N:

C = 2T'(1 — ). (8)

Equation (6) is inhomogeneous and its solution
(7) is valid for any value of 7. In order to find the
short-range potential and the spectrum of the
eigenvalues 7, it is necessary to transform (6)
into a Schrodinger equation, i.e., represent its
right-hand side in the form 2mV(x)y, (x). This
can be done by choosing

2 a
V(x)= i d(x) (1 + r—+42aZmrin ZyzaZmr) , (9)
mno A\ or

where the parameter 71, characterizes the short-
range potentiale).

Using the asymptotic expression from the
function ¥, (x) as nr — 0, we easily find that

2aZm

2mV (x) Py (x) = — 4aN (1p(1—v)+2iv—lnv) 6(x).

(10)
Therefore, if we stipulate that the parameter v
must satisfy the condition

tp(i—v)-i—z—i——lnvznctg:w

Te (11)
20Zm ’
then the right side of (10) is transformed into
—47N6 (x), and consequently for these values of
v the function (7) will be a solution of the Schro-
dinger equation for a particle in a Coulomb field
and a short-range potential (9) of zero radius.

The roots of (11) are shifted away from integer

1
+b@)—Inv+— =
v

values, to the right or to the left (7, 20 ), so that
Vv =Nvn
_{n—l-An, 0<AR<<0,50, n=0,1,2,... for 10=>0
n—An 0<< A, <053, n=1,23,... for no<0.
Thus, the energy spectrum €, =m — n¥2m =m

— a22%m/2v? constitutes a system of Coulomb
levels, deformed upward or downward (depending
on the sign of 7;) by a short-range potential, and
to this system is added in the case of 1, > 0 one
more deepest level (ground state). When

n9/2 Zm| > 1 all levels €, become very close
to the Coulomb levels:

6)When the Coulomb field is turned on, the potential (9)
goes over into the Breit pseudopotential [*].
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272 d
e =m_aZm<1_4aZm
2n?

+.“» n=1,23,...,
e (12)
except for the ground state level € in the case
My > 0, the energy of which is much lower than the
energy of the ground state in the Coulomb field,
and is equal to

i),

We note that for the states of the continuous
spectrum condition (11) goes over into

4aZm Mo
In

2/
- vaZm (12°)

No aZm

7 ctg 8o
- = , K=
2aZm p

e~ r%—{

+ Re (ix) —Inx '
where the same constant 1y relates the momen-
tum p to the additional phase shift 6, due to the
short-range forces (6],

The constant C in (7) is obtained from the con-
dition for the normalization of the wave function

and is found to be”

|C|z=£[§devz,-/z(z) ]_1=2_ﬂ?2—(%?);;
x{14-(“:””Y[2¥;:A—¢x1+vﬂ}q, (13)

The quantity in the curly brackets lies between 1/2
and 1 for all v = 0, and is equal to ¥, when

v =0 and is equal to unity when v =1, 2, 3, ...
Thus, for all v = 0 the constant C differs from
zero. Therefore, according to (8), the ‘‘bare’’
constant N is a function of v, which vanishes
when v =1, 2, 3,... When v tends to an integer
number n =1, 2, 3, ... characteristic of the bound
state in the purely Coulomb field, we have

q’(1 -V 21 29) - (_1)£—nI‘(1 + n)q)(1 —n, 2$ 29)

(see [4], formula 6.7 (7)), so that ¢, (x) tends to
the usual solution of the Schrodinger equation in
the Coulomb fields, which decreases exponentially
at infinity and which is finite at zero:

Py (x) > P (x) = V0?/ 2me="® (1 — n, 2, 2r),
n = oZm/n.

An important role is played in ionization by a
weak field by large distances, nr > 1. In this
region ¥, (x) is described by the formula (7").
From the point of view of the diagram technique,
the correct dependence of the wave function on x
at large distances can be obtained by taking the
exponential of the first Coulomb correction to the
function Lp?, (x). Calculating with the aid of (5) the
first Coulomb correction io‘zl)?)(x), we get

We obtained the integral of the square of the Whittaker
function by expanding W, ;,, in Laguerre polynomials.
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Po(2) = $0(2) {1 + v[In2ynr — eVEi (=207)]}. (14)

When nr > 1, the term ezani(—an) & —1/2111‘
and can be neglected. It can be shown that when
nr » 1 the principal terms of the next higher ap-
proximations will be of the type (v ln 2ynr )Y/n!
Indeed, direct calculation of the second Coulomb
correction with the aid of (5) yields for nr > 1

Po(z) = P20 (z) {1 + vIn2ynr + V2 (1/eln22ynr + o/ 12)}.

(15)
Summation of only the principal logarithmic terms
is equivalent to taking the exponential of the first
Coulomb correction so that

Po(x) = P°(x) exp (vIn 2ynr) = Nr—te— (2ynr)”. (16)

The function (16) reflects correctly the depend-
ence on r for large nr, namely for nr > v(1 - v),
but differs from the exact asymptotic expression
(7") in the absence of the factor

'Y—JVF (1 - V) ’

which is equal to 1 +7%%/12 + ... when v <1
and differs noticeably from unity when v~ 1. The
difference between (16) and (7”) is connected with
the fact that in the higher approximations taking
the exponential is equivalent to taking into account
only the principal terms (v In 2 nr)%/n! and does
not take into account the terms ~ v1o,

It is important in what follows to establish, in
momentum space, a procedure corresponding to
taking the exponential in coordinate space. Large
distances in coordinate space correspond to the
vicinity of a pole of the wave function in momentum
space (for non-integer v, it is more accurate to
speak not of a pole but of a branch point). The
Fourier transform of the exact function (7) in the
vicinity of a pole, i.e., at p2 +1f < n2, is of the
form

(17)

4aNT (L —v)T(14v) 2n)?®
() ‘
It is obvious that the Fourier transform of the
function (16), obtained by taking the exponential of
the first Coulomb correction in x-space, differs
from (18) in the vicinity of the pole in the absence
of the factor Yy VI'(1 —v), see (17). If we express
the first Coulomb correction in momentum space
and take the exponential, then we obtain when p2
+ 112 < n2 an expression that differs from (18) in
the absence of the factor I'(1 —v)I'(1 +v). Thus,
taking the exponential in momentum space does not
correspond to taking the exponential in the coordi-
nate space. In other words, taking the exponential
and the Fourier transformation ‘‘do not commute.”’
To establish the procedure in momentum space
corresponding to taking the exponential in coordi-

ov(p) = (18)
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nate space, we turn to the integral equation for the
exact function ¢, (p):

&k
(PP+12) v (P) = (P2 + *) v S

(Pv(k +p).
(19)

Here ‘/’v( ) is the Fourier transform of the func-

tion z/)o (x) For the s-state we have

(p?+n )qoy (p) = 47N, Rewriting (19) with the aid

of the shift operator

aZm ¢ d3k d
2 1 2 —
[p TV Skz ep<k6p )]

X gv(p) = (P* + 1) @0 (p) = 4aulV,

we can represent its solution in the form

oZm ¢ d3k N
v = | p2 2 _ .
#v(P) [p +m = § == T oXP (kap )] 4aN

o

— i { dvexp(—i(p2 + n2)1]
1)

m ¢ a3k
; Sdr S_e—z(kq-zkp)-: ekafav} -4nN, (20)
) k2

where T is a chronological operator which ar-
ranges the operators in decreasing order of 7.%

If we expand the T-exponential in terms of the
parameter aZm, then in all terms, starting with
(¢Zm )2, the shift operator gives rise to correla-
tion terms kk’, kk”, k’k”, ... in the integrals with
respect to k, k/, k", ... Neglecting them in (20),
we can replace the shift operator by unity. Then
the T-exponential becomes an ordinary exponen-
tial with argument

2,

. T —p’t —_
iaZm .0 dk n laZm E,(Viz)
) § S5 expl—i(ke + 2kp)v] = 2 §dx =12,
2 z
E'g(Z):—_Se-t2 dt. (21)
LA

Here E,(z) is the error function. In the vicinity
of the pole, i.e., when p2 + 172 112, the values ef-
fective in (20) are 7 ~ (p2 + 712)'1 > 172, Then
—p¥r nir > 1 and, by integrating (21) by parts, we
get

8)in (20) we have used the formula

T
i
e(a+d)t — ¢atT gxp (S dt'e—9vheo” ) ,

which is obtained by differentiating the operator e~ @e(a8+b)"

with respect to r.

- L
| ar 220%) — oo, (22)
x

in
= In(— 4yp*r) -+ -

Using (21) as the argument of the T-exponential
in (20) and integrating with respect to 7, we ob-
tain for ¢, (p) an expression that coincides ex-
actly with the Fourier transform of the function
obtained by taking the exponential of the first
Coulomb correction in x-space. Thus, taking the
exponential in coordinate space corresponds to
neglecting the correlation terms in momentum
space. We note that the smallness of the correla-
tion terms is based on the modified perturbation
theory developed by Fradkin (]

The wave function ¥_(x) of a particle in the
continuous spectrum at large distances when
pr +p-x > k%, k = Zm/p, can likewise be obtained,
accurate except for an insignificant phase factor,
by taking the exponential of the first Coulomb cor-
rection, see Sec. 4.

The method of taking the exponential in the
case when v, k < 1 is applicable for arbitrary
distances and includes perturbation theory; for
v, kK ® 1 it is applicable when

v pr-- px > nl (23)

and is a particular case of the quasiclassical ap- -
proximation, which is valid when

nr(vh4v) >1,  (pr+px)(14%) >1. (24)

When condition (1) is satisfied, the values effective
in ionization are the distances nreff ~ Bot/BV 1 + £2
> 1 and the momenta pgff ~ NV 1 + £2 for a circu-
larly polarized wave and peff ~ nvV 2B (1 + £2 3/2/B0£
for a linearly polarized wave (see ‘!’ and Secs. 1

and 3 of the present paper).

3. IONIZATION MATRIX ELEMENT AND PROBA-
BILITY

We turn to the matrix element M, (4) and
represent the exact wave function y*(x) of a
particle with momentum p in the wave field and
the Coulomb field in the form of a perturbation-
theory series with respect to the Coulomb field:

=*(2) = pp* (z) + 2ie § A2’ py* (x')Km')

A(z’, x)

+(2ie)? fdia” a2’ o' (") Ku(2") ,A(x" x)
X -Kv(z')—a-A(x' z) 4 (25)
P ,
Here zpp (x) is the wave functlon of a particle with

momentum p, p2 = —m? in the field of a wave
with potential A P



150 A, 1.
“’ p—eA(@)+m
bp () = exp{——z ) —Lz(px)}
(26)

For a periodic potential it is convenient to charac-
terize the function z,bp(x) also by means of a four-
quasimomentum qy = py — kye‘A 2A%/2 (kp) which
enters in the conservation laws. eK#(x)

=(0, —i Z/r) is the Coulomb potential and

A (x, x") is the propagation function in the wave:

A n_ 1 S dif
(2, )= — G P mi—ie
(kx)
e f—ed(@)P—1F ..
Xexp { L(k§,)dq) 2 (k) +i(f,z — ) }.(27)

It is convenient to use also the Fourier transform
of A(x, x’) with respect to the difference x — x/,
which depends on x only through a scalar (kx):

oo

A fy=—i{dr
0
Z(hf)r

X exp{ ,U—eA(cp+<p’)]2+m2—is

2(kf)

o = (kz).
Expressing the functions ¥, (x) and A (x, x)
in terms of the corresponding Fourier transforms

¢,(Q) and A(x, f) and expanding Yp(x) and

A (x, f) in Fourier series in the periodic variable
¢ =(kx), we obtain after integrating with respect
to x, x, ... and making several transformations
using the nonrelativistic limit?:

}’ (28)

Mﬁ=—ngMm+&_%,
Stnn{ - v =i
x(1+w?§°drg (ff{n“
Xexp{ —iy:edcp’ [t — e‘;ii;)lz + 02 }
+ () e
X exp {— i ‘Pired(p/ i — eAQ(;,;,;)l]2 + n? }“g e S _(dei,f_)z
: e"p{“ ‘ Wm — eAz(;p”)L]Z L)L @

9We note that in the nonrelativistic limit q = p and q, = mx
+ q%/2m, where my = m + e’A*/2m.
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Here 6 = 2wmT, 6’ = 2wmT’, etc.

In each of the integrals with respect to ¢, ex-
cept for the principal ‘‘zeroth’’ one, we make the
following transformations: in the first we make
the substitution ¢ + 6§ — ¢, in the second ¢ + 6
+0'— ¢, etc. With this, the integration limits
with respect to the new variable ¢ can be left
the same as before, by virtue of the periodicity of
the integrand with respect to ¢. We next make the
following change of variables: in the first integral
T — 7, in the second 7' — 7’ and 7+ 7' — 7, in
the third t"— 7", 7/ +7"—= 1, 7 +7" +7"— ¢,
etc. We finally introduce also the momenta of the
Coulomb field z =f—q, z' =f —f, 2" =" - f,.
and the shift operators exp( 20/8q), exp(z a/aq
etc. Then, denoting by V (7, ¢, q) the operator 10)

V(t,9,9)= S i— exp [— i (22 + 2zq) T + 2izj (T, ¢)] 2799,

(30)
where
[ ]
. eA(9')do’
ime)= =, o=2om, (31
-0
we obtain
4nN
Mpy = "‘*ﬂ—_z O (sko -+ &v— qo)
¥2m
1 g )
x § dger 2 { avinea)
-n [1]
Zm\? ¢
(m m) SdrS dvV(t, Q) V(v,9,q)+ .. } 1
)
) FL
=— Dokt e —a) § dge (g, q). 3P
8>8g -7
Here
®
(lg—eA(@)P+n? , ,
fo)=—i BT ROREN g ()
0 wm

F(¢,q) = 4nNT exp [mfzm S dv V(t,9,q) ] 1, (34)
0

T is a chronological operator which arranges
V(7, ¢, q) in decreasing order of 7. The unity on
the right side denotes that the differential operator
acts on unity, so that F is a function.

The expression (32) obtained for the matrix
element My, differs from the matrix element M,
for the ionization of a system coupled by short-
range forces (see[ ], formulas (11°), (17), (24)) in
that the constant 47N is replaced by the function

10)The more compact form V = 2n2 / Y(2qt — 2j + id / 6q)2
follows from the relation ea - eb = ea+b+[a,b]/2, which is valid
if [a, b] is a c-number.
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F (¢, q) under the integral sign with respect to
,p“). This function contains the entire effect of the
Coulomb forces and has resonances for the values
of w corresponding to the differences in the levels
of the system. In addition, after integrating with
respect to ¢ in (32), this function should separate
the singular factor I'(1 — v), which compensates
for the zeros of N at the points v =1, 2, 3,...
According to the conservation laws, the contri-
butions to the sum in (32) are made by the terms
S > 8¢, where .
R 2A 2
m,—ey - i ( 14 ezz )
nonreal O m

_ {Im-‘(i + &2/2), linear polarization
~ Uwe1(14 %), circular polarization

So =

(O]

(39)

I=m — €,|ponrel =1%/2m is the ionization energy.

We shall consider a multiquantum ionization
such that sy, > (1 + 52)3/2, i.e., the condition (1)
is satisfied. This enables us to simplify the prob-
lem in two respects.

First, when (1) is satisfied, as shown in 1],
large distances ~ By &/BV 1 + £2 are significant
for the ionization of states coupled by short-range
forces. It is clear that the additional long-range
Coulomb forces, which distinguish the present
problem, retain the effectiveness of the large dis-
tances. This makes it possible, in accord with
Sec. 2, to use in lieu of the exact matrix element
an approximate one obtained by neglecting the
correlation terms in p-space. This neglect is
equivalent to replacing the shift operator in (30)
by unity, so that the function F (¢, q) takes the
form

F (¢,9) = 4alNel@9), (36)

where L is the first Coulomb correction:

iaZm
L(e.q)=-—

Sd'nS d%:—— exp {—i (2% + 2zq)t + 2izj(t@)}
0

=i0Zm§°d1:———————E2(VG(t)/ir)
VY G(v)

0
Here E,(x) is the same error function as in (21),

and

(37)

14
. I (¢’) do’ ]2
= —j)2 = — T | I =q—eA .
G(t)=(qv—1j) [ Se som ) (p)=q (9)
- (38)
We note that inasmuch as the function F was ob-
tained by taking the exponential (this is designated

1DFor a constant field, the sum over s in (32) should be
replaced by an integral, q, should be replaced by p,, and the
integration with respect to ¢ should be carried out from -~ to
+o0.

151

by the tilde symbol in (36)), it requires, in accord
with Sec. 2, a correction term which after integra-
tion with respect to ¢ should turn into

v VI(1 = v) (see (17)).

Second, when sy > 1, the exponential ef(‘P) in
(32) is a function strongly dependent on ¢, and if
F (¢, q) is not as strongly dependent, then the in-
tegral with respect to ¢ in (32) can be calculated
by the saddle-point method. The saddle points ¢;
are determined by the condition f'(¢ ) =0 or

[a—eA(p)]2+n2=0.

Denoting by fj and f{ the values of the function
f(¢) and its second derivative at the saddle points,
we obtain from (32)

M= = —— 3 b(sho -+ ou — a0) (25 ) 1P (@1, ).
Vam s i —fi (40)

Expression (37), generally speaking, diverges
logarithmically at the upper limit of integration
with respect to 7, owing to the specific infrared
divergence inherent in terms of the perturbation-
theory series in the Coulomb field (8] 1t is usually
eliminated introducing the mass A of the Coulomb
photon, i.e., by replacing the propagation function
1/2? by 1/(2? + A?). In summing the perturbation
theory which has be regularized in this manner,
all the terms that diverge when A — 0 are gathered
into a phase factor with a diverging phase, and
this factor does not influence the physical quanti-
ties [910],

To regularize expression (37), however, it is
simpler to introduce a finite upper limit 7, for
the integration with respect to 7, and carry out
the usual subtraction procedure

(39)

L =1iaZm S d‘c[ Ez(v&/h) — ! ]
" YG (%) gt + g/20m
+ i In 2omTy, (41)
To —= 00,

The imaginary part of L, which does not depend
on ¢, does not enter in the probability.

It is further convenient to represent L in the
form L =Ly + (L — Lj), where L, differs from
(37) in that the function G is replaced by the poly-
nomial

Go(t) = (—22 + iBsr® + Baz?) / 2,

which represents the three first terms of the ex-
pansion of the function G(7) taken at the saddle
point, near 7 =0. Inasmuch as g, ~ V3,

~ BV 1+ £%/Byt < 1, it is easy to calculate L,
explicitly, accurate to terms that vanish when
BV 1+ £2/Byt — 0:

z =%, (42)
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v<ln

We represent the difference L — L in the
form

E.(Y Go(T)/"T)
}IGo(T

16y
Bi+2V pe

— m)

Lo=iaZm § dx
’ (43)

L — Ly = ixJ + ix1In 6,

J— §°d [Ez(}/(s—so)g(e)/tﬁ) E3(Y (s — o) go(e)/le)
0 Y&(6) ¥ 20(6)
x———1, (44)
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where g(6) = (n%/1q)?G(7) and g,(6)

= (nzszIq)zGo (7). Supplementing now the relation
(36) with the factor (17) and going over from the
constant N to C, in accord with (8), we obtain

16 v
2xC ( 5 _)exp(iu]—}-ix In 6 + inv).
Bi+ 2V B2 (45)
Constant field. In this case A =a¢, and
B = wa; the function G(7) at the saddle point co-
incides with the polynomial Gy(7), for which

B1 = 2BYL/ By, B2 = (B/Bo)% t =14 (g2 + ¢s*) /%
(46)
the constant field eliminates the Coulomb diverg-
ence, and no regularization of the function L is
required. Thus, L =L, and
v
] e,

(1+Vo)B
Using now the results of (1) 5n the ionization of
a system bound by short-range forces, we obtain
for the differential and total ionization probabilities
per unit time in a weak field (B/By < 1) expres-
sions of the type

Cl2
— 1] ququs

F (@0, q) =

(47)

exp(—2Bot":/3B) [ 8B, ]2‘
g (1+V%B

___2n|C|2(4Bo)2V" ( ZBQ)
- B P\ T 3B

For v =0 this formula describes the ionization of
a system coupled b%r short-range forces, and co-
incides with (8) 1] , while for v =n, where
n=1, 2, 3,..., it describes ionization of ns-
states of [ydrogenhke atoms (see the problem of
Sec. 77 of 13 and 1)),

Circularly polarized wave. A =a; cos ¢ + a,
sin ¢, al =a’ aj-k =0, a;-a, =0. The coefficients
By and B, of the polynomial Gy are equal to

(48)

_ Bl +1+8)2—4g,
Bi - B0§ ’
gy = D PW 2+ E) (49)

3 302§2 ’
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where
q [(S—So)(H-EZ) ]"’
=t =] AT/

1) So ’

_ BE(+E) I+
0 2B - ® ’

ul =u sin 6’, and 6’ is the angle between q and
k.

The function g(60) at the saddle point is equal
to

7 2 1 2)2 4"2 212
g(0) = 6%+ d(v*+ +§u)z guL}-(l—-—cose)
2 2
i.j_—__j 3}g+ (1 — cos 0). (50)

The main contribution to the probability of
ionization by a circularly polarized wave is made
by those values of s and 6’ for which s — sy ~ s
> 1 and (0’ —=7/2) 2~V 1 +£%/s < 1 (see below
andm). Therefore the significant momenta
u~u] ~Vv1+£2 are those for which the Coulomb
parameter is k = ¢Zm/2~ v/V1+§£25

When ¢ S 1, the effective values in the integral
J of (44) will be 6 ~ 1, for which g(6) ~ 1, and
the arguments of the E, functions are of the order

of Vs —sy~ V'sy » 1 and these functions can be
replaced by unity. Then
r 1 1 1
] el L G
o V€(®) Veo(6) 146

J is a complex function of s, 0', sy, and £, and
is of the order of unity in the effective region of s
and 0’ for all £ S 1, so that ikJ ~ k ~ v. Thus,
when £ £ 1 it is necessary to use (45) with 8, and
B9 from (49), and to obtain from (51) the imaginary
part of J, which gives a correction of the order of
unity (Re J does not enter into the probability).

For £ » 1, we have kJ ~ v In £/¢ < 1 and can
be neglected and since in this case 84

~ 2B (1 + u® cos?6’ 1'/Z/Bo and B8, ~ (B/By)% we
obtain the same function F as for a constant field,
but with the replacement q3 + g3 — g% cos?®0’.

Thus, using the results ofmz, we obtain for the
ionization probability the expression

It
W = ﬂz ﬂz SdB’ sin 0’

M s>so 0

e—2s(a—tha) < 16 )Zv

—- e—ZxImJ1
stha Bs + 2V B2 (52)

where cosh a =(s/2¢ sin 6') [(1 + £2)/sy(s — sp) Y2,
The angular distribution has a sharp max1mum at
0’ =n/2 with a width A6’ ~ (s tanh @)~ 2|9 /2
« 1. Integrating with respect to the angle 6’ by
the saddle-point method, we obtain

e—2s(e—tha) { 16
(stha)®s \ By + 2Vps

1 C|2
w =1el Su

2v
) e—2xImJ ;
2n

(53)

8§80
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it is understood that 6’ =7/2 in all the quantities.
The distribution over s has the form of a Gaussian
curve with a maximum at s = s, where s is
determined from the equation

2(1(; - Se . Sc 1 + §2 ‘ll/z
th(lc - Se— So ! Chac_E[So(Sc—So) J
. s =jso/lng—z—i—..., Ing-2>>1 (54)
T Usp(1—2/3824..), ES1
and a width
scth ac s
(S Sc) eff [ 0 + (ac/th O — 1)2]
_ [(Ps/InE?, Ing2>1 (55)

V208, E>1

Thus, for all values of £ (except the exponen-
tially small ones, when In £2% \/_2—s—; > 1), the
width of the distribution over s is large compared
with unity, i.e., ionization proceeds with absorp-
tion of a large number of photons in excess of the
number necessary to overcome the threshold. At
the same time, this width is small compared with
sy, and the maximum of the distribution is located
a distance sc¢ — sy ~ sy from the threshold, so that
in units of sy the distribution has the form of a
narrow peak.

Assuming that £ is not exponentially small, and
replacing summation with integration in (53), we
obtain ultimately

L[ ]

W =
2n

exp[— 2s¢(ac —th ac)]
{a2 + (ac/th ac — 1)2]sc th a.

( 16

X Bic 4 2V B2c
(the subscript ¢ denotes that the corresponding
quantity is taken at the point s =s¢, 8’ =7/2).
The complex Coulomb factor in formula (56) can
be approximated, in order of magnitude, by the
formula

2v
(—-—L__)zvexp (— 2. ImJ) ~(—Bo—§_> .
ﬁic + ZVﬁZc B}“ + 15'2
When £ > 1 formula (56) goes over into (48), ex-
cept that the argument of the exponential is
—(2By/3B)(1 — 1/15t%). At small values of £ it
simplifies if £? < 551 <« 1, when we have through-
out tanh ag & 1, @ ® s¢/2(sc — sy), where s,
is determined from the equation
In [s3/8%sy(sc — 89)] =S¢/ (8¢ — Sp).
Linearly polarized wave. The main contribu-
tion to the probability of ionization by a linearly
polarized wave is made by those values of s for

2v
> exp[— 2%, ImJ.] (56)
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which s — s, 2 (1+ 52)3/2[1]. Therefore the sig-
nificant momenta are

g = n[2B(s — 50) / BeE]"> < n[2B(1 + &) | Bok) ™.

When gegf 2 7, i.e. when £ 2 VBy/B » 1, the
form factors F(¢+,q) corresponding to the two
limiting points

¢z = F Y —ig cos gz = (ws F i) /E¢ =1+ u? + ug

coincide and have the same form (47) as for a
constant field. Therefore, when £ 2 V By /B> 1
for example, the total ionization probability is

(cf. (23") of [1]).
W— ﬂ’EELCf(ﬁo)”;;p [_ 2B, (s __1_”,(57)
M B 3B 10g2

When £ & 1 the problem becomes greatly more
complicated by the fact that (s — sy)eff ~ 1, and
the effective momenta become small compared
with n: q =1V (s = s5) w/I~ NV w/I < 7 and the
Coulomb parameter k becomes large: k = aZm/q
~ vV I/w > v. Therefore when v ~ 1 (the case of
greatest interest) we have k ~ qreff > 1 and con-
dition (23) for the applicability of the method of
taking the exponential is not satisfied.

However, the quasiclassical condition (24) is
satisfied, as before, and therefore it would be
possible to calculate the matrix element by means
of formula (4), using for ¥ 3, (x) the quasiclassical
function e1S(X) in the field of the wave and in the
Coulomb field. Unfortunately, the determination
of the action function S, which satisfies the Hamil-
ton-Jacoby equation, is in this case a complicated
and independent problem. Therefore we shall at-
tempt in Sec. 4 to present a qualitative estimate
of the form factor F when £ < 1, making use of
the exact expression for F.

4. WAVE FUNCTION OF FINAL STATE AND
PROPERTIES OF THE FORM FACTOR F

The procedure presented at the start of Sec. 3
gives for zpd*(x) (see (25)) the following expres-
sion (¢ = —wt)

1 {
——expy — iqxX 4 iqol
2 p 0

Va (7)) =

qo

? 5
. , [q— eA(q") P — q2 — €?A2
! Sd(p 2om }

0

iaZm S dr S z__ze—i(z2+2zq)r+2izj—izx eza/aq} .1.(58)
0

3
XT exp{ - s
When the field of the wave is turned off (A =j=0)
this function goes over into the wave function of a

particle with momentum q in a Coulomb field, and
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should therefore differ from the known solution
(see [3], formula (134.9))

— 1 . . 1724
— — ¢4+
Pq () _Vé-q':xp ( iqx + igo 9 )

X T(1— in) @ (i, 1, ib),

(59)
x=aZm/q, b=qr+qx

only in the infrared phase factor. Since this factor
does not depend on X, it can be readily obtained by
using the limiting case b > 1, when (58) can be
calculated, neglecting the correlation terms, i.e.,
replacing the shift operator by unity (cf. Sec. 2).
We then obtain from (58) for A =0

— .2
Yq (T) = V21— exp[-— igx 4 igot —ix In b+mln—i.! .

9o YA -
This function differs from the asymptotically exact
function (59) only in the infrared phase factor
exp [ik 1n (2q/yA)].
We have thus established the following important
relation:

Texp{ zaJZt:n "S" dv S i
0

e-i(z1+zzq—is)1—izx ezo,’aq} . 1
22 4 A%

2 . .
= exp [iu lnv—i—}—n—;—] I'(1—ix)D(ix, 1,id),

(60)

A—>0, x=0aZm/q, b=ygqr+gqx.

Relation (60) gives a certain idea of the com-
plexity of the Coulomb ‘‘form factor’’
d’z
22 4 A2

F(p,q) = 4nNT exp{ iizzmci dv S
0

X g-i@4+2az—iey+2izi(r,0) g20/04 } 1, (61)
which differs from the left side of (60) in the fact
that the constant vector x is replaced by the
vector —-2j(7, ¢), which depends on 7 and re-
presents the change in the coordinate of a classical
particle from the instantt = —¢/w to t = —@/w
+ 2m T in a coordinate frame where the particle is
on the average at rest.

Constant field, A(¢) =a¢@, B = wa, and (see
(31))

i(t, 9) = eA(9)t — eBm12 (62)

The term that is linear in 7, added to the term
—2iz -q7, leads to a replacement of the momentum
q by the vector I =q — eA(¢), so that F depends
on the two vectors I and emB. It is easy to see
that these vectors enter in F only in the form of
the dimensionless invariant combinations

aZm [ 11, emB [ 1B, emBII [ T4 (63)
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Owing to the term that is quadratic in 7, the func-
tion F does not contain an infrared Coulomb
divergence and therefore needs no regularization.
Thus, the constant field plays the same role for
the elimination of the Coulomb divergence as the
photon mass A. In this connection, the factor F
has the point B =0 a singularity, and in a suffi-
ciently small vicinity of this point its functional
dependence on the field should be the same as the
dependence of the expression in (60) on A as

A— 0.

Thus, for a sufficiently weak constant field the
function F is equivalent to expression (60) in
which x =0, q is replaced by I =q — ea¢, and
A is replaced by A = (emB/I%) f(B - 1I/BII):

m
)

oZ 211 Zm )
F(¢,q) = 4nN exp (i——mln +na )I‘(i —
(64)

I YAs 211
An exact expression for AB can be obtained by
calculating the first term of the expansion (61) in
powers of ¢Zm/T and comparing it with the cor-
responding term of the expansion (64). We then
obtain

As = em (BII + BII) / 4yIT2.

At the saddle point ¢ =@ =(qy — in\/é’—)/ea we
have

(65)

=iy, 1 aIZIm =,
em(BII +BI) _ (1+70)B (66)
I14 o B,

and F (¢, q) goes over into (47).

Unlike in the method of taking the exponential,
the factor I'(1 — v) arises here in natural
fashion and, together with the coefficient N, makes
the matrix element finite for a purely Coulomb
field (i.e., for v =1, 2, 3,...).

Alternating field. If £ is sufficiently large,
then the effective values in (61) will be 1‘]27‘
~ By/B > 1, so that the variable 6 will be ef-
fectively small: Oeff ~ 1/£ < 1. Expanding (31) in
powers of 6 and retaining only the linear and
quadratic terms, we obtain for j(7, ¢) the expres-
sion (62), in which A(¢) and B(¢) now stand for
the potential and field of the wave corresponding
to the phase ¢ 12 By the same token, we essen-
tially reduce the problem to a calculation of
F (¢, q) in a constant field, thus leading to the
result (64), where I =q — eA(¢). For the func-
tion F at the saddle point we obtain expression
(47).

12)For example, for a linearly polarized wave A(p)=a
cos ¢ and B(9) = -wa sin ¢.



IONIZATION OF ATOMS BY AN ELECTROMAGNETIC-WAVE FIELD

A rough qualitative idea of the value of F when
£ £ 1 can be obtained by assuming that j(7, ¢)
does not depend on 7, and that at the saddle point
qj~q-j~VLVw> 1 (we have in mind a linearly
polarized wave, since the case of a circularly
polarized wave was considered more accurately in
Sec. 3). Then

F(g, q) ~ 4:r|:Nexp( ixln%% —}—1-;—%)1’(1 — ix) D (ix, 1,2),

2= i2(qj — qi), (67)
and we arrive at the need for determining the
asymptotic behavior of &(ik, 1, z) when k ~ | z |
~V/w > 1.

Let us replace the sum

w T(ix+ k)2
2 T (in)T2(k + 1)

D (i, 1,2)
k=0
by an integral and the I' functions by their
asymptotic values, and let us evaluate the integral
by the saddle-point method. Then
ef(ko)

T (ix){ko (ko + 2ix) 1% *

f(k) = —ix + k+ixIn (k + ix)4 k In zk=2(k + ix), (68)
ko==2/2+ V(m

The obtained asymptotic expression is valid for

those z and k for which Re k; and Re f(k;) > 1.

At the saddle points ¢+ =59 — i€, and cos ¢

=(uy ¥ i\/—E_)/‘E the value of z at £ <1, when ueff

~vw/I< 1, is determined by the formula

D (i, 1,2) =

2z = 2i(qj — qi)=

jir = F—— [V 1 + £ (1 — cos 0) + i sin 8], o = jsz = O.

2om
The effective values of the variable 6 can be such
that z_opf satisfy the conditions of applicability of
the asymptotic relation (68). In this case F (¢, q)
~ exp(ciVT/To), ¢t ~ 1, i.e., the Coulomb field
greatly intensifies the ionization.

We have considered in this paper the Coulomb
forces both in the initial and in the final states on
par, and have shown that if the momentum of the
ionized electron is comparable with the intra-
atomic one or exceeds it: q X 7, i.e, @Z/v S 1
(as is the case for the effective momentum in the
ionization by a circularly polarized wave), then
the Coulomb field increases the probability of
ionization by a factor ~ (By£/BV 1 + £2)?, owing
to the fact that it increases the density of the
electrons at large distances; the role of the
Coulomb forces is then equally important in the
initial and in the final states (2), and were they to
be neglected, say, in the final state, the exponent
of this factor would be decreased by one half.
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Thus, the effect of the Coulomb forces in the final
state reduces to a factor ~ (By&/TV 1 + £2)Y,
which depends strongly on the initial state via the
exponent v (for a purely Coulomb field v coin-
zides with the principal quantum number n).

On the other hand, if the momentum of the
ionized electron is small: q <, i.e., aZ/v>1
(as is the case for the effective momentum in the
case of a linearly polarized wave), then the
Coulomb forces in the final state lead to an ap-
preciably stronger intensification of the ionization
by an amount ~ exp (eV/w ), due to the decrease
in the effective distances by a factor
1-cVo/I(c ~1).

Keldyshm] calculated the ionization of an atom
by a linearly polarized wave without taking into
account the Coulomb forces in the final state, and
introduced in the final result heuristically a cor-
rection factor ~ By£/BV 1 + £2, which, as shown
by our calculation, coincides in order of magnitude
with ours for a circularly polarized wave and
v=1,

Although the exact matrix element (32) has
resonances, these are not taken into account in
the present approximation, since we have assumed
that the frequency w does not satisfy the reso-
nance condition. Resonance effects can be taken
into account separately, as was done in 2] we
note that Gold and Bebb [1314] developed a standard
perturbation theory for multiquantum ionization.
This approach, which is valid when ¢ < 1, ac-
counts for resonance effects, but leads to a very
cumbersome formula for the ionization probability,
and the corresponding approximation formula in
the multiquantum case is subject to a large error,
since it is highly sensitive to the adjustment
parameter .
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