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We formulate the basic equations for the electrodynamics of two-band superconductors. In the
nearly free electron approximation we study the magnetic properties of pure two-band super-
conductors in the neighborhood of Hgy; (Hg S Hgy). We obtain an expression for the free energy
of the system in the second approximation in the difference between Hg; and the magnetic in-
duction B, and using this we study other magnetic characteristics. We show that two-band su-
perconductors of the second kind are characterized by two constants k; and k; which are
larger than 1A 2 and that as a consequence the free energy is, in general, not a monotonic
function of the parameter o of the theory of the mixed state, and that hence the minimum value
of o (0 > 1) is not always realized in such superconductors, in contradistinction from the single-
band case. We show for the case of superconductors with a large concentration of non-magnetic
impurities that the basic equations of the theory acquire a single-band character with an appro-
priate definition on a two-band basis of the critical temperature T, and the Ginzburg-Landau

parameter k.

1. INTRODUCTION

IN (1 (see also [2]) the thermodynamic proper-
ties of pure two-band superconductors were con-
sidered on the basis of the BCS modelt3! and the
Bogolyubov u-v transformation. An attempt to con-
sider the electrodynamic properties of pure two-
band superconductors is contained in a paper by
Tilley,'®? in which the upper critical magnetic
field for the superconductor was determined.

In the present paper we formulate the basic
equations for the electrodynamics of two-band su-
perconductors in a form valid for both pure super-
conductors and superconductors with impurities.
We study the properties of two-band superconduc-
tors of the second kind. We show that the electro-
magnetic properties of pure two-band substances
are determined by two parameters k (larger than
1A/ 2) and that two-band superconductors with a
large concentration of non-magnetic impurities in
the vicinity of the critical temperature T can be
described by equations of the single-band type,
provided the quantity T and the appropriate pa-
rameter k are defined from the two-band scheme.
The study is carried out on the basis of Abriko-
sov’s theory[sl of type II superconductors and the

development of that theory in the papers by Kleiner

1_[7] L8]

et a and Lasher.

2, BASIC EQUATIONS

Using the Hamiltonian for two-band supercon-
ductors from !} supplemented by an electron-
impurity interaction, we get the equations for the
temperature-dependent Green functions!?!
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— D Vim Anvso (X) Gn (x5X'07 | Q) = 0; ' 3)

n’s’

1
Anos(x) = Rpn(x0xs|0) = —5—2 Ry (x0x5|Q),
Q

Anss(X) = Ppn(xsx0|0) = —61 D Prn(xsx0|Q) (4)
Q

A similar equation holds for the R functions. This
set of equations generalizes Gor’kov’s equations“‘”
to the two-band case (n,m = 1,2 are the band in-
dices). Here mk(x) are Bloch functions while the
remainder of the notation is the usual one.

We introduce the Green function gnm(x0x’c’|Q)
of the normal metal with impurities. We can then
write Eqs. (2) and (3) in the form

G (x0x'0’ | Q)+ 3} §dy Vit g (x0¥0’ | 2) Ats (¥)

lpss’
X Pp"(ysx’oll Q) == gmn xox’o |Q (5)

Pom(x'0'x0| Q) —

X — Z de VipAiss: (¥) Gpn(ysX'0’ | — Q)

Ipss’
X Epm(ys'xo|Q)=0. (6)

We introduce new quantities

Taw(y) = N VpAwaly),
l

= Z le Al;'a (y). (7)

l

Tara(y)

It is well known that at temperatures T close
to the critical temperature and also in the case of
large concentrations of paramagnetic impurities
the quantities Apgo are small; we can then start
from the integral equations (5) and (6) to obtain
the following set:

I'ss (X)— -3 S AY Vim 8nen (¥5'%0 | Q) Taor (¥)

Q nn'ss’

X gnn ySXUI_Q)_—Z Z 2
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x § ayay ay Vo I32(y)
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X gpp(Y'BY a|Q)gpn(y'Bx0’| — Q). (8)
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All quantities occurring in these formulae depend
on the electromagnetic potential A(x). According
to 101 , the dependence of the Green functions on
the magnetic field is in the form of phase factors.
Expanding these factors in a power series in the
quantity A and assuming that the quantities I'(x)
depend weakly on their argument X, we obtain the
following set of Ginzburg—Landau“” equations for
two-band superconductors:

I‘o’lo’ X)— 2 Vnm Qs’o’sd (X)Fss' (X)

nn'ss’

+ Z Vam 2 Qs'aso'(x; J) ( Vi+ %AJ‘ (X)) ‘I‘;’,v(x)

ss’j

+ 22 E Vom Qorasor (X; jl) (v +
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Q
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(10)

In the last expressions we have written the
Green functions for A = 0. Apparently for crystal-
line systems with a center of inversion the term
Qn'n(x, j) vanishes, as we shall assume in the fol-
lowing. If the impurities are randomly distributed
we must average over their positions. Assuming
that we can average independently the functions I’
and the factors Q and B we get again the set of
Eqgs. (9) but with functions Q and B instead of the
functions given by (10).

In the present paper we restrict ourselves in
the following to the case of pure substances and
substances containing non-magnetic impurities.

We must supplement the set of Eqs. (9) with the
Maxwell equation
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rot rot A = 4nctj, (11)*

‘where we get easily for the current j(x) the ex-
pression

@) =5 2 2 3 s (% k)

nm oa'ss’ 1

X Toa(x) 1( V;-i—%flz(x) )F;é'f" (x)+c.cl, (12)

n'm’

1 (x; kl) = ; S S Sayay' (v — )

Q mno

X [ (Vk(Z) gnn' (x0ys’|Q))]
X mn: (Y ays| —Q) gmm (Y @'%0 | Q) — gnns(x0ys’| Q)

X Gmens (Y'@ys| —Q) v (X) gmm (¥ 0'x0| Q)], (13)
where Vi (x) is the electronic velocity operator.
Apart from expression (12) there is a second con-
tribution to the current j which does not vanish
for crystalline systems. For systems with an in-
version center this term is apparently zero and
we have therefore not written it down here.

We finally give an expression, which we need in
the following, for the difference in the thermody-
namic potentials for the superconducting and the
normal states for small values of the quantities T.
To do this we must use Eqgs. (8) and differentiate
with respect to the coupling constants Vpm(x). We
get
o—=—-3 3 (aErEETer

‘3 nmpp’ee’ac’Bp’ oo’

X T2 (x) T (%) Typr (X) Tere (X). (14)

If there are impurities we must, as mentioned
above, average over their positions in Eqs. (12)-
(14). The formulae given by us will be used in the
following for a study of systems with impurities.
In the present paper we shall first consider the
case of pure superconductors. We can then intro-
duce appreciable simplifications but even in this
case we cannot completely finish the calculations
because of the band character of the electronic en-
ergy spectrum. We can perform the calculations
if we replace the rapidly oscillating functions
|k ) |2 under the summation sign by their aver-
age value 1/V. If we make this approximation we
can, of course, only obtain qualitative results for
the two-band model. In this approximation Eqgs. (8)

become
R, -
o' (X)= 3 Vo [Q,, + (V +i—:—A(x) )2
— BulTa(x) 2] Ta* (),
(15)

*rot = curl.
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where .
PP
Rn: ann = 7§(3) ﬁzN‘n 11- y
72(3) 1/ R
B, = 2 ny n—= s\ om 7 |kF 16
gz P Vm N 2n2(VEn(k) ) (16)

Moreover, we get instead of Eqs. (12) and (14)

(%) __z B — 22 AT (3) |2 — 6(0 () VT (1)

— Fn(x)VI‘n'(x))] , (17)
gs—gn——-}z o § 1T (x) [1dx. (18)

3. STUDY OF THE VICINITY OF THE UPPER
CRITICAL MAGNETIC FIELD OF PURE
SUPERCONDUCTORS

Abrikosov'®! has shown that in magnetic fields
above the lower critical field Hgy but below the
upper critical field Hqy (Hey < He < Hgy) there ap-
pears a mixed state characterized by a periodic
structure of the magnetic field distribution and by
the existence of maximum-field-strength fila-
ments.

For a study of the immediate neighborhood of
the upper critical field (H < Hgy) we follow

Lasher!®) and change to dimensionless quantities:
eB R,
I‘n(x’ y) - ( GRCﬁ Bn) ¢n(u’ U)
AB \'h

1) = (22 ) (w,0). (19)

Instead of the quantities V., we also introduce
new coupling constants Vp:

¢B _ (RuBn
Vom = Vom o B (2 5 (20)
and also
— 6rich
On = Qn, (21)

where B is the magnetic induction (directed along
the z axis):
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B = <rot, A (z,y)> = —gt(rotza(u, v)>,

{rot;a(u, v)> = 2. (22)
We write the vector a as a sum:
a=ap+ ap(u, v), (23)
where
ap = (0, 2mu, 0), rotay = 2, (23"
so that
{rotapy = 0. (24)

In the new notation the electrodynamic equations
become

b (2,0) =2 Vam[(V + 18)2 + @n — |9 ]Fbn’; (25)

dn 2 R, ., .
rotrota = ?—cz—g —B—n—[\pn (—iV —a)y, +c.cl,
diva= 0. (26)

We introduce the zeroth approximation wave
function (p’rkn:

Om* (8, 0)= 2} Vam[(V + i80) 24 nt-20 (1—2) [ @n” (1, v),

(27)
where A is the dimensionless upper critical field:
A= Ha/B, (28)
determined from Eq. (27):
(1 — Vu(Qs — 2aA) ] [1 — V22 (Q2 — 271) ]
— V12Va1 (Q1 — 2ah) (Qz — 2:A) = 0. (287)

The general solution of this equation has the form

om(z, v) = Cno (4, v), (29)
where
®(z, v) = X dse=ths exp {— n(u — ks/2m)?},
52 * _ (@-i —_ Zﬂ}\.) V{z ,
(C"T) = 1722(@2* 27A) (297)

The quantity A vanishes at the critical tempera-
ture. Retaining only terms linear in In (T,/T) we
get from (28’) the equation
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1) b
Hey = 3—c—ln£(q,° + g2 *———)
e Be a

X[ (VislNi/a — qs°) + p2°(VaaNVa/a — q°) 1, (30)

where the quantity T, and the parameters a and
b are defined as follows:

b= ViulNi+ VlVy, a = N\Ny(Vy,Vay — Vi2Va1),
1 — VulVigs® — VaalNags® -+ g1°gata = 0,
q:* = QilT=TC, 0= PilT:Tc- (31)
Apart from the definition of H,; we introduce
an expression for the thermodynamic critical field
H.'!! which is necessary for the following:

c2=7§i§——?;—5(ln-‘%)2[Ni+Nzﬁ_%12
x [Mi+ “Z(T(—Lxﬁ_f/v%]_ (32)
From (30) and (32) we get
() =g [t e
X [Ric+ch o (_171;1:’:1(:/):)2 ]_1 (33)

Let us now turn to Egs. (25) and (26) and let us
consider the next approximations for the function
¥pn and for the vector potential a. To do this we
introduce a small parameter € =A -1 =0 in ac-
cordance with the fact that we are studying the im-
mediate vicinity of Hgy. We introduce the notation:

P= iv + ap,
after which Eqs. (25) and (26) become
Y A+ 2V [2 4 200(2 — 1) — @ul b

p' = —iV ta, pir=pu+tip,

= 2 Vam [2ne — | Yn |2 — 2a,p" — a?] $n",
n

47 e2 R,2

rolrota, = T _;T[‘Pn“mbn + c.c.l. (34)

Moreover, we expand in terms of €:
A e

ap = eay +¢e%+ ..., <rota;) = 0. (35)

In the first approximation we then get

Xm* + D) Vam [p*2 + 20 (A — 1) — Q] %n"

= 2 Vam |20 — | @n |2 — 221p"] @n”,

. 4t 2 R,2
rotrota; = — —-—~ 2 @2 pPn + c.c.].

9 ¢z -~ B, (36)
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Using the property that

p+9n (u, v) = p_"a"(u, v) =0, (37)
we get from the second of Eqs. (34):
4n
rot;ay = — — 9 ¢ 2_] B (I(Pnlz—<!q)"|2> (38)

Using (27) and (35) we get from the first Eq. (34)
the condition

2 <2n|‘9n|2_ |(Pn ll‘ — a1(PnP Pn" + @2 PPs) > = 0. (39)

n

Using the equation
<ay(@nP"@n" + 9u"PPn) > = <|@n|*rot ap

and Eq. (38) we can write (39) in the form

4n 2  Ry?
<an(pn|2_l(Pn|4+ 9 Cz ._JB
X (|om|*=<lom|) ) =0. (40)
We introduce the notation
[Ci|X[@[2> =Ny, |Ci|K|p|*> = Nog,
R.2  _ _
2, 10lr =0l ¢ =1,2),
an r =|Cy|¥Eme (r=1,2),
n
4n e? Kg2
22—~/—— E18s, — = E28s/E18s 41
%1 490213, i 23/14 ()

Condition (40) leads to the following expression for
the number of superconducting electrons Nj in the
first band:

'Z SB[+ o (2x2— 1)1 (42)

We introduce the following expression for the
free energy of the system:

Fsu—Fn ) H?
A = = (RO 2 S B Taten) 1),
(43)
where
Hz(xy)_—,B—}—-zE;:irotzai
2 e? R,2
=8[1+5 5 R nld ol ] )

Using the fact that (curl a,) = 0, the approximation
(44) turns out to be sufficient to evaluate the quan-
tity Af up to terms of second order in e:

Hz(xy) =He_
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Af = Afo+ €2Afe,

B2 44 ¢(2x2—1)
8 I+ o(2x2— 1)

Afo = B*/8x,

Afy = — (45)

Using these results we get for the external mag-
netic field Hg

oAf

2
o, — 4n AT o 14 0 (2u2—1)

14+ o(2x2 — 1)

—_B[i—l—e | s

Hence we have

(Heo— He)[1 4 0 (2%22 — 1)]

B=H,—
o[2(2x2 — 1) — (2x2 — 1)+ 0 (%2 — 1)7]

(47)
The magnetic moment of the system has the form

Be 1+ o(2x2—1)
4n hdn A+ o (Cxz—1)P

_ (He— He)[1 + 0 (2¢22 — 1)]
40 [2(2n2 — 1) — (2u2 — 1) + 0 (2x2 — 1)7]
(48)
We finally write Eq. (44) for the acting magnetic
field H in the most convenient form
H,—H,
2(2m2 — 1) — (22 — 1) + 0 (2us2 — 1)2

|p1]2 14 0 (22— 1)
[ Ny p + 2(%2 — mz)J . (49)
Putting T = T, in Eq. (29) we get
C» v Vi:Ni/a
= _‘,_J_i/_r_,_, (50)
C1 V2 (g2 — Vuli/a)
whence we get, using (41) and (33)
2%221T=Tc == (ch/Hc)z > 1 (51)

This last inequality is the condition for type II su-
perconductors. One sees easily that from the fact
that Ny must be positive, ¢ > 1, and M must be
negative, and from condition (50) we also get the
inequality (Hgy > He):

2n2 — 1
2%12 > 1, —
i ) 0‘>2m2_10‘o,00
1 2% —1
S P15 |
2%12—1[ 202 — 1 (52)

Let us return to Eq. (45) for Af and study the
way the function
(0) = 14 0 (2122 — 1)
* M+o@nz—1)F
depends on o. Clearly, the quantity Af will have
its smallest value for that value of the parameter

(53)
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o for which the positive function ¥ has a maxi-
mum. This value of ¢ will be realized in the su-
perconductor. When ¢ = ¢; the derivative of the

function X vanishes, while X’ <0 for ¢ > ¢y and

x’ >0 for o < ao Thus, when o <1, i.e., when
k3> 1 for any k% >/, or, when

%22 < w2 [ 2(1 — %),

the function ¥ decreases in the region o > 1 of in-
terest to us, and the smallest value of the free en-
ergy corresponds thus to the minimum value of ¢.
According to [ 5 ~ 1.16 and the magnetic field
distribution is characterized by a triangular lat-
tice.

When ¢; > 1, i.e., when the inequalities

7(22 > %12/2(1 —%12),

Uy <u? <1, (54)

s < w2 < 1, U2 > %2 (55)

are satisfied, o must, according to (52) remain
larger than the quantity (2k3 — 1)op/(2¢} — 1) (which
is larger than unity). If this last quantity is, for
instance, equal to 1.18, a square magnetic lattice
will be realized in two-band superconductors
satisfying conditions (55).

We have thus shown that in two-band supercon-
ductors the symmetry of the magnetic lattice de-
pends on whether inequalities (54) or (55) are
satisfied, i.e., on the parameters of the system.

Using (41) we can show that

o (1 —7) (1 —|C2/C4|?) | C2/Ty]? (56)
ni? (1 + | Co/Ci]?) (1 +|Co/Ch]%)
where
_(Rz)z Bi . Nz ( U )4—N2 (ma )‘(kZFY'
TR BT N e ) TN Umg J\RF )
(57)

In the case where the second band (for instance,
a d band) is narrow (N; > Ny, my > my), 7<1
and k, can thus be larger than ki, if C2/01 <1, and
less than k; when 02/01 > 1. A study of the proper-
ties of the quantity (50) shows that for well-deter-
mined relations between the constants Vij and the
densities Nj both these possibilities are admissi-
ble (so far their exact values are not yet known).

In conclusion we note that according to (49) the
maximum value of the magnetic field H(x, y) which
is observed in points where the density of super-
conducting electrons vanishes, |¢ l2 =0, is equal to

2(Hep — H.) (%22 — m42)
2(2u2 — 1) — (w2 — 1)+ o (2@ — 1)

(58)
In the single-band case kg = k3 and H, pax
= He. In the two-band case «k; can only be equal to

Hzmax = He_
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k1 if Cy =Cy. If Ky is not equal to k, the maxi-
mum magnetic field (the field of the normal sub-
stance filaments) differs from the external field
He.

4. STUDY OF THE PROPERTIES OF SUPER-
CONDUCTORS WITH LARGE CONCENTRA-
TIONS OF NONMAGNETIC IMPURITIES

In this case we get by averaging the basic quan-
tities and the equations of-Sec. 2 over the impurity
positions and summing over the spin indices

Ry
Fn* (Z) = 2 anz { Qn’m | Y (x) + 6

x (v+= 2ie A) T (2)

— 2 B(W'm’ |np) T (@) Ty (z) T (z)} :
m’p

“(5)—c.cl,
(59)

2
j@)=—5" +‘EA)

[RanTa2) (¥

where, for in stance,

Qnm= 5 2 <‘Q§L$:m(z)> 8ss'80’as
SS oa’

m'|mp) = 5 Z (BY LB B
ss’aa’

BB’ao’

'-JB (n >gss'gaa'gBB'ga'a-

(60)

The coefficients Ryy, are defined in an analogous
way in terms of the Q, (X, j) and similarly
we establish a connection between the averages of
the quantities (13) and the Rym- The bar over the
quantities indicates an averaging over the impuri-
ties and the ( ) sign indicates averaging over the
coordinates x.

In the limit of high concentrations of non-mag-
netic impurities (p> 1) calculations lead to the
following results:

Qu =~ —Qu2+ Ny,

NN B A
Qi = A +1\/ ———In(2yp), o =17 (—'—+

Rym = RNpNp [ (N1 + N»),

R=

3z(2) <E>2 Niwi2vg + Navvi + viwz (Nipz + Napot)
4 n (V1 4 Na)[viva — paipis]

NN ouNo Now
(V14 No)* 7

)= B (B

X RB(nm|n'm 5

(61)
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where
h
Unm = — 20’ Vi = 0i — Wi + 01,
p‘._E A _B h B A
! n 2ty o1 n 2t p~:t_2’c—1— (62)

The relaxation times 7;; have been determined
before.'1?] The quantities 035 differ from the T i
by the presence of cos § under the integral sign,
where 0 is the angle between the vectors k; and
ki. The coefficients Qqy, which we have not writ-
ten out can be obtained from the coefficients given
here by interchanging in them the indices 1 and 2.
In Egs. (59) we use the equations

(63)

I‘n—l‘-l-?f ( )m.

to change to new functions I and #. We then get

(@) = D Viun N [N T + (=) w NiAIIZVi]
['ém +IHB_ R {V—}— 2Le )2
7¢(3 2
~B () @ 2] ), (64
1 NiN,
V)= [ Fa gD Ve ()"

<ot 5 (94 54)

~EO 2V )] @,

65
5 (65)

. ie 2ie . _
j =?R(N1+Nz) [I‘(x) (V +—c—h—A) I (x) c.c.] ,
(66)
where
o w” , NiN,
YT = ~ Ni+ N, %V"’"
20
X (—1)r(—1)mln{ — 27"
(=m=1 n( 1/t12 + 1/72 >
20m

V4 - an 1 N 1 -
v N2+N 2 e (VP

Emt = §m|T=TZc .

Using the definition of the critical temperature T,
we get in this limiting case of high impurity con-
centration

V. A. MOSKALENKO

Nn n NiNp

1—§nvmn]vm[m+( 1) wm] gmc_

(67)
We change to dimensionless variables
2 '
x=x’x(—6—ln B > , A=A’~c—r£—(6—ln B )
\R B 2¢e \ R B/ '
r \ 2 2

@ =1 (r) (i) 0w @9

We obtain instead of Egs. (64), (65) the following
set:

&

2
+iA’> DO +(1—|0[2) 0" =0,

rot'rot’ 4’ = j' (2') = /cDV (D+_(D+V CD)
PR %
A ()| D2 (69)
where
3¢ Be v 72(3) 't
T 8eR n \ a(NitNy) (70)

In the case of a large concentration of non-magnetic
impurities the Ginzburg -Landau equations of the
two-band model reduce thus to Eqgs. (69) of a
single-band model, but the magnitude of the criti-
cal temperature T, and the parameter x depend
in an essential way on the two-band character of
the system.

We also give Eq. (14) in the limiting case of
large impurity concentrations which we are con-
sidering:

He
Q%— Q.= — | |0(2) |4z, (71)
where
H:?2 4 n 2
8v  7L(3) <5 ) (N""N”)(ln*) (72)

When there is a magnetic field present we must
clearly add to expression (71) the energy of the
field

(73)

It is thus clear on the basis of the equations given
in the foregoing that for high concentrations of
non-magnetic impurities the thermal and electro-
magnetic properties of the two-band model of a
superconductor is completely determined by the
equations of the single-band model provided the
quantities T, and k are appropriately defined by
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Eqs. (69) and (70) and the density of states N is in

the thermodynamic expressions replaced by
‘Nl + Ng.
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