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A generalized Boltzmann equation for the density matrix-describing polarization and the state
distribution of atoms is derived by taking into account resonance exchange of excitations in
slow atomic collisions. The atomic polarization and the velocity distribution of various density
matrix components are assumed to be arbitrary. Exact values for the relaxation coefficients
are obtained by numerical integration in the two-state approximation (s and p states). The
equations deduced are used to determine the absorption-line shape for long electromagnetic

waves.

1. INTRODUCTION

A. process playing a very important partin a
number of optical phenomena in gases is the reso-
nant exchange of excitations when like atoms col-
lide. The cross section of this process, as shown
by Vlasov and Fursov,[ g inversely proportional
to the collision velocity and greatly exceeds the
gas-kinetic cross section in a wide velocity inter-
val. In collisions of this type, a change takes place
in the polarization of the atom, the phase of the
atomic oscillator collapses, and a redistribution
of the population over the sublevels takes place.
All these processes occur at approximately equal
rates. It is of interest to take these effects into
account in the kinetic equation for the density ma-
trix that describes the polarization of the atom and
the distribution over the levels.

This problem was considered earlier by Byron
and Foley,“] D’yakonov and Perel’,t3 and
Omont,"* who obtained a kinetic equation for the
averaged (over the atom velocities) density matrix
describing the distribution over the sublevels.

They assumed that the individual components of the
density matrix have Maxwellian velocity distribu-
tions. A similar analysis was made also by Ali
and Griem,[ 5] who obtained the scattering matrix
by using perturbation theory which, strictly speak-
ing, is not applicable in this case.

The purpose of the present paper is to obtain
for arbitrary polarization of the atoms, a general-
ized Boltzmann equation for a density matrix whose
elements have arbitrary velocity distributions.
Although the distribution of the atom velocities
can usually be regarded as Maxwellian, the same
cannot be said in general of the density matrix. A

deviation from the Maxwellian distribution occurs,
for example, in an external field, and, more im-
portantly in principle, as a direct result of the col-
lisions in which excitation is transferred (the lat-
ter pertains also to the nondiagonal elements of

the density matrix). This question will be discussed
in greater detail at the end of the paper.

In addition, the off-diagonal elements of the
density matrix are not assumed a priori to be
small compared with the diagonal ones. The colli-
sion—integral terms that are nonlinear in the diag-
onal elements can obviously be important in the
presence of a strong electromagnetic field, as in a
gas laser.?

The density of the interacting atoms is assumed
to be sufficiently small, so that we can confine our-
selves to pair collisions. The kinetic equation is
in general nonlinear and integral. If degeneracy of
the atomic states is taken into account, then the
collision integral takes on a very cumbersome
form, although its structure is relatively simple.

In the second section of the paper we discuss
a general method for obtaining the kinetic equa-
tion with account taken of resonant excitation trans-
fer, while in the third section we derive an equa-
tion for the density matrix of an atom with two
states (s and p states). We note that the excita-
tion-transfer cross section and the scattering ma-
trix were obtained for this case by Vainshtein and
Galitskii.t"

DWe note that in a gas laser the parameter N X* (see form-

ula (23)).is of the order of unity, so that the collisions under
consideration can determine to a considerable degree the char-
acteristic relaxation time. In particular, they can make a con-
tribution to pressure effects[®].
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Finally, in the last section of the paper we con-
sider, by way of an example illustrating the appli-
cation of the derived equations, the question of the
shape of the absorption line of long electromag-
netic waves. It turns out that the absorption line
shape differs somewhat in this case from a Lo-
rentz shape and is asymmetric.

2. KINETIC EQUATION

We consider first the general scheme for ob-
taining a kinetic equation for the density matrix
pmn(V)- Leaving out for the time being, for the
sake of brevity, the indices that number the Zee-
man sublevels, and using the energy representa-
tion, we can express the collision integral for
pmn(V) in the usual form

Opma(¥) Storn (V) — Stonn (v). 1)
ot
The departure of the particles from the phase vol-
ume is determined by the number of collisions of
the atoms per unit time, so that the departure
term has the standard form

Stun (V1) = pmn (V1) § dadvy vF (vy), @)

where da =a da d¢ is an area element perpendicu-
lar to the relative velocity v = vy — vy, and F(v)
is the atomic-velocity distribution function

F(v)= D) pmm (V). (3)

To obtain the emission te?m in (1) it is necessary
to consider first the problem of collision of two
atoms.

We denote by Cy,n the amplitude of the proba-
bility that the firstatom is in state m and the second
in state n. Recognizing that in the case of slow
collisions the transitions in a quasimolecule con-
sisting of two atoms occur only between states with
identical energy, we can express the result of the
collision in the form

C7nn(+°°) = Pmncmn(*‘oo) -+ iancnm(_oo),

Pmn - an, an == Qnm- (4)
The amplitudes of the probability that the atoms
remain in the initial state (Pp,,) and that they go
over into the state of the incoming atom (Qmn) de-
pend on the impact parameter and on the collision
velocity.

We note that the probability amplitudes of the
quasimolecule states determine a two-particle
density matrix R(vy, Vy), viz., R ran?
= CmnCmE rp’s Where the superio;nlcr)grngenotes aver-
aging over the ensemble of the atoms. We assume
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further, by analogy with an ordinary rarefied gas,
that R(vy, v,) breaks up approximately into prod-
ucts of single-particle density matrices:

R(vi,va) = p(v1) X p(v2). (5)

We assume here that a direct product of the single-
particle density matrices is sufficient, since the
quantum effects connected with overlap of the elec-
tron shell can be neglected. Recognizing that the
arrival term is given by

S da dv,v Spe {SR (v, v2) St} ,

where S is the transition matrix defined in (4) and
Sp, denotes summation over the indices of the in-
coming particles, and using (5), we can obtain for

Sty the following expression:

Stinn (V1) = § da dvav D) {PmiPni’ Omn (V1) o1 (V2)
!

+ lein* Omn (Vz) pll(vi) + ilepnl‘pln (vl) Pim (VZ)
— iPruQni"pmi (V1) n1(V2) }. (6)

We took account here of the fact that the main con-
tribution to the exchange of excitations is made by
collisions at large distances (on the order of
ayVvy/v > a;, where a; is the dimension of the
atom and v, the characteristic velocity of the elec-
tron in the atom). Therefore the change in the ve-
locity of the atom upon collision can be disre-
garded.

The individual terms in the right side of for-
mula (6) have simple physical meaning: the term
with P? describes the arrival of atoms in the state
prior to the collision, the term with Q, the arrival
of atoms that go over into the state of the incoming
atoms, and the term with PQ the arrival of the
atoms in mixed states.

We note that by virtue of the unitarity of the
transformation (4), the equilibrium distribution

pmn0 ~ 6mn exp {—‘(Em + ]l[vZ/ 2) / kT}

causes the total collision integral to vanish.

If we take the trace of (1), we get in our approx-
imation, in lieu of the ordinary Boltzmann equa-
tion,

F(v) /ot = 0, (7)

which obviously means that exchange of excitations
does not change the atomic velocity distribution
function.

3. THE TWO-LEVEL APPROXIMATION

We now consider in greater detail the effects
connected with the degeneracy of the atomic levels.
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We confine ourselves here only to transitions be-
tween states with momenta zero and 1. In this
case the index m takes on the values 0 and 1i
(i=1, 2, 3).

At large distances, only the dipole-dipole inter-
action of the atoms is significant

(dydy) _3 (dir) (dor) . (8)

r3 i

V(l‘) = -

In the dipole approximation, the amplitudes of the
states of the quasimolecule, in which both atoms
are in 0 or 1 states, are not changed by the colli-
sion:

Coo(+00) = Coo(—00), (i 1j(+00) = Cy;, 1;(—00) (9)

The amplitudes of the remaining states of the qua-
simolecules change in accordance with the follow-
ing equation (repeated indices will henceforth sig-
nify summation from 1 to 3):

Co, 1i(F00) = P;iCoig; (+o00) + iQi;iChj, 0 (—o00),

the matrices P and Q being real (see (19)) and
satisfying, by virtue of unitarity, the relation

PPy~ QunQi = 8m,  QuPi = QuPi.

It is convenient to introduce a special notation
for the density matrix:

(10)

(11)

% * * *
n— CoCo‘, n; = C“Cg , ni; = nj; — C”CU .

(12)

We note that the atomic velocity distribution func-
tion is, in the case of two states, obviously f(v)
=n(v) +njj(v). We shall normalize f(v) to unity.

We now write down the collision integral for
the individual components of the density matrix.
Splitting the two-particle density matrix in accord
with (5) and using (9) and (10), we get

on(vy)
ot

+ QuQumnri(vi) n(vz)

=N S da de v {(Pikpu —_ 6k1)nhl(vz)n(v1)

+ iQuPuny (Vi) ni(v2) — iQinPimi” (Vi) i (v2) }. (13)
6n,~ (Vi)
oL =N § dadvo v {(Pis— 8ux)ma (Vi) (v2)
+ i (v1) (Pri — Omi) nua (ve)
+ iQinnr (Vo) (Vi) — iQuiny (vi) nr. (v2) }, (14)
any;
—E% =N g da dvov {(PirPji — 8indj1) nua (Vi) 7 (Va)
FQirQjinuy (Vo) n(v4)
+ 1P jn (Vo) " (Vi) — iQuPuny (Vo) ny(vi) }. (15)

Here N—density of the atoms.
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With the aid of (11) it is easy to establish that
not only the distribution function f(v), but also the
total number of particles in each state is con-
served

on;; (v)_ _
at

on(v)

de—m—_ {a 0. (16)

Equations (10) and (13)—(15) have been written
out in an arbitrary system of coordinates. Yet the
transition matrices P and Q are best calculated
in a coordinate system fixed in the collision plane,
where we shall denote them by P? and Q. It is
clear that P and Q are connected with P° and Q°
by the orthogonal rotation

Pij = DipDii Py, Qi = DD, (17)

where Djj’ = (e e‘{f) and e; and e‘{, are unit vec-
tors of an arbitrary coordinate system and of the
coordinate system fixed in the (a, v) plane. As
shown by Vainshtein and Galitskﬁ,[” the transition
matrices P’ and Q' are of the form

Pif’ = 0iiPi + 2P, Qi = 8ijQi + €2:,Q,

Py + iQy = e~4e,

(18)

Py + iQ1 = cos y ei@a/3-v),

P; + iQ3 = cos y ei@a/3+) P + iQ = sin y e2i®3, (19)

It is assumed here that the vectors a and v lie in
the plane (1, 3), with v directed along eg. The
tensor €jjk is a completely antisymmetrical unit
tensor. The real functions X and ¢ depend on the
parameter

3 [<0]d[1:>]?
2 hva?

a =

(20)

and are determined from the solution of the system
of equations

. duy —
l_ﬂ = a{(1 — 222)us + 22 Y1 + 22u,),
. du —
i = a2Vl — u — (1 — 2% uy),  (21)
dx
vt
= ————
-Va2+ V242
with boundary conditions
ur(—1) =1, uy(+1) = cos e,
up(—1) =0, us(41) =siny. (22)

In all the collision integrals it will be advan-
tageous to separate the characteristic relaxation
frequency vy:
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_ 4
Yo =+

23
3 (23)

y = N3y, (Ax3)-1|<0|d | 1> |3,
where v, is the reciprocal lifetime relative to the
spontaneous transitions, and 27X is the wavelength
corresponding to emission at the transition fre-
quency.

Integration with respect to a in (13)—(15) can
be replaced by integration with respect to the di-
mensionless parameter a:

2nNSdaavA(a)=? S%A(a)z—\)(A > (24)
0 0

Let us expand njj (v) and Im [ni(vi)n"j (vy)] in
terms of irreducible tensors:

nij(v) = "38:;m(v) 4 ieiune (v) + i (v),

Ni; = N, (25)

nii =0,
2Im [ni(vi)n;" (va) ] = a8:v (v, v2) + vi;(v1, V2), (26)
where all 1 and v are real.
Finally, integrating in (13)—(15) with respect to

¢, we obtain ultimately after straightforward but
cumbersome calculations

(v
%— =Yy S de{Appn (Vi)n(VZ)

+ Aggn (va) (Vi) + Apgv (vi, v2)

+ Aij [Bppij (vi) n(V2) + Byqna; (v2) n(vs)

+ Bpqvij(vi, vo) 1}, (@7)

él]t (Vi)

PR YS ava{(appdij + bppAis) i (Vi) n(v2)

F(agqdij + bagAij) i (Vo) (V1) + [apgeajAjn — agpeiniAii
— ((@pq + ayp) /2 +bpq) Aijejm] Re [y (Vi) n'(v2) ]}, (28)

s
iJa(tv‘—i) =Y g ava{Sij; 1 (pp) Nue (Vi) n(va)

+ Sij; m(qq) mar(ve) n(vi)

+ Sii r(pq) via (vi, va) + 1/3(Ais — /5 845) [Bppm (vi) n(va)

- Bt (v2)n () + By (v, va) ), (29)
)y §avatianduf (v) by (Aun ()

+ buumua(v2)) 1 (v1)

b2 (Aun (vi) — maa(v) A Iy (). (30)

We used here the notation
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Sis n(pq) = "2[Cpq(8indjr + 8ubjr) + 2/s(Dpg + Dyp) 8:iAn
— Dpq(Aird; + Arbi) — Dyp (N

+ Ajdin) + 2Epq(Asj — 'adi5) Awi)

XAij(v) = Aij = vav; / V2 (31)
The remaining matrices S(pp) and S(qq) are ob-
tained from (31) by replacing q and p with p and
q, respectively. The equation for n(v) can be
omitted, so that the distribution function f(v) is
conserved.

Since the collision cross section is inversely
proportional to v, the kernels in the collision in-
tegrals are either constants or depend only on the
angle functions Ajj. The terms with index pp cor-
respond to departure of the atoms without a change
in polarization (the integral kernel 6ij), and with
change of polarization (kernel Aij)s and similarly
the terms with index qq describe the arrival of
atoms. The terms with indices pq and qp, which
are quadratic in nj, describe apparently effects of
the saturation type.

The constant coefficients in (27)—(31) are con-
nected with the scattering-matrix components
averaged in the sense of (24) in the following fash-

ion:

qu = 1/3<P10‘1 “+ PzQz + pSOii + 2PQ>7
Bpq = '2<2P3Q3 4+ PQ — P,Q, — P20,
apg = Y2 P3(Q1 + Qo) + PQ>,

agp = "1{Qs(P1 + Pp) 4 PQ»,

bpg = Y2 {P1Qs + PsQ1> — /2 (apq + ayp),
Cpq == '/ {(Py 4 P2) (Q1 -+ ()5) ),

Dpg = Cpq — apq + <P,

Dqp = Cpy— agp + <PQ>,

Zqu = (P10 + P,Q,)

+ 1.(P1Q2 + PyQy)
+ P3(Qs — Q1 — (o) + Qs(Ps — Py — P2)),
ap == (ifog(Py 4+ Po) — 1>, ag="<Q1+ Q2

bp=<P3’—P1+P2> 01+()2\\

, b:<,— Y
2 . a Qs 2

(32)

The remaining coefficients with indices pp and
qq are obtained from (33) by making in the corre-
sponding coefficient the substitutions Qj — Pj,
Q— P or Pj —Qj, P—Q. Exceptions are the
‘‘/diagonal’’ coefficients App, apps and Cpp, which
differ from this definition by a term —1, so that
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App = (Y3(P2 4 P2+ P22+ 2pP%) — 1,

<P3(P1 -+-2Pz)+P2 . 1>,

app ==

Cpp = 1/u(Py+ P3)2— 1), (33)

Using the explicit form of the scattering-matrix
elements (formula (19)) we can readily show that
the following relations hold:

App + Agq = 0, Byp + Byg = 0; (34)
ap = App — GQqq, ag = —(apq + a4p),
bp = bpp — bgq, bg = —2bpq. (35)

The coefficient Aqq serves to express the cross
section ¢ for resonant excitation exchange in the
collision of two atoms, one of which is in the s
state and the other in the p state and is unpolar-
ized:

Z3Y0
0= -——"Ayg.
v

(36)
The remaining coefficients take into account the
correlation existing in scattering between the atom
polarization and the collision velocity.

All the integrals (32) and (33) converge quite
rapidly. Indeed, in the region of small ¢, i.e., at
long impact distances, the elements of the scat-
tering matrix behave as follows:

1 —P; ~a2 P~ Q~0Q;~ad,
Q1 = _Qz = 4/sq.
Thus, the slowest to decrease are Q; and Q.
However, at small values of « the quanties Qqand
Qg are encountered only in the form the combina-
tions Q; + Qg ~ o® and QiQy ~ az, so that no log-
arithmic divergence occurs in (32).

Equations (21) and the coefficients (32) and (33)
were numerically integrated with an electronic
computer. The results are listed in the table. The
coefficients ap, aq and bp, bg were determined
from (35). To compare the results of the calcula-
tions with the results obtained by others, let us in-
tegrate Egs. (27)—(30) with respect to velocity, as-
suming formally that all the components of the

(37)

|
bowp 12 ap qq
— ,
t ! —-5.3 | 0,783 5.3

B, 461 1,24 —4.61
a 1 --5,93| 0.287 | 0,881 | 0.497
b | --365| 1,08 —-5.91
¢ -850 0.8l 0.534
D --1)33| 1.38 |0.766 1.21
/ 2.09 | 0.822 4.57
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density matrix have a Maxwellian velocity distri-
bution. The results of the integration will be de-
noted by a superior bar:

o /ot = 0: (27%)
o/ 0t = yimif,
V1= [app + agq + "/3(bpp + bgq) Iy = —8.6y; (28%)

onij / 0t = ynii, 2 = [Cpp + Cqq — 2/s(Dpp + Dyq)
+ 15 (K pp + L) ly = —Tv;

Ofic | 9t = y'7s + iy (s — 7aij) i) (29")
vV = (ap+b,/3)y = —5,Ty,
V' = (aq + bq/ 3)y = —1,9. (30")

In the last equation we used the condition f=1
Relations (28’) and (29’) coincide with the equa-
tions obtained by D’yakonov and Perel’.t3!

In concluding this section we note that the con-
dition under which we can confine ourselves only
to pair collisions signifies, as is well known,
smallness of the effective radius of the interaction
compared with the distance between particles. In
this case this condition is expressed by the in-
equality _

Yivo << (Aw) ™,

where Aw is the Doppler width. (38)
4. ABSORPTION LINE SHAPE

In this section we use the derived equations to
obtain the shape of the electromagnetic-radiation
absorption line in a rarefied gas.

To calculate the dielectric constant of the gas
it is necessary to consider the complete equations
of motion for the density matrix:

d 1
2 vV = — [0l 4 St(p),
L i
H=1H,+H, H; =E(@)d, E(t) = EetLc.c. (39)

where E(t) is the electric field intensity.

The spatial dependence of the field will be dis-
regarded, since we consider the case Aw <.
With this, condition (38) may still remain in force,
since usually vy, << Aw.

For small deviations from the equilibrium posi-
tion it is sufficient to consider only the equation
for nj(v). Separating the time dependence in the
form exp (—iwt) and discarding nij(v) compared
with n(v) = f(v), we obtain

LEid
Qni(v) = == f(v)+ ¥ § dufiagf (v)ni(w) + Ais(v — w)

X[bpf (u) 2 (v) + ibgf (V) nj ()1},

Q= i(m0— ®)—apy, (40)
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where wy is the transition frequency. We shall
assume that the atoms have a Maxwellian velocity
distribution

F(v) = (Vrs)—Ses,

It follows from (4) that the solution takes the form

(41)

W)= ()05 +h()AY) s, (42)
and the functions fi(v) and fy(v) do not coincide
with f(v). The exact functions f; and f, can hardly
be obtained, and therefore we confine ourselves to
the approximate solution obtained in the form of an
expansion in powers of the parameter v/ Q. We
note that at large values of |wy — w| this param-
eter becomes small.

The polarization of the gas in an external field
is determined by the vector nj(v) averaged over
the velocities. From (40) we obtain, accurate to
Q73

. Ed 1 by + ib
= —g(), g(Q)=—§I:1—I—(Laq+ ”32‘1)%-

by iby 2 . 2
+[<mq+ﬁ’%l ) +e(bp—§—zbq)2](%> +1
(43)
e:-;gdvdudwf(v)f(u)f(w)Aij(v—u)A”(v~w)—%.
4)

The expression for the function g() obviously @
contains terms (corresponding to the Maxwellian
part of the distribution function nj(v)) which can
be eliminated by making the substitution Q@ — Q,
=i(wy —y" — w) — vy’ (see formula (30'))

g(@) = o[ 1+ e+ v (L] +..].

=0

(45)

The term in the right side of (45), which is pro-
portional to €, is connected with the deviation of
the distribution function nj(v) from Maxwellian.
Indeed, if we neglect the correlation between the
velocity of the atom and its polarization, i.e., make
the substitution Aj; — Y 6j , then € vanishes.

The absorption coefficient is determined as a
function of the frequency by the expression

¥ ey 3y — (b0)
Re g () = (60)>+ vy {1+ ly2 4 (dw)2P .

X(bp?— b2+ 2bpb,00/V)+ ... },

(46)

S = wy— vy’ — .

Thus, the absorption coefficient is not an even
function with respect to 6w. The origin of this
symmetry can be explained qualitatively as fol-
lows. According to (42), the gas is a mixture of
dipoles of two types: ‘‘non-inertial’’ dipoles orien-
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ted along the field (distribution function f;(v)), and
“‘inertial’’ dipoles which are polarized along the
atom velocity (distribution function fy(v)). The
natural frequencies of dipoles 1 and 2 differ some-
what, owing to the interaction. For this reason,
the absorption line contour, being a sum of two
Lorentz contours, has an asymmetric form.
Collision integrals of the type given in the right
side of (40) (without account of the tensor proper-
ties) were investigated by Rautian and Sobel-
’man,[“ who have shown that when vy ~ Aw the ab-
sorption line contour becomes asymmetrical. The
asymmetry vanishes when y < Aw and v » Aw.
In the case considered by us, owing to the polari-
zation effects, the asymmetry remains also when
v > Aw, and is not connected with the corrections
Aw/7y. However, numerically the deviation of the
absorption line shape from Lorentzian is small.
Calculation of the integral (44) leads to the value

e=g/}3 — 1y ~ 3.10-2,

Using the numerical values for the coefficients
ap, aq, and bp, by, we can easily estimate that
the function g(Q,) differs from 1/Q, by not more
than 1%.

In conclusion, the author thanks V. L. Pokrov-
skil and S. G. Rautian for a discussion of a number
of problems touched upon in the work, and V. S.
Synakh and O. S. Koifman for the numerical calcu-
lations.

Note added in proof (November 2, 1966). The cross section
for the transfer excitation during atomic collisions was also
calculated by Watanabe [°]. Formula (36) coincides with the
corresponding corrected expression of [°].
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