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Parametric interaction of three intense electromagnetic modes having frequencies wy, w,, and
wg is considered. The frequencies satisfy the condition w; + w, = w3, the last one being the ab-
sorption frequency of the medium. Equations are derived describing the interaction both in the
presence and the absence of population inversion and taking the saturation effect into account.
Qualitative differences between the resonance and non-resonance interaction are considered.
Generation of sum frequency fields and parametric frequency division are investigated.
Analytical expressions are found for the resulting fields; the field values significantly depend
upon two-photon absorption of fields E(w) and E(w,). The maximum coefficient of conversion
of the fields E(w,) and E(w,) into E(wj) is also determined. It is shown that the length charac-
terizing an appreciable energy transfer between the interacting modes depends on the lifetime
of particles of the working substance in the excited state. The resonance parametric interac-
tion is found to be less critical with respect to synchronization conditions than non-resonance
interaction. Numerical computation is made for the case when the working substance consists

of impurities in a dielectric.

1. Parametric interaction of non-resonance mono-
chromatic electromagnetic modes in a dispersive
medium is well known in terms of theory and ex-
periment (see, for example,“’“). The parametric
interaction of waves having one mode frequency
close to the natural frequency of the medium has
been studied much less.[78] The mathematical
treatment in all the above papers was based on a
perturbation theory that is applicable only if the
interacting field amplitudes are sufficiently
small;4] furthermore, neither two-photon absorp-
tion nor the population saturation effect (which may
become significant in these processes, as will be
shown below), were taken into account. For exam-
ple, in the case of resonance at the second harmonic
it is necessary to consider the two-photon absorp-
tion of the incident wave energy at the fundamental
frequency as well as the absorption of the second-
harmonic field. In particular, the two-photon ab-
sorption intensity determines the value of the
doubled-frequency field that can be reached in
generation, and the lifetime of excited particles of
the working substance determines the length as-
sociated with the energy transfer between the inter-
acting fields.

The averaging method was used in[*1%] to obtain
equations that allowed for the saturation effect and

described both the Raman scattering and the
parametric interaction of fields when some fields
had resonance frequency. These equations will be
used in our work.

2. We consider an interaction of three frequen-
cies

Elexp [i(mlt—klz)] + C.cC. (1)

(here, 1 =1, 2, 3, k; = 27r/7\l, A is the wavelength,
w3 =wy twy; and E; = my(z) exp[—ig;(z)]) propa-
gating along the z axis in a medium ! of particles
whose energy levels contain levels 2 and 1, such
that

(2)

Here, wy, is the frequency of transition 2 — 1, and
0 <A =wy, wy. Henceforth we assume that level 1
corresponds to the ground state of the particles.
The complex polarization amplitude P(w;) at the
frequency wj is readily defined for our stationary
process with the aid of Egs. (4), (15), and (18)%

03 = 2 + 01 = oz + A.

DThe medium is considered isotropic for simplicity. An-
istropy is taken into account in the same manner as in the case
of the parametric interaction of nonresonance fields (see [*]).

2)Equation (18) of [*] contains an error: the right-hand side
should be multiplied by i.
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oft®) and Eq. (1) of!?®). For simplicity, a dipole
field—matter interaction is considered and the
fields E;, E,, and E; are considered polarized in
the directions a, b, and c respectively. The projec-
tions of the complex amplitudes of polarization on
these directions are then determined as follows:

P, (w1, 2) €712t = Spe, 5 (PP (01,2) }

= D {Pec, vyqt P19 (01, 2)+ P, byz2g Pu2(01,2) ],
q
Pa ((1)3) ei“)st — pa21 012 e’i(ﬁ)a—A)t

(3)

Here, p is the dipole moment operator, and Pemn:
Pbmns 8nd pamnp are the projections of its matrix
elements on the directions of fields E;, E,, and E;.
The expressions for matrix elements pyq and pg,

of the density matrix p are determined by Egs. (15)
oft9] (wherewe set j=1,i=2, 0 =1, =2, and
Awg, g = 4), and 0y, is obtained from Eq. (18) of?],
taklng account of Eqg. (1) ofl 101 Asa result, we
have

Po(01) = —d[A2patar EsEy" eithtoz

+ 13| r|2| Ey|2E e~ Nn, (42)
Py(w2) = —d[A2Pparar” E3E," eithi—hoz

+ #3|r|2| E;|2Eze~*2] Nn, (4b)
Py (03) = —d[A2pgurE Eqe—ithrthoz

+ A~| paa1 | 2Ese~**] Nn, (4c)
where

i ( Peig Pogz | Peg2lbig )
Wgz + @2 g2+ O

-1
d—[Ti—f—z(A—lelEl )] (5)
I==1
r characterizes the intensity of two-photon absorp-
tion, N is the particle density, n is the population
difference between levels 1 and 2 for a single par-

ticle:
n=mne{l+ 4h~4[h2| pazs |2| Es|?

+ 2% Re (pasrEr\EoE 3" eiths—hi=ha)z)

+ |72 E4|2| E2| %] [T2 + (A — Q| E1[?)2] T},

(6)

n, is the equilibrium population difference, 7 is the
particle lifetime on level 2, T is the linewidth of
transition 2—1, and ZQ;|E;|? determines the change

in frequency wj; due to the fields E;. The coeffi-
cients ©; can be found from Eq. (1) ofl10],

2 f | (puE) |? [coq,l (p1gEi) |2
_—— 6 P ek A
. 2 U oy 4 oy T Z X — o2

+(ﬁ2q| (Pg2Ei) 2—' 7

(qu - (0[ J
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(613 is the Kronecker delta).

Let us now consider Egs. (4a)—(4c). The first
terms in the numerators of (4a)—(4c) define the
part of polarization due to the parametric interac-
tion of the fields, while the second terms in (4a)
and (4b) are associated with the intensity of two-
photon processes. Let us note that the quantity r
defining this intensity is also included in the first
part of polarization.

In a general case the ‘‘non-resonance’’ part of
the interaction should also be included in the com-
putation of P(wy); for this purpose, the correspond-
ing terms

YeabBsEy et etz ) ELE " etthi=haz 5y B Ese—ithithiz - (g)

are added to (4a)—(4c). Here, xyp etc. coincide
with the components of the susceptibility tensor
(see expressions (22.23) in{4)) without the reson-
ance terms.?

Of interest is the case in which the resonance
part of polarization plays the major role; accord-
ing to (4) and (8), this calls for

| pazsr| = 12T, (9)

where ¥ is the ‘“non-resonance’’ part of the sus-
ceptibility of a single particle. The above inequality
is satisfied if, for example, a two-photon transition
between levels 1 and 2 is well resolved (for optical
frequencies |r| ®107% cgs esu), while a single
photon transition is resolved only up to the mag-
netic dipole approximation (|pa,| 2 107! cgs esu).
In fact, assuming that x has the value of the
susceptibility of KDP (¥ #1073! cgs esul®)) and
that T ~10™!! sec, we find that the left-hand side of
(9) is more than 100 times larger than the right-
hand side. Furthermore, from now on we will
neglect the frequency variation of transition 2—1
as compared to the linewidth T~!. It follows from
(7) that this is justifiable when E < 3 x 103 cgs esu
(~10% V/cm) for the parameters given above.
Taking all the above considerations into account,
we use Eq. (4) to find four equations for the real
amplitudes m;(z) and phase differences ¢4(z) + @,(2z)
— @y(z) + (6K)z = 6(2) 4], where 6k = k; + k, — ky:

4)

3)Expressions (8) are obtained by inserting in (3) the values

of (2 taken from (6) of [°].

#In this case, p,, and E, denote the matrix element of the
magnetic moment operator and the magnetic field amplitude re-
spectively. All the py,, will henceforth be considered real.
Consideration of py,, as a complex quantity does not yield qual-
itatively new results and merely renders the exposition more
difficult.
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dmy, . ’. " Therefore, we can assume that 6 = 7 in (10a)—(10c).
dz F Bramiz = —{(Bi2sin 6 + Bz cos 0) maums Introducing new variables we obtain
+ bilém;,imi,z] n, (10a,b) ,
d zy 0= (02,101""7 [ hiay 2) hmy 2= (4r2w2 TT[ Fhw1,2) my,, (14a)
m
dzs + Bsms = { (B3 sin 8 — Bs” cos 0) mymy — bs"ms)n, y = (Aas"’1) "smg = 2hpa2s (v T) oms, (14b)
(10c) N = (wmazfia”’v1) ""n = nroiwNT'5n [ 2h(kikat)>  (14c)
_’ﬁ = ok + [(Bin malmy + By myms +By” mymy )sine and using (12), we write (10a)—(10c) for 6k=A =0
dz \ my my ms in the form
y My, , My, Mg (B o
+ (Bs mg B, ms B, my )cos 0= (bi'm; dzip/ dz + Braxie = 221 (y — z422)n,  (15a,b)
(10 dy | dz + Bsy = A (2122 — y)m, (15¢)
byme)+ b ] n. 0d)
om b n=mo/ [+ —)], m=n (r=n), (150
The following notation is used in (10a)—(10d): By is 2, y
= 2 16
the linear attenuation coefficient for the I-th field A = 2pan 03 (T1/0s02) . (16)
in the medium, 3. We consider frequency doubling
B, = B/ + iB)” = wg, 01 = 02 = 0, ©O3=20. (17

a = nw2N [ 2¢k;, g = 4paurT (i + TA) [ i2(1 + T2A?),
bl = bl, + ib[” = ai,

ay = Qg = 47‘2T(l —|— TA) /ﬁ3«(1 + TZAZ),

a5 = 4pauT (i + TA) /h (1 4 T2A%). (11)

Let us note that the resonance absorption of field
E; in the medium is defined by the term b;”msn in
(10c).

Using the above notation, the population differ-
ence can be described by

n =ne[1 4 fi-tt(as"ms2 + 2g"mymoms cos 6 + a”"mms2) | 1.
(12)

It should be remembered that Egs. (10) are valid
when A < w,, wy and conditions (9) are satisfied.

In a general case an analytic solution of (10) is
not possible. Nevertheless, the qualitative differ-
ences between resonance and non-resonance
parametric interaction can be readily observed
in the case of 6k = 0 and A = 0. Moreover, this
example permits us to evaluate the maximum ef-
fectiveness of the resonance parametric conver-
sion (the case of 6k # 0 will be considered in Sec.
5).

When 6k = A = 0, Eq. (10d) assumes the form

de

+ B.” mymsg myms
2
1

+ By

my ms

)nsin 0. (13)
m

It can be readily seen that the plane 6 = 7 is stable
when n > 0 (the working level populations are not
inverted).

It is useful to analyze the process of generating
one of the E; fields when its intensity at the boun-
dary is close to zero (or, more precisely, when its
intensity is determined by noise). According to (10)
and (13) the rate of approach of the phase differ-
ence towards the plane 6 = 7w is then much higher
than the rate of change of field amplitudes m;.

Then x4 = x,.

Let us note that the plane x; = x, is stable when
B4 = B,. This is readily demonstrated by multiplying
(15a) and (15b) by x; and x, respectively and sub-
tracting one equation from the other. For example,
the condition § = B, is satisfied if w is little dif-
ferent from w,. Therefore all the relations obtained
for case (17) in terms of the variables x, y, and 7,
are also valid for the interaction of fields with
close frequencies w{ and w,. In this case the am-
plitudes m;, m,, and m; must be determined from
(14).

Thus let us assume that x; = x, = x, neglecting
linear losses from now on. Then we obtain from
(15a) —(15d)

gz _ 2 =)o (182)
dz 14 (y — x?)2
ay _ , (Z—y)no

where, if (17) holds, x and y are determined as
before by (14a) and (14b); the amplitudes of the
first and second harmonic will be denoted by m
and M respectively.

A= 2p221r—1 (xT)*%, N = 2n02rNnT'"% | ik,  (19)?

5)A direct check will show that P(¢) derived similarly to
(4 a) and (4 b) is twice as large as P(w , = », E, = E) ob-
tained from (4 a) in the case of degenerate frequencies
®, = w, = . The coefficients in (10 a) increase in a correspond-
ing manner, thus changing  and A. We obtain a smooth transi-
tion from (14) to (19) when w, » w, by allowing for the slow
motions ~ exp|i(w, = w,)t] in the derivation of the initial short-
ened Egs. (10) of [’] and Eq. (1) of [*°] for w, -~ w, = T™*; then
P(w,) in (4 a), for example, will acquire the additional terms
~ E,E,* and |E,|2E, which lead to the above increase of P(w)
when @, - w,.
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Dividing (18a) by (18b) we obtain the first integral

y—yo=Aln(x/z), (20)

where

2o = z|,=0; Yo=Y |e=0. (21)

It also follows from (18) that the ratio of ampli-
tudes of the second and first harmonics tends to
the following limit,? regardless of the boundary
values (21):

ym/meZ y (22)

with 7 =7, (n = ny. Consequently in the presence
of an incident field of frequency w the population
difference n near the boundary is less than the
equilibrium value because of the two-photon ab-
sorption of field E(w) and the single-photon ab-
sorption of field E(2w), which occur in the system
as a result of the synchronization conditions.
E(2w) grows in the z direction and the parametric
interaction of E(2w) with E(w) increases n and
returns it to the equilibrium value.

Using (20) and (22) we now find the limiting
values of the field amplitudes established in the
course of the interaction

Yoo + 12410 Yoo = 2oo? + A In 2o = yo + A In z,.

Let us consider the generation of the second
harmonic y, = 0 (My = 0). From (23) we find m,,
which is the boundary value of the first-harmonic
amplitude necessary to obtain My,4%, the limit of
the doubled frequency field amplitude

(23)

rool4 (24)
(25)
Mpax is expressed in terms of y. with the aid of
(14b).

As is known, a total energy transfer from the
first to the second harmonic is theoretically possi-
ble in the course of non-resonance frequency
doubling. It readily follows from (24) that in the
case under consideration the conversion factor
@ = Mpyax/m, reaches a maximum at m, #1.16 v;
Umax ~ 0.43. Here Mpax = 0.5y and the ratio of
energy converted into the second harmonic to that
absorbed by the material is W¢ono/Wahgl 7z — oo
~0.35. If

Ty = yoovze or my = (YMmax) 1/’Blwrnaa:/v,

Y = ﬁpam /r,

Mopox << , (26)

an approximate formula can be used instead of (24):

6)We will show below that for y,/x,2 # 1 we havey > y_
and x> x_ as z > ~ (see (28) and (29)).

1015
Mo = moz/Y = (r/ﬁpaZi)moz. (27)

For r ~10°% cgs esu, pgy; ® 107%° cgs esu, and

vy = 10% cgs esu, the inequality (26) is satisfied
when m; £ 0.3y (~10° V/cm). In this case the con-
version factor is

G = Mo/ Y. (28)

Let us analyze the dependence of the doubled-
frequency field amplitude upon the coordinate.
From (18b) and (20) we have

v
2= (Ano)t { {(aedwotia — t)~t | perumoia — ¢} dt.

Yo
(29)

In the general case the integral (29) cannot be
expressed in terms of elementary functions. How-
ever, it can be computed approximately for
Voo < A (Mmax < v). We confine ourselves here to
the case where the field of the first harmonic can
be considered as given (condition (26) is satisfied).
For y, = 0 we obtain

z2= (Ano)yz*(L —y/z®) —In (1 —y/z?)]. (30)
In dimensional variables we have
. c?k [ Trmg? ( [ — hpaoaM ) u
2NV P21 h2 7‘777,02
h hpeaM
— In (1 _ 2Pa )] (308)
4pouT rmg?

The first term in the brackets of (30a) is due to
saturation of the working level population differ-
ence. This term can be neglected if (see also (15d))

22<<1 or me<<h?/2r(<T)'", (31)

As we know, in the case of non-resonance fre-
quency doubling, in the approximation of a given
first-harmonic field, the distance required for the
second harmonic amplitude to reach a value y, is
inversely proportional to x3.13] In the case of
resonance doubling, as follows directly from (30),
there is an optimum value of x}

Zoopt = Y2/2 4+ (Y4 + 1),

such that z(xg = Xgopt) = Zmin- The value of zn,jp
can be found from (32) and (30).

We perform some numerical computations, as-
suming that an impurity dielectric is the working
substance that is capable of satisfying the synch-
ronization conditions. Let m, ~ 2 x 10% cgs esu,
Past ~ 10720 cgs esu, r ™ 107! cgs esu, w ~ 10!° sec™
T ~# 107! sec, Nn, ®10%, and lifetime 7 <« 1077 sec.
Then (31) is satisfied and (30a) yields L ® 1072 cm
for M(z = L) ®2 X 10% cgs esu (@ = 10% and

(32)

1
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M = 0.5 My,5x). The corresponding conversion
length for KDP is L ~ 0.1 cm (see 3.36 a in[3)).

Thus a material that is unsuitable as the work-
ing substance in a non-resonance parametric con-
version (condition (9) holds) can be adequate for
resonance conversion if the two-photon transition
between levels 2 and 1, satisfying resonance con-
dition (2), is allowed and the linewidth of transition
2 — 1 is sufficiently small.

Given a material of density N = 102°, a conver-
sion factor of @ ®10% can be obtained over lengths
of the same order as in KDP crystals or even
shorter. Let us note, however, that the above
values for p,; and r are optimal in the sense that a
considerable decrease of p,; " from the above value
(1072 cgs esu) increases the conversion length; at
the same time, as we noted above, o cannot exceed
Qmax = 0-43. On the other hand, an increase of
Payi decreases the conversion factor (see (28)).

It is also of interest to determine the distance
in which the second harmonic field amounts to a
considerable fraction of My5%, such as
M= 0.9 Myax (v = 0.9y). Let M. = sY
(Yoo = sA), where s < 1; then according to (27) and
(30)

Zo = (314) l/21 LO,Q = (Aﬂo) - (2'3 +0.09 S2AZ) » (33)
or
hcck 0.57 2 T
i Lo S (9T )
my == s'hy; 0.9 0PN\ P T ~+ 0.0952pga4 =

(33a)

It follows from (33a) that L 4 depends significantly
upon the working-substance particle lifetime at
level 2 if

TX Tt & 62/2pau. (34)

For the above parameters of the material and
for m, 2 X 10° cgs esu, we obtain o, = 0.2,
s =4X 10‘2, and Terit ~ 4% 1078 sec. For 7 &
we get Lj 4 © 0.1 cm.

4. Let us consider the problem of the parame-
tric frequency division. According to (20) a field
of frequency w can be amplified only if y, > A
(M, > v). This is difficult to achieve if
v 2 10% cgs esu (the limiting values of the fields
when y; > A can be found from (23)). The conver-
sion factor can be increased considerably by plac-
ing the working substance in a resonator with a
frequency w. We consider here parametric fre-
quency division in a traveling-wave resonator.

Terit

7)Note that P,., €an be reduced by suitably orienting the
field E, with respect to the direction of p,,.

G. L. GUREVICH and Yu.

G. KHRONOPULO

The walls of the resonator are assumed transpar-

ent to fields of frequency 2w (or wg). The phase

difference is again assumed to be 7, for during

the establishment of the stationary distribution of

the field E(w) the growing resonator fluctuations

will be just those characterized by the stable value
= m. Using (18a) and (20), we obtain

1
i 2 [yo - ?A In (x/z0)2 — ;,;z] Mo

dz

- —. (35)
14 [yo — 5 Aln (2/z0)— zZ]

Assuming that the reflection coefficient R satisfies
the condition R°'!1— 1« 1 forz =1 (I is the length
of the resonator), and R = 1 for z = 0, we can ex-
pand In(x/x,) in a series. Using only the linear
terms of the expansion and integrating (35), we ob-

tain
— zzv] s

where v=1 + A/ZX%, u=y,+A/2, and T is the
integration constant.
The boundary conditions can be written as fol-

lows:®’

(z2v) e

u — 2t

z+ T = no—‘[ln‘ (36)

14+ T =9q(z),

where ¢(x) is the right-hand side of (36) and x is
the field in the resonator for z = [. Subtracting
the first equality from the second, we find the
resonator length necessary to obtain x;

ni=[wo+ (v0+5 ) —2](1—R)

I'= ¢(‘z0)y

Yo — Razp?

n .
Yo+ (A1 —R)/2)— z2
It follows from (37) that the limiting value of the

field in the resonator is

Tl max = [yo—A(i —-R) /2] h,

+(!/o+—g)_‘l (37)

(38)

Therefore, intensive conversion requires an input

field of y, > A(1 — R)/2; it should be noted that the

field in the absence of a resonator should be y, > A.
The field at the output from the resonator is

xp =x7(1 — R). Using (38) we find it to have a

maximum for R ® 1 — 4y,/3A. Since we have as-

sumed that R is close to unity, the last statement

is valid for 4y,/3A <« 1. Then

Zb max = 4Yo'/3 }IEA (39)

8)Only amplitude relations are considered here. To deter-
mine the frequency spectrum of the resonator it is necessary
to consider the field-phase equations in addition to (35).
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Let us note that according to (39) x(I) becomes
a two-valued function when

A(1—R) A2(1 —R)? 'z
4 . [ 16 + 1] - 40
Consequently, if (40) holds, two different field

distributions of the first harmonic are possible

for the same length [ in the resonator.” The quali-

tative dependence of x; on [ for this case is given

in Fig. 1 (curve 1). The value of xj ,,;, is readily

determined from (37)

H>Yx

2RZ}min = yo(1 + R)— AR(1 — R)— {{yo(1 + R)

—(yo+ AR) [ (yo + A) 1} ™. (41)
The values of lmin are found by substituting (41)
into (37). It should be noted that when (40) holds,
the value of I corresponding to x; = 0 does not
correspond to the threshold: stationary solutions
are also possible for lower I (see Fig. 1). This
means that the excitation conditions cannot be ob-
tained in our case with the aid of a linear approxi-
mation in terms of le.

) min A

FIG. 1. Parametric frequency division. Field as a function
of resonator length; curve 1-y, > Y; curve 2—y, <Y.

We conclude this section with numerical com-
putations. Setting y = 10% cgs esu, M, ~ 10° cgs esu,
R ~0.96, T=10 ! sec, 71078 sec, and N ~ 10?",
we find from (38) and (14) m; max ~ 2.5 X 103 cgs
esu, and my 1, ~ 10% cgs esu. Let us note that
(40) does not hold here and a unique field distribu-
tion of the first harmonic is possible in the resona-
tor (Fig. 1, curve 2). The stationary-solution
criterion is found from (37): 7 > 0.1 cm. A reson-
ator length 7 ® 0.25 cm is necessary to obtain
mjy ~ 103 cgs esu.

5. We consider the qualitative description of the
phenomena in the case of incomplete synchroniza-
tion 6k = 0. The detuning A is assumed equal to
zero as before. The equation for 6 = 2¢(z) — ¢,(z)
+ (6k)z is obtained from (13) by adding 6k to the

9We are not concerned here with the time stability of these
distributions.
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right-hand side. Let us introduce a new variable
@ =6 — 7. Then (13) assumes the form

do [ dz = —f(z) sin ¢ + Ok, (42)

where f(z) is the coefficient of sin 6 in (13).

We now show that the function 6(z) has an upper
bound when [6k| < min f(z). To consider an actual
case, we assume that 6k > 0 (the case of negative
6k is considered in a similar manner, replacing
¢ by —¢).

Let us introduce two functions ¥(z) and ¥,(z)
such that

dys [ dz << —f(2) sin ¢y + 6k,
e [ dz = —f(2) sin 2 + k. (43)
Then, if zp,J(O) = @(0) = ¥,(0) we have ¥(z) = ¢(z)
= zpz(z).[“ We set ¥ =0 and ¥, equal to the solu-
tion of the second equation of (43) in which f(z)
= fmin- Here
A2 [ dz2 = —fmin sin P2 + 8k = —f(z) sin ¢2 + Ok,

fmin"i"q_'(fmin'—Q)Kezq (44)*

P2 (2) = 2 arctg 8% (1 — Kewd)

where
g=1F,,— Ok
_ 6ktg i/2'472(0) — fmin—q
6k tg 1/2‘472(0) — fmin +q
It follows from (44) that ¢, tends to the limit

fmin —4q
ok ’

]

P2(00) = 2 arctg
If
(k)2 <frmin, (45)

hy(®) ~6k/fin- Thus, if (45) holds, ¢ tends to the
region

0 << 9 << 8k/ fmin (46)

and 0 = 7 +6k/f,,i,- Here, the rate of change of ¢
along the z axis, equal to [f* — 6k 2?2 (see (44)),
is the minimum rate. In fact, as noted above, this
rate, which is proportional to m(z)/M, (or to
mm,/ms), is much larger than the minimum in the
case of frequency doubling (or frequency addition)
when M, ® 0 (m3 = 0 for z = 0) (see (42) and (13)).

To determine f,ij, we can use the results of the
analysis for 6k = 0. Then, according to (13) and
(24), if (26) and (31) hold,

minf ~ min By’ —7 _ —pr-"__p

M(z) M (c0)

*arctg = tan™, tg = tan.
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Using the above parameters of the medium we find
that fin ®10—100. Consequently, cos 6 =
= [1 — (6k/fpip) ¥l for 6k < (3—30) cm™ 1 in the
range defined by (46).
In the case of insignificant saturation Eqgs. (18)

have the form

) 2

2= Al= (=% )]

dx'& Q)Z
== (1=F) —# ]

If A > 1, y rapidly reaches the range of slow mo-
tions

(47)

y = z2(1 — ¢2/2) (48)
and remains there. Therefore
20)2
dz?/dz ~ — 2rtq?, *? (=) (49)

F 2@

Here, xY is the value of x for which the representa-
tive point falls within the range x:—y) ~¢?/2

(see Fig. 2). According to (48) and (49), x and y
tend towards a stable equilibrium condition y = x

= 0, rather than towards the singular curve x% = y

2
/
e 4 FIG. 2. Phase plane in the
()3 ------2 o case of incomplete synchroniza-
//// tion (explanation in text).
4
y

10)Let us note that in the case of the parametric frequency
division the requirements imposed on §k are more rigorous,
since f;, depends on the population difference n which, owing
to saturation, can be small near the boundary in the presence
of a strong resonance field m,. Furthermore, df|dz|,_,~ myn|__/
is in this case smaller, generally speaking, than in the case of
frequency doubling.

G. L. GUREVICH and Yu.

G. KHRONOPULO

as in the case of 6k = 0. The rate of this motion,
according to (49), does not exceed 2x§¢?.

In conclusion let us note the following. If we
specify the ratio of the first and second harmonic
fields at the boundary as yMy/m3} ~ 1 (M, < m,),
then the resonance field of the frequency 2w at
6k = 0 propagates without absorption (neglecting
linear attenuation), as follows from (22) and (23).
For 0 < 6k < fy,ip, Egs. (47) are valid; it follows
from (49) that the second harmonic field attenuates
by less than a factor of two at a distance of
74 ®1/2¢%%3. For m; ~ 2 X 103 cgs esu,

Y= 104 cgs esu, and ¢ ~ 0.1, we have z; ® 20 cm.
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