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It is shown that the low-frequency oscillations of a collisionless, inhomogeneous, finite-
pressure plasma comprise two wave types; these are similar to the Alfveén waves and the slow
magnetosonic waves in a homogeneous plasma. Instabilities due to spontaneous excitation of
these oscillations in a finite-pressure plasma are considered. As in a homogeneous plasma,
there is no interaction between resonance particles and the Alfvén waves in the approximation
in which the ion Larmor radius is taken to be zero. However, these waves can be associated
with a hydrodynamic instability if the plasma pressure is comparable with that of the magnetic
field and if the temperature and density gradients are in opposite directions. A large class of
plasma instabilities is associated with magnetosonic waves, these instabilities arising from
resonance particle effects. Certain new plasma instabilities of this kind are considered. In
general, these instabilities arise when the relative temperature gradient is comparable to, or
greater than, the density gradient and is of opposite sign. The ion temperature instability of a
finite-pressure plasma, known earlier for a low-pressure plasma in which 8 In T/8 Inn > 1,
is also discussed. It is shown that this instability disappears when the plasma pressure is

greater than the magnetic pressure.

1, INTRODUCTION

MAGNETOHYDRODYNAMICS (MHD) reveals that
there are two waves that can propagate in a uni-
form conducting medium in a fixed magnetic field,
these being the magnetosonic and the Alfvén
waves.'!) These rather simple wave modes have
analogs in media for which the MHD description
does not apply, for example, in a uniform colli-
sionless plasma. In the present work we consider
the waves that can propagate in an inhomogeneous
collisionless plasma. As in the conventional MHD
approach, we take the gas pressure P to be com-
parable with the magnetic pressure B§/87r. A
plasma of this kind will be called a ‘‘finite-pres-
sure’’ plasma (in contrast with a plasma with
small 8 = 87rP/B%, which is usually called a ‘‘low-
pressure’’ plasma).

The question of wave propagation in an inhomo-
geneous plasma is closely related to the problem
of plasma stability. This is due to one extremely
interesting feature of these waves, the fact that
they can be excited spontaneously. A number of
earlier authors have considered the stability of an
inhomogeneous finite-pressure plasma in papers
which are reviewed in various surveys.[z’ 3) These
authors have investigated plasma stability in the
presence of current flow, anisotropy, curvature

and other features whose role is fairly well known
at the present time. In this connection it is of in-

terest to consider the so-called ‘‘microinstabili-

ties’’ of a finite-pressure plasma which have been
investigated in L4-8]

In the work cited above a number of simplifying
assumpl:ions1> have been made in order to over -
come certain formal difficulties® which arise in
the analysis of a finite-pressure plasma. Because
of the assumptions that have been made, the re-
sults that have been obtained are useful for only
relatively few cases in practice; specifically, the
cases are a pinch in the absence of an external
magnetic field, a long pinch in a magnetic field
with lines of force that are straight and parallel,
and a plasma in a curved magnetic field in which
there is no shear.

In the present work the investigation of oscilla-
tions in a finite-pressure plasma is carried out

DWaves for which k-B, = 0 are considered in[*7"]. In [*]
waves for which kB, # 0 are considered but the temperature
gradient is not introduced and it is also assumed that o >>wm;
k is the wave vector and wm is the magnetic drift frequency
(cf. Sec. 2).

2)The basic difficulty in the analysis of a finite-pressure
plasma is the fact that the number of unknown perturbation
functions is greater than in a low pressure plasma.
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for arbitrary temperature and density gradients,
arbitrary oscillation frequency w, and arbitrary
magnetic drift frequency wy;. The direction of the
wave vector k with respect to the unperturbed
magnetic field B, is also arbitrary.

Although a large number of authors have con-
sidered waves in an inhomogeneous plasma, there
are a number of reasons for which the problem we
consider here has not yet been treated. One of
these is the fact that in most present-day experi-
ments in plasma physics it is only possible to ob-
tain plasmas at extremely low pressures; for ex-
ample, in Tokomak, according to 32 B = 81rP/B§
~ 107° whereas in the experiments carried out by
Ioffe and his colleagues[ 103 we find BS3X 1074,
Thus, in most theoretical investigations as well as
in other present-day experiments the parameter
is taken to be very small (cf. for example, one of
the recent reviews!!!1 and the literature cited
therein). Another factor that has tended to inhibit
the interest of theorists in plasmas with finite g
is the fact that the equations for this case are ex-
tremely complicated as compared with the equa-
tions that apply for a low-pressure plasma. How-
ever, recent experimental work! 1% 13) indicates
that plasmas with finite 8 are becoming available.

Recently, Mikhailovskii has carried out an
analysis[ 143 in which waves in a plasma with finite
B were investigated in the hydrodynamic approxi-
mation. It was shown in this work that the low-
frequency long-wave oscillations of an inhomo-
geneous plasma (w < wBj, k2p§ < 1 where wBj
is the ion Larmor frequency and p; is the ion
Larmor radius) can be divided into two wave
classes which are independent of each other and
which are the analogs of the usual magnetoacous-
tic waves and the Alfven waves. Mathematically,
this procedure corresponds to separation of the
general plasma oscillation equation into two inde-
pendent equations in the limiting case w < wgi,
kzp% <« 1. The analysis in L14) is based on the use
of the two-fluid hydrodynamic equations““ which,
in general, do not apply for the description of a
collisionless plasma. Thus, in the final analysis,
in order to investigate waves in an inhomogeneous
finite-pressure plasma it is necessary to use a
kinetic investigation.

In the following sections of the present work we
show that as in a uniform plasma, in an inhomo-
geneous collisionless plasma at arbitrary pres-
sure there are two wave modes which are the ana-
logs of the magnetosonic waves and the Alfvéen
waves. The analogy stems from the fact that the
collisionless inhomogeneous plasma exhibits two
oscillation branches. When the angle between the
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wave vector and the magnetic field is close to a
right angle the dispersion relation is determined
by the inhomogeneity of the plasma and the mag-
netic field; in other directions of propagation the
oscillations become the usual magnetosonic and
Alfvén waves.

By virtue of the fact that the general oscilla-
tion equation in the present problem can be divided
into two independent equations, it is possible to
carry out a limiting analysis of each wave mode,
thereby simplifying the problem considerably. In
this case one sees a less direct analogy between
the ‘‘Alfvén’’ wave observed in our case and the
usual Alfven wave. It is found that the dispersion
equation for these and other waves is quadratic in
the oscillation frequency and does not contain ef-
fects due to resonant interactions between the
waves and particles. For this reason the analysis
of the equation that describes the Alfveén-type wave
is rather simple (Section 3).

The equation for the ‘‘magnetosonic’’ wave is
found to be more complicated. As in the equation
for the magnetosonic waves in a uniform plas-
ma, we find that this equation is transcendental in
w. The analysis of instabilities due to excitation of
magnetosonic waves (Secs. 4—6) shows that in gen-
eral a finite value of B exerts a stabilizing effect.
Nevertheless, in certain cases the finite pressure
can lead to the excitation of magnetosonic waves.

2. GENERAL ANALYSIS OF LOW-FREQUENCY
LONG-WAVE OSCILLATIONS

We assume that the plasma is located in a mag-
netic field whose lines of force are parallel and
straight B, |l z. Particle collisions are neglected.
The equilibrium distribution function for each par-
ticle species (ion and electrons) is assumed to be
approximately Maxwellian. The magnetic field,
density, and temperature of the plasma are inho-
mogeneous in the x direction. We shall investi-
gate the oscillations of a plasma of this kind as-
suming that all perturbed quantities depend on co-
ordinates and time in accordance with the relation

exp (—icot +i g k«(z)dx + ikyy + ik,z > .

The oscillation frequency w is assumed to be
small compared with the ion cyclotron frequency
wpj and the wave number kg is assumed to be
large compared with the reciprocal scale of the
plasma inhomogeneity. As is well known, these
restrictions simplify the problem considerably and
allow the use of the WKB method.t6718]

When the conditions listed above are introduced
we can relate the frequency and wave vector by an
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equation which has been derived earlier in [87,
This equation is

- k280 Qg (123
a; R0 l—gy — gy =0. (2.1
Qg — &3 kw2 — €3
The following notation has been used:
4me? ~
&y = kTTz lino ['1 - ]0 (Z,) B—Zi]
—_— Z T lno<§Jo (k.v, + oume) D,
4dne? - 47,2
& — — 126 zT(ul 00 pr (CSZ 1 >
g3 = — Z lno Gv2Te2>,
4:rte2 274
Qg = 128 xBT ln()(OM (;8 g 0> ,
ag = — Z lno <§Uz]0
4 2 . 2J4J
gy — Z;_“e_zm,w(ng g‘ 0 2.2)

The summation in (2.2) is taken over the ions and
electrons and the subscripts have been omitted on
the summation signs. The operator [ operates on
the density and temperature functions and is given
by

[=1—

K,/ omy
v ("“ (2.3)

Ine aT 0 )
0x 0Ong

Mowg oz oT

The symbol (... ) means averaging over a Max-
wellian distribution function normalized to unity,
i.e.,

) (- 2

NP 4 /

>dvz°§ e-ede(...), (2.4)

where €, as in (2.2) is Mv|/2T. The other nota-
tion in (2.2) is as follows:

kv
€ = ((1) — kv, — st)wi’ = —= = k_l.piv
OB
k2T ;
Zi=—rto,
M;op?

wM is the magnetic drift frequency

om = upkT [ Mwsg, wp = 0In B/ oz,

d is the Bessel function with argument ¢, 1, is the
Bessel function with imaginary argument, n, is the
unperturbed density, T is the temperature, M is
the particle mass, v, and v are the longitudinal
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and transverse components of the particle velocity,
e is the charge of the electron and the subscripts
e and i refer to electrons and ions respectively.
Below we make use of the notation V2T = 2T /M.
Using some familiar properties of determinants,
we replace the first row of the determinant in (2.1)
by its sum with the second row multiplied by KB
and the third row multiplied by k,. The analogous
operation is then carried out with the first column.
As a result, (2.1) becomes

Ny N, N,
Ny ko —eg, — Qg =0
. 2.5
Ny — Qg3 k072 — g4 (2.5)
Here
2f;,2 2
Ni = f_g kZ —_— 431:8 lin(]
(0 i
. —Z;
X [ (1 — Lpe~2i) — 220 ( g2 )]
(O] Zi
4me? i
+ - ling <C,emM1(w k.v;) (]0— %) > , (2.6)
4me? . / 21e=%:
Mo = e (1= 2
2 3 Y1) Moo ki Z;
e - 2
X linowars (Cs(w — kw,) (2]1]0 _ A >> ,
®XBl ;0 \ g gz
2k 4me? - 27
Ny = ke — e imoones  Levo (70— §‘>>.

It follows from (2.5) and (2.6) that so long as
kzp2 <« 1 (and obviously k’c? < Lupe which is a
consequence of k2p2 <1, B » Mg/Mj), the ele—
ments Ny, Ny and N3 are small, going as k® p1 (or
as kzcz/wzpe if w >k, vre) as compared with the
elements of the 2 X 2 matrix in the lower right of
the determinant of (2.5). Hence, in the lower-order
approximation in the parameter kng the disper-
sion equation (2.5) divides into two equations:

NP =0, (2.7)
2 o? — e —aly
© ’ o | 0, (2.8)
— Qg3 — &3

where, in the elements €,, ay3, €3 and Ny we keep
only the lower-order terms in k2p2 (this is de-
noted by the superscript zero).

The splitting of the dispersion equation for the
low-frequency longwave oscillations into two equa-
tions is well known in the theory of a uniform
plasma.[ 191 One of these equations describes the
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Alfveén waves and the other describes the magneto-
sonic waves. This kind of splitting of the disper-
sion equation into two equations was indicated ear-
lier for the analysis of oscillations in a low-pres-
sure inhomogeneous plasma B8 < 1 (cf. 1201y, The
analysis given above shows that this property of
the oscillations holds for an arbitrary value of the
parameter 8 (this result was first obtained through
the use of a hydrodynamic analysis in [14]).

It has been assumed in the derivation of (2.1)
that the oscillations exhibit a low phase velocity
w/k| << vT, cp so that we have omitted terms of
order w/kjcp, w/kyvy. (If this is not the case,
w~kvT, kjcp the drift effects are not import-
ant.) For this reason (2.8) does not contain
branches that correspond to the fast magnetosonic
wave in a uniform plasma. (In particular, in or-
der to exhibit this wave it is necessary to retain
the term cz/cfgx in €5.) Hence, in neglecting effects
due to the inhomogeneity Eq. (2.8) describes only
the slow magnetosonic waves (frequently called ion
sound). The wave in (2.8) for which the inhomo-
geneity is important will be called the drift mag-
netosonic wave.

In concluding this section we show that there is
another form of the equation which describes the
drift magnetosonic wave; this will be used together
with (2.8), below. We replace the third column in
the determinant in (2.1) by its sum with the first
column divided by k. Then the third row is re-
placed by its sum with the first row of the deter-
minant divided by k,. We then multiply the sec-
ond row of the determinant obtained in this way by
—kB/ky and add it to the third row. As a result we
obtain the determinant |ajk|, in which, in the ap-
proximation kzpzi — 0, the terms aj3 =a) =0as a
consequence of the relations

kzeo(")

%B
—_ (12(0)'— q3(0> —_ =0
k, + k,

%B ( c2k? (@
_ B “q_82<o>)+(A —az«»):o.
o\ w2 k, 2

’

(2.9)

Thus, we see that the dispersion equation divides
into two independent equations, one of which corre-
sponds to the magnetosonic wave

— k%, az

=0.

. Ch2 -2 — g (2.10)

It will be evident that (2.8) and (2.10) are two ways
of writing the same equation.

3. ALFVEN-LIKE WAVES

It is clear from (2.7) and (2.8) that the simplest
wave is that in (2.7). Writing (2.7) in explicit form
we have
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02 — o (0 + 0pi") + omiopi® (1 + 1) — k2ca? = 0;

(3.1)
where
a— B, . =6lnTi,e
(4nMing)'=’ " 4InP;.’

ca is the Alfvén velocity and

. % Y — 81nP,-
Mi(!)Bi Pi, Pi — oz .

It is evident that if k, is not too small these
are the usual Alfven waves of a uniform plasma;
when k; approaches zero the frequency of these
waves is modified appreciably by drift effects. For
this reason, the wave in (2.7) may be called the
drift Alfveén wave. In the limit k, = 0 the equation
in (3.1) coincides with the corresponding equation
obtained by Tserkovnikov.! 4! For any value of k,
this equation describes stable oscillations so long
as

1 LAY
i > §E<1+2/’

(3.2)
this relation having also been obtained in '4! for
the case kz =0.

In the limit k, =0 and VT =0 Eq. (3.1) has
two roots: the first coincides with the ion drift

* .
frequency wp;j:

" 0lnn;
=——%ni  Yni =
M;wp; ’ ™ ox '’

and the second coincides with the magnetic drift
frequency wpyj- In what follows the oscillations

corresponding to the first root will be called the
drift ion wave and the oscillations described by

the second root will be called the magneto-drift
ion wave.

As kj, increases, the frequency of the drift ion
waves increases, reaching a value of order kjcp;
the frequency of the magneto-drift ion waves in-
creases to a quantity of order kyca. The depend-
ence of the frequency of the Alfvén-like wave on
kz for VT =0 is given in the figure, where wdr is
the ion drift frequency, which is taken to be nega-
tive.

4. MAGNETOSONIC-LIKE WAVES FOR
lw—wMeel> kyvre
When |w — wpe€ | > kyvre Eq. (2.8) divides into

two simpler equations:

_ (4.1)
c2k2/ 0% — a(‘;' 9 =0,

e00 —

(4.2)
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lﬁvl)(Jh

—_—

Wp
7 \ e
wgp \\
| %
1 %

where the superscripts on €, and €3 indicate that
these elements are taken at k; = 0 and k%? = 0.

Equation (4.1) was obtained and studied for ar-
bitrary values of

dInT/dlnn=n

int4, I particular, when B< 1 the oscillations

described by this equation are unstable if

In|> 1. (4.3)

Equation (4.2) has been treated by Krall and
Rosenbluth for the case VT =0.08) In this case the
equation has a solution that corresponds to unsta-
ble oscillations characterized by

Imw/Rew ~ M.e~%8 | BM;.

This instability is due to resonance ions, the con-
tribution of which in €’ O js small (going as
Me/M;j). Thus, taking account of terms of order
(kzvTe)/w)? for small but finite k, [as for
kyvre/w 2 (Me/Mi)l/z] should lead to an import-
ant change in the growth rate. For small but finite
values of 8 and k,vre/w < 1, the introduction of
terms of order kzzvr_zpe/w2 in Eq. (4.2) leads to the
following equation:

R Te [ Mo 1
lnoT, = inw —{—— LinoT'; - e—0/0p;
‘ Ti\M; | 0mi]
e-")/‘”ui}

When k,vpe/w 2 Mg/M; in which case terms con-
taining k, become more important, the instability
criterion assumes the form

(4.4)

k2 [L(mMeTeno) ]22 ng
M,

~ i
le (© pelto) | 0

> 0. (4.5)

Under these conditions the growth rate is small
compared with the frequency, going as

1 (ﬂ_ Vs,
B o /

Thus, the instability criterion for perturbations
characterized by |w — wpe€| > kzvTe is repre-
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sented by the combination of (4.3) and (4.5). The
branches in (4.1) and (4.2) do not separate at
larger values of k,. Thus, by writing k,~ w/vTe
one can obtain an estimate of the effect of shear in
the lines of force, which has an important effect
on the instabilities treated above. To introduce
shear in the present equations we must make the
substitution k; — k= k-B;/B, and take k| to be
a function of the coordinates, which vanishes at
some point x = xo.[ 16,11) In the vicinity of this
point

xr— &

ky(z) =~ ko 0,

where a is the characteristic scale size of the
plasma inhomogeneity while ® is a dimensionless
parameter which characterizes the shear of the
magnetic field. Under these conditions, for waves
characterized by w ~ wp the criterion w <k,vre
means

Unp r— Xy
<
Ure a

e (4.6)

(upyp = wM/ky is the magnetic drift velocity).
Everywhere, the quantity x — x is to be replaced
by the smallest possible value of the localization
dimension of the perturbation.[z’ 111 When Y~ w
this dimension is of the order of 1/k;. At the
limits of applicability of the present analysis
k|pj~ 1. Hence, a rough criterion for the effect
of shear on instabilities such as those in (4.1) is

0 > (M.]M;)"p. (4.7)

5. MAGNETOSONIC-LIKE WAVES FOR KkzvTj
< |w— wME| K kzVTe
We now consider (2.8) under the conditions
|o — eore| << kavre, |0 — @mig] > kovri.

Effects due to resonance electrons are small,
going as w/k,VTe, and can be neglected. Under
these conditions Eq. (2.8) can be written in the
form

A Ter/ ¢
()
(1}

ewpie tde )

© Ti

(5.1)

At small values of B8 one of the roots of this
equation is approximately the same as the one as-
sociated with the electron drift branch which is
well-known in the theory of a low-pressure plas-
ma:[ 161
(5.2)

O = One -
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It is also known that taking account of resonance-
electron interactions with this wave leads to damp-
ing when 9 In T¢/8 Inny >0 and to growth when

9 1In Te/0 In ny < 0,527 the growth rate being of
order

*2
WOne

(5.3)

vE- ko vre
We now wish to evaluate the role of small
terms [of order B] in the oscillations described
by (5.2). The chief effect is the resonance inter-
action of ions with the oscillations. We find

14 T;/Te+ 21/p
(1+T:/T.)?

*2
WOne

|Oare

(5.4)

It is evident that the ions can exhibit a resonance
interaction with the waves when 9 1In T/ 1n n,

> —1. Under these conditions the oscillations are
damped for any positive 8 In T/8 In n, and also
when —p <7 < 0; the oscillations can only be ex-
cited when —1 <n< —8.

It is of interest to compare this result with
(4.5) which indicates growth of the analogous drift
wave for n > 0 and w > k,vpe. Physically, these
two waves differ in the sign of the energy.”zl For
the waves in (4.4)

2
Op
Re £5® = — 2F° (1—

Ope" 4rneng
2 - N mpe pre—
®

M, '

w

so that the wave energy is negative,
W~ w0 Re €§")/6w < 0, whereas in the case de-
scribed by (5.2)

1 (Dne*
O = — | ] — ),
Re &4 kzdez ( ° :

d2 = __z’_"__
4ne?ng

and w > 0. Thus, in both cases the ions exchange
energy with the wave, causing excitation in the
first case and damping in the second.
If B > 1, Eq. (5.1) reduces to the following
(w << wMi» WMe):
1
(14 To/Ts)2

: \ (le n0)?

le(no 0ne) =

(5.5)

It then follows that

Re » = wp.", (5.6)
2 \2 ~
y=]mm=-—n<—) er
B/ (1+4T:i/T.)?
Ti %n — %r
(1 p Ty -
+ Te %n+ %nr ) s
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where kT =9 1In T/ox. If T; = Tg =T, it is easily
shown by means of (5.7) that the oscillations are
unstable only when n < —1. When Tj > Tg it is
interesting to note that the growth rate (5.7) can
be positive (instability) even for n > 0, so long as

1 + Ti/Te
Tz'/Te —1 )

We now consider the other solutions of Eq. (5.1).
We shall show that even when § << 1 this equation
can have one root whose frequency depends on the
magnetic drift frequency wpg. This result is
shown in the following analysis, which applies for
arbitrary values of S.

We assume that w < wpjj. In this case the in-
tegral in (5.1) is given approximately by

n> (5.8)

()

o ; ) i
S EOmi¢ ae (1,1%_ + in sign O)Mi)} .
(0]

(5.9)

z—{1+

o — Omi€ OMi

Substituting (5.9) in (5.1) we have

[B(1+ 2]}

sz

Ti ®p
W = — OMieXPy —
e %Un —H¥UT
(5.10)
The condition for the existence of these branches
reduces to the requirement

1>Mm—1)Mm+1) >0

It is evident that w/wyj <0 so that there is no
resonance interaction between the ions and these
waves. In order to find the growth rate or the
damping rate it is necessary to consider the inter-
action with resonance electrons. In this case,
(5.10) is replaced by

(5.11)

Ti up i_%nz
O = — OMiexp) ——————| —
e %n—%r Lup

2 (1 7y o —one'/2 (5.12)

2 !kinTe ! I'

This branch is stable when 1 2 1 and unstable when
n < -1,

The oscillation frequency becomes comparable
with wpjj at the limits of applicability of Eq. (5.10).
Hence one might expect that when n > 1 this
branch will exhibit a frequency greater than WMi-
That this is actually the case can be demonstrated
by the following analysis.

Writing w > wpjj, we find that the integral in
(5.1) is approximately

N Onpi

EWpmie®
S ﬁde ~ T,

(5.13)
0(1) — OMi€ (0]
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Substituting this result in (5.1) and writing
w< wf;e, w"i;.i, B < 1, n> 1, we obtain the quad-
ratic equation

O)P:(DMi
1 + T’i/Te
When n < 2/8 the larger root of this equation
yields the branch in (5.2) while the smaller is
dlnP Wi
dlnn 1+ T;/T.

0% — OOpe — = 0.

(5.14)

0=—

(5.15)

It is evident that this last branch is large com-
pared with wypgj because when 71> 1 and n~1 it
is of the order of (5.10). This means that the os-
cillations in (5.10) and (5.15) derive from the same
branch. It is interesting to note that the branch in
(5.15) can also be obtained on the basis of a mac-
roscopic analysis.

If resonance electrons are taken into account,
using (2.8) we obtain the following equation in
place of (5.14)

e > Dot opi"0pi" —0
2kvre One A+Ti/T.

Thus, the imaginary part of the frequency (5.15) is

<1+zvn (5.16)

(Rew)?Yn d1n T,
lk;|vre dlnn’

that is to say, this branch is unstable for large
positive values of 3 In To/0 In n.

Imo = (5.17)

6. ION TEMPERATURE INSTABILITY OF A
FINITE-PRESSURE PLASMA

In carrying out the analysis above for magneto-
sonic waves we have assumed that the ions do not
move along the magnetic field. We now wish to in-
troduce effects associated with the longitudinal
motion of the ions. In this case, assuming
w << kyvTe in (2.8) and neglecting terms of order
w/KzvTe We have

9+Ll/n—l |€ ‘UT — W
z 1
_ 1 -~ .
—iy= *i: B*—linowM @ -2
™~ 2 Y 2| UTi
o> 1 1
+ qﬁ-‘ {[ ing ———— W > ing———- {e2W)
4 (Uw 170 I/l”UTl I 2| Ut

[1 o l/:)TbT <eW\] } —0, (6.1)

where W = W(]w — €wpl/kzvTe) is the Cramp
function. ' %3}

971

The imaginary terms in Eq. (6.1) describe the
resonance interaction between the ions and the
waves as in Sec. 5. Here, we shall only be inter-
ested in effects which derive from the longitudinal
motion of the ions; we rewrite Eq. (6.1) neglecting
imaginary terms and also assuming that g < 1
and w > wpyit

Xu Xep| 0:
Xor Xoo ’
ln* i kzz iz ’ n* *
X11=1—|-—(7L_(9l+ vr )(1_‘0 tor’y
(0] 22 \ ® J
(6.2)
Xp — @:[2&1’ tor’ L om
o - [0] )
kzsz‘zz (l)jl+ 2(L)T* 3
x(“ﬁ‘g@r)( - ﬂ
Xip = Xo1 = G)Mi»'— 1— —(Bf—t—ﬁilL
() L ®
©pri kzzv i2 ’ n 2
(22 By o 2er (6.3)
® 202 /N ©

In general terms that descrlbe the longltudmal
ion motion are small, going as ka /o.J ; how-
ever, the contribution of these terms in the dis-
persion equation can be important in the presence
of a large temperature gradient, such that
(6.4)

or klvr? [ 20 ~ 1.

On the other hand, the presence of a large temper-
ature gradient not only enhances the relative im-
portance of the longitudinal ion motion but also in-
creases the effect of magnetic drift. The latter
phenomenon is important when uf’iwculv[/a)2 ~1

[cf. Eq. (5.14)].

Assuming that w"fr > wr’: we can neglect unity
in the curved brackets in (6.3). In this case Eq.
(6.2) reduces to the cubic equation

7" O

kAvrdor®
033—{-(1) ‘ + z T

5 5 = 0.

(6.5)

Equation (6.5) differs from the corresponding dis-
persion equation obtained by Rudakov and Sag-
deev,[ 21 which describes the ion temperature in-
stability, in that the present equation contains the
magnetic drift. The latter reduces the instability
region. The stabilization effect appears when the
following condition is satisfied:

B > 3-4% (kwrs [ 0r®) %, (6.6)

Up to this point we have been investigating the
magnetosonic-like wave in the region |w — wMi€ |



972

> kzvTi. Now, making use of Eq. (6.1) we wish to
consider the effect of finite g in the frequency re-
gion |w — wpijl < kzvTi. For zero values of
(wmi = 0) Eq. (6.1) becomes the dispersion equa-
tion obtained by Galeev, Oraevskii, and Sagdeev[ 2]
in the region w/k,vri < 1. It follows from C24] that
in investigating this instability one must retain
'second-order terms in w/k,vrj. In this approxi-
mation Eq. (2.10) becomes

iyn ~ o) 1672 ~ ®
—2— T e —— '—l-(T2
no ifto k,vry Ti BeTny * o kvt )
8n% ./ ) ! nol?
4 ( w )11( nol “® )
TnoBo VO kel kvrs /
3.2431 ~ Tz(u)_SU)Mi)
_ il
noT By? (kszi)z
2~ o(0—omi) 4n? (n nolw \?
) ) i ) —0. (6.7
+ no ifto (/tzUTi) + noTB02 ! kZUTi O ( )
As in "2 we assume B <« 1 but take account of the

effects due to finite S.
We use the condition

0n" > kT,

which, as will be shown below [Eqgs. (6.9) and
(6.10)] is a necessary condition for the existence
of a solution of Eq. (6.7). This solution is of the

form
0" OMi i~ O n
1— _ ~(1=2 ]
[ k,sziz l-}/ﬂz |kzlvTi 2 )

Bn(wn.z“l"(l)n or ——Z»wr )

/

(6.8)

klturid
w =

(1)1" _ (J)n¢

As in the case g — 0, this equation holds only
when 1 = 2 because if this condition is not satis-
fied the original assumption w < kyvpj is vio-
lated. Making use of this situation we can write
Eq. (6.9) in the following approximate form

k2vr;
0= "1 4 ot —3)— i |kafers 1 — ).

(O30

(6.10)

It then follows that magnetic drift is not important
when g <1 in the frequency region |w — wyl

< kyvri. The absence of a stabilizing effect due
to magnetic drift in the present case follows be-
cause of the relatively small contribution made by
this term in the dispersion equation (~wppi/KzVTi
<< 1). However, it is reasonable to expect that
there will be a stabilization due to the magnetic
drift!*4) when WM > kZVTi‘

A. B. MIKHAILOVSKII

and A. M. FRIDMAN

It is found that the oscillation frequency com-
puted from Eq. (6.1) in the case w < kzvTj, wprj
> k,vTi, B<1 does not satisfy the original as-
sumption (this frequency is found to be equal to
the magnetic drift frequency, violating the condi-
tion wppj > w). Consequently, in this region there
are no stable or unstable oscillations. The rela-
tively large value of the magnetic drift wygj
> k,vri leads to stabilization of the instability
in the region w < kv, which corresponds to a
value of B that is not too small, more precisely

[24]

B> ki wy™ (6.11)

This last result indicates the possibility of stabili-
zation of the instability”“ when (> 1.

Writing w < max(k,vri, wpi) in Eq. (6.1) we
see that terms with w can be neglected in the
Kramp function W. The quadratic terms in W can
be omitted since they appear with a small weight-
ing factor ~ w?/(k,vrj)? As a result we obtain an
equation which is linear in w:

+ v T (29(1) M

Mi(DBi ox Ui

LW \
]/n[i <s’W> 2

(6.12)

The case kzvTj > w corresponds to oscilla-
tions of a homogeneous plasma with damping rate

vy = —4a~"2|l;|vri / B. (6.13)

We note that the damping rate given by this for-
mula y ~ w%. Hence, in analyzing oscillations
characterized by w ~ w”;l, in Eq. (6.12) we must
expand the function W in the small argument

k,vpi/wpy < 1 so that

lszT

(e2W) = (1 + insign ou:), (6.14)

ﬂ',(x)M

where sign wypj = wpi/|lwmil- Substituting (6.14)
in (6.12) we have

_ opi" (1 —insign o)
1 4 in sign @ar;

(6.15)

It then follows that Im w < 0, that is to say, the
oscillations are damped. We also see that the ion
temperature instability disappears in a plasma in
which g > 1.

Let us summarize the results of the present
section. As we have noted above, the existence of
a large temperature gradient enhances the rela-
tive importance of effects such as magnetic drift
and motion of the ions along the lines of force. In
the case of the ion temperature instability these
effects appear in a competitive way: the longitudi-
nal ion motion favors the instability while the mag-
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netic drift is a stabilizing factor. As a consequence
of the competition between these two effects the
case w » kyvrj exhibits a stabilization condition
given by (6.6) while the case w << k,vy; exhibits a
stabilization condition given by (6.11).

In a plasma in which g << 1 effects due to mag-
netic drift are small, going as 8, and as a conse-
quence these effects can be important only when
there is another small parameter in addition to 8
in the problem. (For example, in the region
w < k,vTj this small parameter is the quantity
kzvTri/wTi.) However, if B 21 the ion tempera-
ture instability disappears for any k,.

7. CONCLUSION

The results obtained in the present work may
be summarized as follows:

1. Possible longwave instabilities of a finite-
pressure plasma can be associated with the exci-
tation of two wave modes—Alfven-like drift waves
or drift waves associated with the magnetosonic
branch.

2. In the approximation used here kzp% — 0 the
Alfveén-like waves are not damped and are not ex-
cited for any n if g <1; in a plasma in which
B 2 1 these waves are associated with a hydrody-
namic instability if 7 satisfies the condition oppo-
site to that given in (3.2).

3. From the point of view of plasma stability
theory the most interesting result concerns drift
magnetosonic waves. In particular, these waves
are to be associated with the ion temperature in-
stability in a plasma for which g <1 and
n > 2.0 2

The analysis shows that as B increases the in-
stability remains up to g ~ 1; the instability dis-
appears when > 1.

4. In a plasma in which B << 1 it is possible to
have oscillations which are sensitive to the mag-
netic drift velocity of the particles. The charac-
teristic frequency for these oscillations is of
order

These oscillations can lead to an instability if
9In T/ Inny #0.

5. The plasma instability indicated in L4 for
the case klIB, is evidently unimportant in the case
in which the magnetic field exhibits shear if the
criterion in (4.7) is satisfied.
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