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Cyclotron resonance of electrons and holes in the (010) aluminum plane is investigated at fre
quencies of 9.45 and 18.7 GHz. More exact values of the effective masses are obtained. The 
effective potential of the lattice, V002 = 0.068 EF, is estimated on basis of the mass anisotropy 
of the holes of the central cross section. Cyclotron resonances occurring on non-central ex
treme cross sections of the hole surface, the existence of which does not follow from the 1-0PW 
model, are considered. 

THE Fermi surface of aluminum was investigated 
recently by almost all presently known methods. 
The most information on the shape of the Fermi 
surface was obtained from measurements of the at
tenuation of ultrasound[ 11 and from a study of the 
quantum oscillations of the resistance. [ 21 The 
shape of the model of the Fermi surface, calculated 
in [ 31 in the approximation of four orthogonalized 
plane waves (4-0PW), is in detailed agreement with 
the experiments. [ 1• 21 The results of an investiga
tion of cyclotron resonance (c.r.) have shown that 
although the anisotropy of the effective masses is 
described satisfactorily by the 1-0PW model, [ 41 

the values of the effective masses are ~ 1.5 times 
larger than those calculated by the model. Such a 
discrepancy is connected with the fact that the ve
locities of the carrier are ~1.5 times smaller than 
the velocity 

(1) 

where Pc is the Fermi momentum. This circum
stance makes a study of the carrier velocity more 
interesting, and especially investigations of c.r., 
which make it possible to measure accurately the 
carrier revolution periods. 

The experiments described below were made 
with single-crystal aluminum, which was investi
gated by Vol'skil. [ 21 The measurements were made 
only for the (010) crystallographic plane, since the 
corresponding results of Spong and Kip[ 51 are in
complete, and the accuracy of the measurements in 
the work of Galkin, Naberezhnykh, et al. [ 6• 1 are 
lower by almost one order of magnitude. 

EXPERIMENT 

The single crystal used for the present paper 
and in [ 21 was grown in a dismountable graphite 

mold from molten aluminum with a residual resist
ance 10-10 ohm-em at 4.2° K. The sample was in 
the form of a disc 18 mm in diameter and 1. 5 mm 
thick. The crystallographic plane (0 10) coincided 
with the flat surface of the disc with accuracy ~ 1°. 
Etching in a boiling 20% aqueous solution of KOH 
for 15 minutes, removed from the surface of the 
sample a layer of metal 10-20 J.l thick; the surface 
left by such a treatment was even and dull. The 
single crystal was placed in a strip resonator with 
linear polarization of the high frequency current. 
The investigations of the c.r. were made at two 
frequencies, 9.45 and 18.7 GHz, by the method of 
frequency modulation[ 8 1 in a magnetic field up to 
10 kOe at a sample temperature 1.5 o K. The cool
ing of the sample from 4.2 to 1.5 o K more than 
doubled the c.r. amplitude. 

Figure 1 shows an example of the c.r. A and 'Y 
with two greatly different periods. In our experi
ments we usually resolved the following c.r.: 
'Y -up to order 4-6, A-up to order 10. According 
to Chambers, [ 91 the relative width of the c.r. line 
o H~1 /H~1 :::::: (w'T) - 1• Consequently, the electron 
mean free time at 1.5 o K amounted in the investi
gated sample to (2-4) x 10-10 sec, and the mean 
free path was 0.3-0.5 mm. 

EFFECTIVE MASSES OF ELECTRONS 

The values of the effective masses were deter
mined from spectra similar to those shown in 
Fig. 1, by the formula 

(2) 

where t.H-1 is the c.r. period as a function of the 
reciprocal magnetic field H-1• The results of the 
measurements for different directions of the field 
H in the (010) plane are shown in the diagrams of 
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Fig. 2. In the right-hand diagram of this figure is 
shown the anisotropy of the effective masses cor
responding to the c.r. y of the electrons of the 
third zone. As shown in [ 2, aJ the electron Fermi 
surface of aluminum consists of tubes that narrow 
down on the ends, and whose axes have the {110} 
directions. This model is in good agreement with 
the results of the present work. Indeed, plots of 
the y effective masses are linear in their central 
parts, and deviate noticeably from straight lines 
towards the smaller effective masses as the mag
netic field is rotated. The latter circumstance is 
revealed immediately when the spectrum of Fig. 1b, 

FIG. 1. Plots of the logarithmic derivative of 
the reactive part of the surface impedance of alu
minum as a function of the reciprocal magnetic 
field. The letters A, y, y' and y" denote series 
of cyclotron resonances with different periods; 
the indices denote the order of the resonance. 
The orientation of the magnetic field in the cry
stallographic plane (010), which coincides with 
the surface of the sample, is indicated on the 
right side of the curves. The cyclotron resonance 
spectrum a was obtained at 9.45 GHz, and spec
tra b and c at 18.7 GHz. On curves a and c one 
sees the electron paramagnetic resonance (EPR). 
The left side of the spectrum b was recorded with 
a gain reduced by a factor 3.3. The section Hmod 
denotes the amplitude of the modulating field. 

obtained for H II [101] is examined. For cylindri
cal tubes, the period of the c.r. y should be twice 
as large as the period of the c. r. y' (Fig. 2). It is 
seen from Fig. 1b that this is not the case: the 
periods differ only by a factor ~ 1. 8 (see also 
Fig. 2, y and y' masses). Consequently, the tubes 
narrow down towards the ends. This fact was first 
established experimentally in a study of quantum 
oscillations of the surface resistance[ 2 J and is 
confirmed by the results of the present investiga
tion, in which the measurements were made in a 
much larger range of angles between H and [101]. 

Owing to the use of several c.r. periods for the 

FIG. 2. Anisotropy of effective masses f.L of the car
riers in aluminum in the (010) plane. On the left dia
gram, the dashed lines, show the anisotropy of the ef
fective mass A, calculated by the 1-0PW model [5], 

in which we chose vF = v c /1.6. 
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measurement of each value of the effective mass, 
the accuracy attained in the present work is al
most one order of magnitude higher than that of 
Galkin et al. [61 For example, for H II [101] we ob
tained for the effective mass a value 11 = 0.132 
± 0.001, whereas in [ 6 J the corresponding mass is 
11 = 0.4-a difference of 5%; when H II [ 100] this dif
ference reaches 12%. In connection with the low 
accuracy of the measurements, the interpretation 
of the c. r. K in [ 61 is apparently incorrect: within 
the limits of experimental error, the branch of the 
plot of the K effective mass must be regarded as 
a continuation of the lines 'Y and {3' (Fig. 5 in [ 41 ), 

as should indeed be the case in accord with Fig. 2. 
Larson and Gordon[ 101 determined the effective 

masses of the electrons from the temperature de
pendence of the oscillations of the de Haas-van 
Alphen effect. The table illustrates the good agree
ment between the mass values obtained in [ 101 and 
the present results. 

S' (J. 
=. de Haas-van' I The-

(J.exp 
"bD Alphen ef- Cyclotron ="' ory (J.theor 

'y<'tl feet po] resonance -['] 

0,1 0, 180±0,004 0.178±0.002 0.136 1.31 
5,0 0, 165±0.004 0,165±0.002 - -

25 0.137 ±0.003 0.140±0,001 - -
25 0.191 ±0.005 0.192±0.002 - -
40 0.131 ±0.003 0.133±0.001 - -
44,9 0.227±0.004 0.234±0.002 - -
45 0.130±0.003 0,132±0,001 0.095 1.39 

EFFECTIVE MASSES OF HOLES 

In the left side of Fig. 2 is shown the anisotropy 
of the effective masses of the holes corresponding 
to c.r. A and G. The 1-0PW model[ 41 of the hole 
surface of the second zone is shown in Fig. 3. Ac
cording to the results of a number of papers, [ 1• 5• 

7 ' 111 in which different investigation methods were 
used, this model is quite close in shape to the true 
Fermi surface and differs from the latter only in 
slight rounding off of the edges. The agreement be
tween the results of the experimental study of c. r. 
of the 1-0PW model was discussed in detail in the 
papers of Naberezhnykh and Tolstoluzhskil [ 71 and 
Spong and Kip, [ 51 and is confirmed in the present 
work. Indeed, the anisotropy of the mass A 
(Fig. 2) agrees satisfactorily with that calculated 
with the 1-0PW model. [ 7 1 

Central hole orbit. The effective mass A 
(Fig. 2) corresponds to the effective mass A of [ 71 

and to the mass L of [ 51 • It is shown in these 
papers that the mass A pertains to the central 
section of the hole surface (Fig. 3). When the di
rection of the magnetic field coincides with a four 
fold axis (for example, [001]), the plane of the or-

[001] 

FIG. 3. Hole surface of aluminum in accordance with the 
1-0PW model. The dashed line shows the Brillouin zone, part 
of which has been removed to simplify the figure. The 
line made up of points shows the orbit containing the singular 
point K' ,, while the solid line shows the following extremal 
orbits: non-central G at H II [101], and two central ones A at 
H II [001] and -1: H, [001] = qJ "" 5°; the latter is shown dash
dotted. 

bit coincides with the Brillouin plane, and the or
bit itself passes over the "ribs" of the hole sur
face. In this case the c. r. has low intensity and is 
not observed. As the field turns away from the 
[001] axis, the orbit moves away from the ribs of 
the surface, and the c.r. amplitude becomes no
ticeable. The c.r. corresponding to the central or
bit on the hole surfaces of lead[ 121 and indium[ 131 

behaves in perfect analogy; the only major differ
ence is that the c.r. on lead and indium can be ob
served also when H II [001]. 

As shown in [ 131 , the character of the deviation 
of the measured effective mass A from that calcu
lated in the 1-0PW model makes it possible to es
timate the Fourier component V002 of the effective 
potential of the lattice (Fig. 9b in [ 131 ). Unfortu
nately, the mass A was not traced in aluminum 
continuously to H II [001]. However, as seen from 
Fig. 2, the experimental values of the A mass 
agree, within the limits of measurement accuracy, 
with the calculations for an angle 2.5-3° between 
H and [001]. Consequently, at such directions of 
the field H the hole orbit passes over sections of 
the Fermi surface which are not distorted by the 
influence of the potential V 002 • On the basis of this 
we can estimate the maximum value of V002 , using 
formula (12) of Ll3 1: 

v902 ~ 2 [(hI a) 2 I 2m][l"2- (pc2 (h I aF- 1) ,,., ]IJl, 

!F = Pc2 l2m, (3) 

where we put cp ~ 2.5-3°. We obtain 
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J"ort!.( EF ~ (1,78/1.28)rp ::::;:;; 1).068 + 0.005. (4) 

This value of the effective potential is in good 
agreement with that obtained in the calculations 
of [ 31 , namely V002 = 0. 66 E F· 

Non-central hole orbit G. Figure 2 shows the 
effective mass G; no such mass is observed in [ 51, 

and in [ 71 it was observed, but its origin was not 
explained. Yet an interpretation of the cyclotron 
resonance G and of a few other resonances re
ported in [ 51 is worthy of attention. 

Calculation of the effective masses of the holes 
by the 1-0PW model, which consists in simply 
summing the angular dimensions of the arcs mak
ing up the orbit, as a function of PH (distance from 
the center of the zone to the plane of the orbit), 
gives a monotonic decrease of the mass (solid 
curve of Fig. 4) when PH approaches the value at 
which the self-intersection point K' appears on 
the orbit (Fig. 3). If we recognize, however, that 
with this the section of the real hole Fermi sur
face approaches the hyperbolic limiting point, then 
it becomes obvious that the effective mass of the 
holes should increase without limit, as is shown 
qualitatively by the dashed curve of Fig. 4. This 
results in an extremal value of the mass G, to 
which one must indeed refer the cyclotron reso
nance observed at directions H close to the {110} 
axes. 

The necessary correction of the results of the 
calculations by the 1-0PW model should be made 
also in plots of the masses E, F, and I of [ 51 • 

The orbits corresponding to them approach with 
increasing PH different hyperbolic limiting points 
situated on the Fermi surface, as a result of which 
these three masses acquire extremal values. 
Thus, the cyclotron resonances E, F, and I 
should be assigned to non-central extremal sec
tions of the hole surface. In this connection, the 
attempt made by Spong and Kip[ 51 to explain the 
possibility of cyclotron resonance on ''almost ex
tremal" orbits apparently becomes groundless. 

In conclusion we note that the investigation re
ported in this paper has made it possible to meas
ure the exact values of many effective masses of 
electrons and holes, determine the value of one 
component of the effective potential of the lattice, 
and explain the origin of a number of cyclotron 
resonances on non-central extremal sections of 
the hole surface. 

L I 
fl ! 

FIG. 4. Calculation [7] of 1.5 

I the effective masses corre- . 
sponding to orbits whose I planes are perpendicular to 
the [101] axis and are re- ~ 
moved from the center of the 1.0 " 
zone by a distance pH. The A ;j 
dashed line shows qualitatively I· 
the increase of the mass when 

~~!! the plane of the orbit on the 
05 real Fermi surface approaches l the hyperbolic limiting point. 
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