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Propagation of radiation in a resonant medium of two-level molecules!®4]) is studied by
quantum-mechanics methods. A distribution function n(r, t) for the excited molecules is found

and a kinetic equation is then set up for it.
1. INTRODUCTION

THE propagation of radiation in a resonant med-
ium has been studied many times both theoretically
and experimentally. Among the earlier papers we
can mention the theoretical work by Comptonm
and the experimental work by Zemanskym . Comp-
ton assumed that a quantum executes in a resonant
medium a motion similar to Brownian motion of a
particle, since it experiences a number of absorp-
tion and re-radiation acts prior to leaving the vol-
ume!?). Therefore the motion of the excitation in
the system can be judged from the density n(r, t)

of the excited atoms. Compton obtained for the
function n(r, t) a diffusion equation with a diffusion
coefficient

D = v/ 3k, (1)

where 1/k, is the mean free path of the quantum
and 1/v is the lifetime of the individual excited
atom. Holstein!3) and Biberman4! have shown that
the diffusion approximation was insufficient for the
analysis of this question. They obtained phenom-
enologically an integro-differential equation for the
function n(r, t). An equation for the function n(r, t)
was also derived by quantum-mechanical means by
D’yakonov and Perel’ (5] for the case of a Doppler
scatter of the atomic levels.

In this paper we determine the distribution func-
tion n(r, t) of the excited atoms by solving the
Schrodinger equation. A general expression is ob-
tained for the function n(r, t) when the resultant
scatter of the atomic levels is determined by two
processes, one of which gives the Doppler line
width and the other the dispersion width. All the
calculations are carried through to conclusion for
the dispersion line shape only. The kinetic equation
satisfied by the function n(r, t) is derived. Unlike
the equation obtained by Holstein®! or Biberman!4!,
our equation is characterized by a collision term

which is integral in time. In addition, we took re-
tardation into account when calculating the kernel
of the equation. The transition to the Biberman-
Holstein equation is realized in the same manner
as in the paper of D’yakonov and Perel’5}. I con-
sidering this question we used the mathematical
formalism developed in the papers of Alekseev,
Vdovin, and Galitskii[68].

2. GENERAL EXPRESSION FOR THE FUNCTION
n(r, t)

We consider a medium consisting of an aggre-
gate of two-level molecules. It is assumed that the
transition frequencies w j (j is the number of the
molecules) are distributed in a certain interval
about an average value w,. If the line broadening
is determined by two processes, one of which gives
a dispersion line shape and the other a Doppler
line shape, then the resultant distribution function

of the frequencies w j takes the following form:

x (0 — wo) = S doj"x1(0; — 0;) x2(0; — w),

-—00

0
w(0; = 0f) = 51 (0; — o) + 6%/41, (2)

(0; — w0)® '!
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®W; — Wo) —
X2 (®@; 0) (3)

The medium is assumed sufficiently rarefied,
so that the condition pX; << 1 is satisfied, where
p = N/V is the density of the molecules of the
medium and 4 = ¢/w, is the wavelength of the
resonance radiation. When this condition is satis-
fied, it is possible to disregard processes in which
the excitation is directly transferred from mole-
cule to molecule via the static Coulomb field (107,
The spatial distribution of the molecules of the
medium and their orientation are assumed to be
random.
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In analogy with the procedure first used by
Alekseev, Vdovin and Galitskii(®!, we write the
Hamiltonian of a system of N two-level molecules
in a radiation field, contained in a volume V, in the
form

H= —S‘ 0507 4+ S (Quai*e*xiCraosd + Quaie—%x,C a+o_i)

kA

+ 2 0rCiatCray

kA

(4)

b 10
)" owne), “’Jz(o —1);’

-0
=10 j

We use here a system of units in which h = 1; x;
are the coordinates of the centers of gravity of the
molecules; Ck?\ and CI{?\ are the operators for ab-
sorption and creation of a photon with momentum k
and polarization A (A = 1, 2); M) is the matrix ele-
ment of the transition of the j-th isolated molecule
from the lower level to the upper one with simul-
taneous absorption of a quantum; 1, is the quantum
polarization vector; wk c’k?. The quantity MJ is
connected with v (the probability of spontaneous
dipole emission of a photon per unit time by an
isolated molecule) in the following manner:

) 2n
Qual = ( o4

o4 =(8 (1)/\)1-’

(5)

4(1)0

v=r IM]2 ©

In the Hamiltonain (4) we have left out small non-
resonant terms ~ (w,7) %, where

(7)

The time 7 is the characteristic time for the differ-
ent electromagnetic processes occurring in such a
medium 687

The Hamiltonian (4) conserves the number of
excitations, and therefore the wave function at any
instant of time can be written in the form!"

b= el |0 exp( ;—jzmjt)

0> eXp<2iZ (l)jt)

Here |0) denotes the state of the ‘‘vacuum’’: there
are no photons and the molecules are not excited.
Assume that at the initial instant of time the
molecule numbered j, is excited, i.e., the initial

condition for the function ¥(t) is of the form:

9;(0) = 85,5  fa(k, 0) =0

From Schrodinger’s equation we obtain an equa-

T2 = 2npA3ywo

(8)

+ D) Aalk, 1) Cra*
kA

(9)
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tion for the amplitudes <pj(t) and f)\(k, t), from
which, by eliminating the amplitude fA(k, t), we
arrive at an equation for the function ¢;(w), which
is the Laplace transform of the function (pj(t):

o; +iy/2)=* 4

¢i(0) = ib;j (0 — (0 — ;4 iy/2)~!

70y 53*
X D 9y (0) D) Mk—exp{ik(m —x)l,  (10)
2 K, O O
9i(0)= § dterig;(t), o =ip. (11)

0

We are interested in the quantity |¢;:(t)|%, which is
the probability that at the instant of time t there
will be excited a molecule located at a distance

Ty = X5~ xjo from the initially excited molecule.

We are considering here the case j = j,; the case
j = j, calls for a separate analysis, which was car-
ried out in'!). Equation (10) is solved by an itera-
tion method. A similar iteration series is obtained
for the function cp+( ), which is the Laplace trans-
form of the function go ).

The averaging over the coordinates of the cen-
ters of gravity of the molecules, used in the calcu-
lation of the product of the series goj(w)q);(wl —w),

is denoted by the angle brackets. This averaging
makes it possible to use a diagram technique de-
veloped in detail as for problems of this type in the
papers of Vdovin and Galitskil il78]  Since we are
using in the present paper the same diagrams as
in(8] , we shall not discuss this question in detail,
and will recall only that the diagrams are selected
with respect to the parameter pX3 «< 1. The expres-
sion obtained for the function (] ¢;(t)[%) depends on
the angles between the directions of Ty, MJ, and Mo,
Since the medium is assumed isotropic, we shall
average over the directions of MJ and MJ0. This
averaging will be denoted by a superior bar. After
this, (f(pj(t)|2> depends only on lxj —x; |, therefore
we omit the index j of Ty and introduce the function

n(r, t) = Jo;(t) |2 (12)

For the function n(r, t) we have

® —00 —00

(—1) (0 —o; +iy/2)7

X (© — 0;— 01— iy/2)™ (0 — o)+ iy/2) ™ (0 — o,

 one 1 .
—O1—iV/2)" 3} 5 Quemrr - Quesen (Linpalh ) Ko (K
kAN
+%/2,k—x/2, 0, v), (13)
where
2n
— M
oc=( M) M|
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This expression does not include as yet the averag-
ing over the frequencies w; and w; . Such an aver-
aging will be made in the concrete’calculation of
the function n(r, t). The function Ky, (k + «/2,
k—k/2, w, wy satisfies the integral equation

Kook +%/2,k—x/2, 0,0y

1 Y .
= 3 Qxise2Q ks (Lol kmres2) K (@529 Ok —y /oy ©, O1)

N .
+ s Qk-m/zQ kw2 (01 + iy)™t ‘RO ((Dk+u/27 Wk—x 2, B, O1)

X [DB; ©— o) + D (B; 01— © + @0)]
X Z Qkﬁx 20 k~x%'2 [(lﬁﬂc 2[I;<‘l—x,’2) (li\({;—x,’zll?:;xlz)

ko)’

4 (Hemalictn2) (T olb e 2) + (Thoral it se2) (e alitsn o)1

X Ky e (ky 4 /2, ki—2/2, @, o) (14)
We have introduced here the notation
KO (o, o, 0, 01) = & — op — _ll(__ﬁ;zz;um)]"
X[(oi—m—f—mk,—D(B; mi;szrmOlr; (15)
o= = [0
Xuppgz$mﬁy]’ £ — o (16)

The function ®(x) is the usual probability inte-
gralm]. The function Ky +(k + k/2, k—k/2, w, wy
has the meaning of the photon density matrix
(apart from a multiplier). This is seen from the
fact that when k = 0 and A = A’ Eq. (14) goes over
into the equation for the function determining the
probability of finding a photon with momentum k
and polarization A in such a system(®:13],

Equation (14) is solved accurately only for k = 0.
In the general case the solution of (14) is obtained
approximately. Use is made here of the fact that
the most effective in the sums of (13) are those
values of k and k for which

x k€1 (k~ wo/c; wlk~%[r<&).

After substituting the obtained solution in (13)
and summing over k, A, and A’ we obtain the follow-
ing expression for the function n(r, t):

% ~1/r

wd(ﬂi —i@ mdm" io,r/c
nr ) =_Sm§e ‘t_Sm S e (on @), (17)
iz ¢ do
n(ox, 01) = Y S (0 — ;4 iy/2) (0 — ;

8(wer/c) Z_mﬁ
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— 01— iy/2)7t - (0 — 05, + iy/2) (0 — 0;, — o1

- iy/2)—1{(m1 — ox) (01 + iy) ——[%[D([S; ® — &)

—1
1D (p; wi—m—mo)]} , (18)
where w, = ckK. The factor r ? has already been
separated in the expression for n(wK, wq) . This is
connected with the fact that only the terms that
attenuate least when r — « have been retained in
n(r, t). Actually we have again expanded here in the
parameter A/r < 1.

3. CASE OF DISPERSION SCATTER OF THE
LEVELS

The integration in formulas (17) and (18) cannot
be carried out for arbitrary values of 6 and 8. The
calculations can be carried through to conclusion
only when the scatter of the molecular levels of the
solid molecules is determined by the dispersion
formula (8 — 0). The distribution of the transition
frequencies for the excited molecules can be arbi-
trary, but we assume for simplicity that it is the
same as for the unexcited ones. Averaging (18)
over the frequencies wj and Wi, with the function

X1(wj = wg) (With f — 0, and x(wj —wg) — Xilwj = wy),
and 1ntegrat1ng with respect to w, we obtain
v
n(wx, 01) = w11 (a iy)—t
(0 01) = 5= s o0t 01+ i)

(O

X {[1 (01— ox) (01 + i) (01 -+ iy) ]—1/2 - 1}- ('9)

The expression obtained for n(wy, wy) is substituted
in (17) and reduced, after integration with respect
to w,, to the following expression for the function
n(r, t):

o 10040

4(m0r/c)z—[oo+0'
pr pr )
2012(17+Y)(p+§l \2cr2(p+v)(p+§)

o pr !
Mo ivern/)

It is impossible to carry out the integration in
(20) for an arbitrary instant of time. This is not
important in principle, since the function n(r, t)
itself is not measured in the experiments. We note
that the function n(r, t) determines the probability
that a molecule will be excited at the point r at the
instant t. The function of the density of the excited
molecules can be obtained by multiplying n(r, t)
by p. It follows therefore, in particular, that when

dp ep(t—r/c)

nin )= 20 (p+8) (p+v)°

XGXP[_
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p — 0 the density of the excited molecules also

tends to zero, whereas n(r, t) tends to a finite

limit, which can be readily obtained from (20):
yze"“(t—f/“) [ r

1
/z(r,t)_—_myc_)z. _C__i_\a_(e 8(t /)_1)]’

t—r/c<0.] (21)

For the case t — r/c < 1/v, 1/6 we can obtain (21)
directly from general considerations14).

Let us consider the behavior of the function
n(r, t) for small values of the time, when

Et—r/e) <L
In this case formula (20) yields
_ yuaz(t —r/c) ]12<V r(t—r/c) )’ I —r/e>0.
(22)

\
n(rt) = 2002(r/c)? cv?
We see therefore directly that the density of the
excited molecules also experiences oscillations
with a characteristic time 7, just as the photon
density in such a medium[687J.

Let us calculate (r’(t)) —the mean-square path
traversed by the excitation in such a medium by
the instant t. It is necessary to note here the fol-
lowing. As seen from(8- 8] the probability of
observing a photon in the medium differs from
zero for any instant of time t > 0. This indicates
that actually we always have only a partial dragging
of the radiation. The parameter which determines
the degree of dragging of the radiation is the quan-
tity £y72. If £y72 >> 1, i.e., the medium is highly
rarefied or the scatter of the levels is very large,
the principal part of the excitation is carried by
the free photons, as can be readily verified by in-
vestigating the results of Vdovin!!® for Elf}\(k, t) 2.

t—r/c>0, n(r,t)=0,

In this case the fraction of the excitation which is
carried by the absorption and reradiation processes
is of the order of (¢y7) ! « 1.

This result can also be obtained from the follow-
ing considerations. The time that the quantum
spends in the atom is Ty ™~ 1/v. The time during
which it exists as a free quantum is 7 ~ (pco)1,
where 0 ~ 1% /£. Then the fraction of the excita-
tion transported by the absorption and re-radiation
processes is of the order of

Ta/ (Ty +Ta) ~ (Eye?) ™%

The radiation is strongly dragged when the £y T2
<« 1. In this case almost all the excitation propa-
gates as a result of absorption and re-radiation
acts. The fraction of the excitation, which in this
case is carried by the free photons, is of the order
of (¢ y72)1/2 << 1. Therefore the formulas presented
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above have a real meaning only for the case g'y'r2
«< 1.

In the case of greatest interest yt > 1, the ex-

pression for (r(t)) is of the form
ct?
R(t)> = {pdrn(r, ) ~ S (v

Let us now discuss which quantity should be re-
garded as the time needed for the excitation to leave
the system. In the literal sense of the problem as
here formulated, no such quantity can be introduced,
since the problem is solved either for an unbounded
medium or for a medium contained in a box with
ideally reflecting walls. One can speak of a depar-
ture time in this case only in the following arbitrary
sense, as is done, for example, in the paper by
Veklenko'18). We separate mentally a sphere of
radius R around an initially excited molecule, and
define as the time of departure of the excitation
from the system as the time of departure of the
radiation from the given sphere. It is clear that
the departure time defined in this manner will
always exceed the corresponding departure time
for a bounded medium contained in a sphere of the
same radius R, owing to the reaction of the mole-
cules situated outside the sphere.

It follows from the experimental papers
that the experimentally measured quantity is J(R, t)
(or its time derivative), which determines the total
probability that the radiation will leave the volume
by the instant t. Knowledge of n(r, t) enables us to
calculate this quantity directly:

(23)

[17-19]

R
TR, t)=1— e~ —bap \ drin (r, 1). (24)
o

The time of departure of the radiation from the sys-
tem is determined from a reduction of the plot of
J(R, t) (or 8J(R/t)/8t)[”], At present, however, we
know of no experiments in which the dispersion
width is much larger than the Doppler width.

4. KINETIC EQUATION FOR THE FUNCTION
n(r, t)

We now construct the kinetic equation which is
satisfied by the function n(r, t), for the case of the
dispersion broadening. We recall that n(r, t) does
not describe the behavior of the initially excited
molecule, which is therefore an external source
with respect to the remaining molecules. Conse-
quently, the equation for the obtained function
n(r, t) will be inhomogeneous, unlike the phenom-
enological equations of Holstein!?) and Biberman!(4].
The equation obtained by quantum mechanical
means in the paper of D’yakonov and Perel’[5) for
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the function n(r, t) is in general inhomogeneous,
the inhomogeneous term describing just the action
of the excitation source.

Let us write down the connection between the
function n(r, t) and n(w,, wy):

[o¢]

dw inr dﬁ)l —io,t
n(r,t)=\7o—z¢ =€ n (0, 01), (25)
S (2m)® _Soo 21
7 (0, 1) = Sdr e—inr S dte-rtn(r,t) (p= —iw1) (26)
0

Comparing expressions (25) and (17), we can easily
obtain from (19) the following expression for
n(w,, Ky

vy 1 1

n(Wx, W) = ————"7"7
(0, @1) P 1 01+ iy

X{[1 - 2 (W1 — Ox) (w(:)f{— iE) (01 + iy) ]—‘/2_1 } (27

We now write down the algebraic identity
—ioin (0x, 01) + yn (0x, 1)

- {[1 o (01— mi) (01 4 iE) ]_‘/z - 1}

Y
ipwi (01 +1y)

X n(0x, 01) +

1 1

X{[1 T (01— 35,4) (01 + &) (o1 + iy) ]_%— Ly
X {(01 + iy [1 —

o]
- . 2
(0n— wn) (1 F &) 28
The transition in formula (28) from w, and w; to
the variables r and t by means of formula (25), and
replacing n(w,, wy) in the right side of (28) by ex-
pression (26), we arrive at the following equation:

M—}—yn(r,t):y Sdt’s dr' G(|r—v'|,t —t')n(r,t)

ot :
_i_ F(T" t) ) (29)
where
_ s /)
Gint)= 8ner2r? []02 <V o2 )
_]‘2<V i%;:_’/i))] t—r/c>0;
G(r,t) =0, t—r/c<O. (30)

Since the concrete form of F(r, t) is connected with
the given choice of the initial conditions, it is
meaningless to present here the explicit expression
for F(r, t).

We note that the kernel of the obtained equation

V. M. ERMACHENKO

depends strongly on the time. The transition to the

Holstein equation is carried out in the same manner

as in the paper of D’yakonov and Perel’[%), by re-

placing G(r, t) by G(r)6(t — r/c), where
G(n={aG(r,1).

0

Using (30), we obtain

kde—hdrlz
8nr2

kg = (cEt?)—.

G(r)=

{Io(kar/2)— I1(kar/2)},
(31)

The kernel G(r) coincides fully with the corre-
sponding kernel of Holstein’s paperm . For com-
plete agreement with Holstein’s equationm it is
necessary also to neglect the delay and, naturally,
leave out F(r, t). The neglect of the retardation is
valid if YR/c « 1, since the characteristic time of
variation of the function n(r, t) is of the order of
1/v (R is the linear dimension of the system). This
criterion was first indicated inf?].

Integration with respect to time in (29) takes
into account the contribution made to the change in
the density of the excited atoms, at the point r at
the instant t, not only by the quanta received from
other volume elements at the given instant of time,
i.e., for which At =t—1t’ — [r — r’|/c = 0, but also
of quanta arriving earlier, for which At > 0. It is
clear that the contribution of such quanta to the
excitation decreases by the instant t, this being
reflected in the factor exp(—£At) in the kernel.
From (30) we see that the kernel experiences os-
cillations with a characteristic time 7. This is
apparently due to exchange of excitations with the
free quanta, whose density experiences similar
oscillations.

The function n(r, t) has two characteristic times,
within which it changes appreciably. One is the
time of the rapid oscillations and is of the order
of 7, while the other is the characteristic damping
time of the function and is of the order of 1/v.
Since YT <« 1, the transition to the kernel (31) de-
notes, probably, an averaging over a time interval
At, with T < At < 1/v. Thus, the transition to the
equation given by Holstein[3! and Biberman'!! is
equivalent in a certain sense to the approximation
of slowly varying amplitudes, which is usually
used in investigations of processes involving the
oscillation of the photon density in the resonant
medium[20].

In conclusion I am grateful to Yu. A. Vdovin for
suggesting the topic and for continuous attention
and interest in the work, and to V. M. Galitskii for
a valuable discussion of this work.
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