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Calculations referring to an apparatus operating on the heat of transition of He? from one
liquid phase of helium to another are presented. It is shown that at temperatures of the
order of millidegrees the cooling effect is proportional to the heat of transition q

= 100T? 3/mole. When the He® circulation rate is 1.6 x 10”4 mole/sec a temperature

of 0.001°K can be attained and 5 erg/min can be absorbed at this temperature.

A proposal to utilize the process of solution of
liquid He® in He! to obtain low temperatures was
made by London and Mendozal!l and has been
realized with the greatest degree of success by
Neganov et al. (2] using an apparatus whose sche-
matic diagram is similar to the one shown in
Fig. 1. Using their apparatus they obtained a
temperature of approximately 0.03°K.

In accordance with the most recent datal?4]
He® at T = 0.01°K dissolves in liquid He?* up to
concentrations v = N3/ (N3 + Ny) = 0.05 (N3 and
N, are respectively the numbers of He® and He*

g.—[j/ﬂ-4mole/sec, :
V=500 1/sec

atoms). In all probability this solubility holds
right down to 0°K. This affords the possibility

of obtaining very low temperatures if one utilizes
the heat of transition of He® from a phase consist-
ing of almost pure liquid He? into a phase with

v = 0.05 of He® in He!, and the removal of He® by
means of diffusion from the zone of solution into
a region of lower concentrations and higher tem-
peratures.

Taking the curve of stratification of solutions
of He® in He? obtained in [37%1 and taking into ac-
count on the basis of [8] that the vapor pressure
over weak solutions of He® in He? at low tempera-
tures is equal to p = ppe3¥ + Pyet(1 —v) we obtain
the diagram for the state of He!-He3 shown in Fig. 2.
The domelike curve corresponds to equilibrium of
the two liquid phases, while curves labelled by
values of pressure correspond to liquid-vapor
equilibrium at the pressures indicated. An inves-
tigation of the diagram of the state of He*-He® en-
ables one to discuss the possibility of obtaining
very low temperatures in a relatively simple ap-
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paratus which is schematically shown in Fig. 1.

The principle of operation of the apparatus is
the following. He® of concentration close to 100%
is pumped off and compressed by means of a dif-
fusion pump 1 and of a rotary pump 2. It is then
cooled in the bath 3 by liquid nitrogen and is con-
densed in the capillary by means of heat exchange
with bath 4 of liquid He®. It then flows along the
thin capillary 5, attains a pressure close to zero,
is cooled in the evaporation bath 6 and the heat ex-
changer 7 and enters the upper part of the solution
bath 8. In the solution bath He? behaves as if it
‘‘evaporates’’ into the lower phase and from there,
acted upon by the difference in concentrations, the
““gaseous’’ He® proceeds by viscous flow into the
evaporation bath 6 where it evaporates and is
pumped off by the pumps thus completing the cycle.
The transition of He® in the bath 8 from the upper
phase into the lower phase is analogous to evapo-
ration, and the heat of transition determines the
cooling efficiency of the apparatus.

The heat of transition can be evaluated by means
of the formula g = T(S;—S,) where T is the tem-
perature of transition, S; is the entropy of one
mole of He? in the lower phase, and S, is the en-
tropy of the upper phase which is practically equal
to the entropy of liquid He®. At low temperatures
the upper phase consists of practically pure He?,
while the entropy of He* in the lower phase is neg-
ligible in comparison with the entropy of the dis-
solved He® and plays no role in the process. Ac-
cording to the data of Anderson et all*] the heat
capacity of a solution of concentration v = 0.05 He?
at temperatures below 0.04°K calculated per mole
of He? is equal to

) )’/s m*k2N

¢ (L)

\ 3nv

J
r=r | ]
where m* is the effective mass equal to 2.4 times
the mass of a He® atom, k is Boltzmann’s constant,
h is Planck’s constant, N is Avogadro’s number,
niis the number of atoms of helium per cm?. With-
out taking into account the small corrections as-
sociated with the transition at very low tempera-
tures into the superfluid phase, with C ~ T the
entropy is numerically equal to the heat capacity
and, therefore, the entropy of the lower phase is
equal to S; = 124T [J/mole deg]. The entropy of
liquid He® in the upper phase for T < 0.1° is equal
to S, = 24T [J/mole deg] and, therefore, the heat of
transition of He® from the upper phase into the
lower will be given by

g =T(S; — S:) = 10072 [J/mole].
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The cooling efficiency of the apparatus without
taking into account parasitic heat leaks and imper -
fections of the heat exchanger will be given by

W =qQ [W],

where Q is the rate of circulation of He® (in moles
per second). In order to provide circulation it is
necessary to remove the He? by means of diffusion
from the solution bath 8 into the evaporation bath 6
in the presence of a temperature gradient. Calcu-
lations involving such a process are very complex,
and are associated with taking into account the
properties of solutions of He? in the degenerate
region which at present have not been investigated
experimentally. However, certain specific proper-
ties of weak solutions of He? in He* at low temper -
atures give us the possibility of making a fairly
accurate estimate of the operation of such an in-
stallation.

Ptukhal™l has shown that at 0.5°K the mean free
path in liquid helium of a phonon with respect to
collisions with He® atoms attains in a one per cent
solution the value of 0.27 mm, while the mean free
path for a roton with respect to collisions with He?
atoms attains the value of 0.3 mm. At the same
time atoms of He® in solution behave as a free gas.
According to the measurements of Ouboter et al.lf]
the heat capacity of weak solutions of He? in liquid
helium in the temperature range in the neighbor-
hood of 0.5°K is equal to C = 3R/2 where R is
the gas constant. Treating the He? atoms in solu-
tion as a gas and assuming that the cross section
for collisions of the atoms with each other may be
taken equal to oj = m(mped/p)¥3 = 5 x 10715 cm?
(where p = 0.08 g/cm? is the density of liquid He?)
we obtain the mean free path for He® atoms for a
solution of concentration v = 0.01 equal to ljj
= 1/njoj = 107 cm (nj is the number of He® atoms
per cm3). Therefore, if in the heat exchanger the
thickness of the film along which helium flows is
of the order of 0.2—0.3 mm, one can regard the
motion of He® atoms as viscous flow of gas gov-
erned by the kinetic theory of gases, and the flow
of heat associated with phonons as the molecular
motion of a phonon ‘‘gas’’ through a slit.

Such a discussion will be valid up to the tem-
perature of degeneracy which for a weak solution
of He® in He? is determined by the formula

Tq = (3nn;)"hh2 [ 2m*k.

For v = 0.05 we shall have Tgq= 0.34°. For tem-
peratures T <« Tq one can regard the motion of
He® atoms in solution as the motion of a degener-
ate Fermi-gas and utilize the appropriate for-
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mulas[®1 D, For mean free path lij, viscosity ng,
and heat conductivity kg of the solution in the do-
main T < Ty on the basis of theoretical consid-
erations[910] one should expect functional depen-
dences of the form Ij; ~ T2, ng ~ T2, kg ~ T°L

Since experimental data are not available for
all the required parameters of solutions of He?® in
He! we shall for our calculations utilize the fol-
lowing values,

m* = 24mge = 121078 g

n; =219-10%y, 0;=25-10" cm,

The phonon heat conductivity

Uph=— 1/sC phls lph= 24T3lvph ,

where Cpp is the phonon heat capacity, ug is the
sound velocity, ph is the mean free path for a
phonon; in our case Iy = 0.03 cm and kpp = 0. 72T3
[W/em deg].

1. In the gas kinetic domain T > Tq we have:
average velocity of the motion of He® atoms in so-
lution

Vay = V8KT [ mm" = 5.4-103YT [em/sec];
the heat capacity, the heat conductivity and the vis-

cosity of the ‘‘gas’’ of He® atoms are respectively
equal to

C; = 3)3kn; = 0.45v [dJ/cm3deg],
%i = YsCivay L = 7.5-10~¢)T [W/cm deg],
i = Ysm nivavliy = 43-10~%YT [g/cm sec];
the osmotic compressure is given by
2,6-108%vT [dyne/cm?].

pi == Ysm'nws 2 =

2. In the domain of the degenerate state T « Ty
where Tg = 2.50%/3 = 0.34°K is the temperature of
degeneracy for v = 0.05 we obtain

vpn= 7.6-10%" = 28 m/sec,
the heat capacity of 1 cm?® of solution is
Cyq =15 kn;,T = 45vT [ J/cm3deg],
the viscosity of the ‘‘gas’’ is
Mg = Ysm nwpnla = 1.4-10-87-2 [g/cm-sec],

where Ig= 2.1 x 10"1p™43T-2 [cm] is the mean free
path for the particles, the heat conductivity is

%a = Y3Cqvpnla = 2.4-10-7T! [W/cm-deg],

DIt should be noted that the heat capacity of a He® solu-
tion calculated on the basis of theoretical data with m*
= 2.4mpy? agrees well with the measurements of Anderson
et al. [*] and for T << Ty4 is equal to C=(3R/2)(#*T/3T4).
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the osmotic pressure is

( nZ) s h2

< 513—}—018(”1 kT
5 m'

2
) ""'h)

— 3400 (v -+ 0.65v":T2) [dﬂ} .
cm?

Pa—=

The values of 13, nq and kg are obtained by
equating at T = 0.1° the quantities ngq = nj and

kq = kij. The basis for this is the fact that at this
temperature

®xa  Ca _ Ci _ w

na  m'n; wm'ni ong

If we choose the heat exchanger 7 in:the form
shown schematically at the botton of Fig. 1 with
the height of the channels b = 0.02—0.03 mm and
of width a > b, and if we send along the central
channel the condensed He® and along the outer
channels the atoms of He?® diffusing through the
superfluid helium from the solution bath 8 into the
evaporation bath 6, then, taking into account the
fact that the mean free path for He® atoms colliding
with one another in a solution with v = 0.05 even
at T = 0.001° is equal to ~1.1 x 107% cm, while
for collisions with thermal excitations it greatly
exceeds b, the motion in the channels can be re-
garded as viscous motion determined by the os-
motic pressure.

As is well known the flow through a slit in the
case of viscous flow is equal to

__ab® dp [cm3
T 12n dz |sec
i.e., the number of He® atoms passing through the
channel per second is given by Q

abn; dp
12m dz

Q0 =nu= = const. (1)

We substitute into this equation the quantities pj
and 7i from the first variant (T > Tg). We obtain

ably d(vI) [ 1
— 3., — 1. 2
Q = 1.1-10° o [Sec] @)

Taking Q = 1.6 x 10~4 mole/sec = 9.6 x.10!? sec~!
a=2cm and b= 0.03 cm we obtain

[deg/cm],

i.e., the product vT remains constant. Thus, for
a heat exchanger length L = 200 cm we have
A(VT)/vT ~ 5x 107%. For the degenerate gas
we obtain

d(vT) | dz = 1.6-10~°YT /v

d -
Q=4 1035ab3vT2£— (v's 4+ 0,65vT2) [sec 1]  (3)

or for the conditions chosen above
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Ed— (v'h -+ 0.65v'5T2) = 4.5-10-12/vT?,
z

i.e., in this case also the expression in brackets
must remain constant.

Thus, in both cases, and, consequently, along
the whole heat exchanger the osmotic pressure
must remain constant. And since we have (cf., for
example, [8]) a general relation valid for the whole
range pV = 2E/3 or p = 2nvE/3N where E is the
energy, then along the thermal osmotic line the
product vE must remain constant.

Stoner [1°] has evaluated the values of E for a
Fermi gas, and using them one can determine the
dependence of v on T. Stoner has given data for
&= E/RTq as functions of 7= T/Tq. Since in our
case Tq = 2.50%%, we have

Ev = 2.5R&V"» = const (4)
and correspondingly the temperature is given by
T = 2.5tv', (5)

In the table are given values of v —the concen-
trations along the thermal osmotic line for two
different initial (at T = 0°K) concentrations, Sge3 —
the entropy of liquid He3, Sgo1 —the entropy of He?
in a solution of concentration determined by the
stratification curve, and q —the heat of transition
of He? from one phase into the other. The values
for the entropy of solution, and, consequently, for
the heat of transition, are only estimates since
there are no reliable data on the shape of the
stratification curve for solutions of He? in He? at
temperatures below 0.4°K. Since Stoner gives
data only to 7 =2 the values for concentrations
along the thermal osmotic line were determined
from equations (4) and (5) to T = 0.35°K for v,
= 0.05, and to T = 0.45°K for », = 0.07, and at

higher temperatures from the condition vT = const.

Stes, Ssol,

T, °K v, Vs J ) J q,J/mole

mole-deg | mole deg
0 5.00 7.00 0 0 0
0. 025 4,93 6.96 0. 60 3.07 0. 062
0.050 4.73 6.83 1.18 5.65 0.224
0.075 4.48 6. 63 1.70 8.06 0.477
0, 100 4.13 6.40 2.23 10. 21 0. 80
0.125 3.80 6, 14 2.71 11,55 1.11
0,150 3.47 5.79 3.18 12,70 1.43
0.175 3.18 5.47 3.58 13.37 1.72
0.20 2.92 5.10 3.93 13.95 2.0
0,25 2.48 4.55 4,60 14.9 2.6
0.30 2,13 4.07 5.17 15.45 3.1
0.35 1,85 3.67
0.40 1.62 3.30
0.45 1.44 2.99
0.5) 1,30 2.72
0.55 1,19 2.48
0, 60 1.08 2.26
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Using Stoner’s table [10] one can determine how
much heat @, is absorbed by He® atoms moving
from the solution bath to the evaporation bath at
T = 0.6°K. This heat is equal to

Gi=E—Ey+p(V—"Vo.

Since Stoner gives data only to the value 7= 2
corresponding to T = 0.35°K we determine

@, = E(0,35) — Eo+ 15R(0.5 — 0.35)
+ PNt (vt — vyt) = 4.01 4 3.1 + 5.72

= 13 J/mole.

If we take the thermal capacity of liquid He? to
be equal to Cs = 2.4C [J/mole-deg] and T = 0.57,
and we take the values of 7 and C = Cy/R from
Stoner’s table, then within experimental error the
heat capacity of liquid He3 agrees with the values
obtained in this manner. Therefore

0.6 1.2
Gs=§ cdr = 2405 cdv = 1,660 J/mole.
0 [

It should be noted that in order to provide the
required circulation of He?® it is necessary to in-
troduce heat into the evaporation bath in order to
compensate for 13 J/mole of cold brought from
the solution bath and for 32 J/mole of the heat of
evaporation of He3. Taking into account the fact
that 8 J/mole is brought by the liquid He® from
the helium bath at T = 1.6°K, for Q = 1.6 x 107*
mole/sec this will give the value W = 37 x 1.6
x 1074 =6 x 1073 W.

The large store of cold in solution (@ = 13
J/mole) compared to the heat brought by the
liquid He? (G5 = 1.66 J/mole) and also the low
heat conductivity along the heat exchanger leads
to a peculiar temperature distribution. If there
were not heat exchange then for He? diffusing
along the channels the heat balance could be
written in the form

daT d dT
& — b (). 6
p gy =2 dz( R ©
For T > Ty the heat capacity is Cp = 5R/2 and

we can immediately obtain the first integral
dT _ 5QR
*Phz T hab

(T—TO)v

or, substituting the appropriate values (a = 2 cm,
b=10.03 cm, Q=0.6x 107" mole/sec and Iy
= 0.03 cm ) we obtain the value

T3dT | dz = 0.039(T — To).

We can neglect the heat conductivity «; through
the ‘‘gas,’’ since in this temperature range «j
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&K Kpp- In the last equation we should interpret

T, as the temperature of the solution bath, i.e.,

Ty = 0.001, and this term can also be neglected,
then T2dT/dx = 0.039 or

(0.6)3 — T = 0.117Ax.

Thus, at a distance Ax = 2 cm from the evapo-
ration bath the temperature will be close to T,.
Heat exchange with liquid He® leads to the fact that
the diffusing stream will remove from the helium
1.66 J/mole and will be heated by this to a tem-
perature T ~ v 1.66/7.5R ~ 0.16°K. This means
that in the heat exchanger in the outer channels
the temperature falls abruptly from the evapo-
ration bath over a distance of several centimeters
to 0.1° and then slowly decreases to the solution
bath.

The exact solution of the problem of the regime
in the heat exchanger presents great difficulties;
moreover, there are no data on the heat exchange
between liquid helium and a solid at temperatures
of the order of millidegrees, which is the deter-
mining factor in the present problem. Therefore,
we shall carry out an approximate calculation of
the regime for the central channel assuming that
at the boundary between liquid helium and a solid
there exists a thermal discontinuity AT with a
resistance r = 70T 3 [deg cm%/W] and that heat
transfer takes place in accordance with

2aATdx

2r

ar
= abnsC3;Tdx = abns;C; . udz.
x

But abnsu = Q and therefore

aAT [r = QCydT | dz. (7)

The value 2r is taken because we must take into
account the discontinuities at the boundary between
the helium and the wall and at the boundary between
the wall and the solution.

Taking into account the peculiarities in the tem-
perature distribution along the outer channels of the
heat exchanger we shall take AT = T/2. In this
case equation (7) takes the form

C:dT [ dx = aT [ 2rQ.

In the interval 0.6° > T > 0.15° we have C;

~ 3 J/mole-deg and dT/dx = 30T*. Integrating we
obtain (0.15)7% ~ (0.6)~% = 90AX,, i.e., Ax; = 3.2 cm.
Below the temperature of 0.15°K the heat capacity of
liquid He® can be taken equal to Cs = 24T

[J/mole - degl, then we have dT/dx = 3.7T° or after
integration T;? —(0.15)72 = 7.4AX,. The limiting
temperature which can be attained with this instal-
lation will be determined from the condition q = @,
or 100T% = 12(T4-T3), i.e., Ty = 3T,.
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Neglecting the value (0.15)~2 compared with
Ty 2 we obtain for the limiting temperature
Ty = 14(Q[mole/sec] / S[em?])", (8)

where S = 2aAx, is the total area of the lower part
of the heat exchanger. If we wish to retain one half
of the cooling power q = 2@3, then Ty = 2.3T, ;.
The temperature which will become established in
this case will be equal to

Ty = 14(Q[mole/sec 1/ S[cm?])*, 9)
while the cooling power will be given by
Wos = 50T052Q [W].

If we choose Ax, = 2m, then S =4 x 102 cm? and
for Q = 1.6 x 10™* mole/sec we shall have

To=0.009°K, 7Tos5==0011°K, Wiys=10 erg/sec

(10)

In order that T, ;= 0.001°K it is necessary for
a circulation @ = 1.6 x 10~4 mole/sec to have the
area of the lower part of the heat exchanger equal
to 8= 5x 10* cm?. The cooling power in this case
will be equal to

Wos = 8-10° ¢em = 5 erg/min

If the thickness of the walls of the heat ex-
changer is 6 it is desirable to impose on the heat
conductivity of the material of the heat exchanger
k the requirements

(#ph -+ %d)b/d >u>8/r.

For alloys at low temperatures k = kT and,
therefore, for 6 = 0.01 cm

3(0.7272 + 2.4-10-7T1) > %oT > 1.4-10~7%.

The inequality on the right hand side is satisfied
for all alloys, while on the left it has the most
stringent conditions at T ~ 2 x 1072 and reduces
to kg < 2 x 1073 W/cm deg? and is also satisfied

for a number of alloys.
We have not given here a discussion of the time

required for the establishment of thermal equilib-
rium inside the channels, but it is of order 7

= C3gb%/kgm? = 1 sec at T = 0.1°, while at other
temperatures it is even lower. It is also not es-
sential that the evaporating, and consequently also
the condensing helium has a concentration v = 0.95,
for during the process of cooling it will separate
into two phases and 95% of it will act as described
above. Difficulties could arise in the transition of
He? into the superfluid phase, but in this case the
entropy of the superfluid helium must fall with the
temperature even faster and the apparatus must
work even more effectively. But if initially the
solution of He® in He* should go over into the
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superfluid state, then the efficiency of the appa-
ratus would be reduced sharply, however such an
occurrence is not very probable. It should also
be noted that in order to reduce the quantity of
He! coming from the evaporation bath along the
film and evaporating in the warmer part of the
apparatus it is necessary in the upper portion of
the evaporation bath to insert a diaphragm of such
small diameter that it would only slightly reduce
the rate of pumping out of the helium vapor.

In this paper calculations are given for one
variant of operation of the apparatus, but a re-
calculation to any other arbitrary concrete case
with other parameters presents no great difficul -
ties.

There is no doubt that in the nearest future in-
stallations of this type will appear in practically
all the cryogenic laboratories having Hed.
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