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It is shown that when anharmonicity is taken into account the local of quasi-local oscillations
of impurity centers containing ions lead to the appearance of a peak in the low frequency elec-
tromagnetic absorption spectrum at frequencies w < r. where T, is the local oscillation
damping. The dielectric losses due to this mechanism possess a specific temperature depen-
dence and may be comparable with (or even greater than) the losses calculated in the harmonic
approximation. A similar type of damping connected with electron local states of impurity
centers is considered and it is shown that it may be significant in the absence of a symmetry

center.

LOCAL oscillations which occur in the vicinity of
impurity atoms or defects in crystalsm give rise
to peaks in the infrared absorption spectrum at the
frequencies w, of these oscillations. Allowance for
anharmonicity leads, on the one hand, to a broaden-
ing I, of these peaks, and on the other to the ap-
pearance of new peaks (overtones) at multiple or
combination frequencies. This corresponds to the
fact that, in the presence of local oscillations,
peaks appear in the spectral distribution of the
correlation function not only at the frequencies w,,
but also at multiple and combination frequencies,
and also at low frequencies w & I'y. As a result,
owing to the finite width of the local levels, absorp-
tion of electromagnetic radiation with low (but not
zero) frequency w & I'y becomes possible, corre-
sponding to processes at which a quantum of the
same local oscillation is absorbed and emitted.

Physically this absorption mechanism is con-
nected with the fact that allowance for the anharm-
onicity leads to a certain entanglement of the local
states with the states of the continuous spectrum,
and the exact and very complicated eigenfunctions
correspond, strictly speaking, not to a discrete
impurity level, but to a band of frequencies (ener-
gies) near w,, with width ~ I', ; owing to the small-
ness of I'y, the density of the states in this band
can be quite high. Quantum transitions between
different exact states inside this narrow band
indeed ensure absorption of the electromagnetic
radiation at frequencies w < Iy, which will be con-
sidered in Sec. 2 below.

No less intense an absorption of the low-fre-
quency electromagnetic radiation should take place

if not local, but quasi-local states are produced
near the defect, within the continuous spectrum,
corresponding to the peaks of the state density and
to the spectral density of the square of the ampli-
tude(?*:3), This question is discussed in Sec. 2.

Finally, in Sec. 3 we consider similar effects
which arise in the case when the electromagnetic
wave interacts with electronic localized states of
the impurity centers.

All the discussed effects become much more
pronounced if the impurity centers have no symme-
try centers (the crystal itself, of course, can have
a symmetry center in this case). We shall there-
fore consider below just such a case. The analysis
will be made for the case of sufficiently low im-
purity-center concentrations when all the effects
of the concentration broadening of local or quasi-
local levels can be neglected.

1. ABSORPTION OF ELECTROMAGNETIC RADIA-
TION BY LOCAL OSCILLATIONS

The imaginary part of the dielectric constant
€7x(w), which determines the coefficient of absorp-
tion of the electromagnetic radiation by the impur-
ity centers, can be expressed in terms of the tem-
poral correlation function for the dipole moment M
of the center (see[“):

®
xx (0) == 4n2N th — My, M, Do,
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where N is the number of centers per unit volume,

*th = tanh.
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ABSORPTION OF LOW FREQUENCY OSCILLATIONS

{AB} =AB + BA, (...) denotes the quantum-
statistical averaging, i = 1, and k = 1.

If the dipole moment is connected with the vibra-
tions of the atoms of the center (which contains
charged ions), then My can be expanded in powers
of the operators ay and a, for the creation and
annihilation of vibration quanta,

M, = E myay + Z M@ + 2 m;wauaﬁt’ + h.c. (2

% xx *%

Here k labels both the local oscillations and the
oscillations of the continuous spectrum (which are
distorted during the appearance of the defect). In
our case of impurity centers without a symmetry
center, the coefficients m,, (which take into ac-
count the nonlinear polarization of the electron
shells by displacement of the ions), and also the
coefficients V in(A.2), are generally speaking dif-

ferent from zero.
From (1) and (2) we see that the determination

of €7y (w) for small w reduces to a calculation of
correlation functions of the type

Cax, Gdo,  @xy, GVay .-y

Cawtax, axtdo, . .., axtax, axtaydo.

This calculation can be carried out by the method
of temperature Green’s functions (see the appen-
dix).

For example, if the decay of a local oscillation
into another local oscillation and a crystal oscilla-
tion is much less probable than its decay into two
crystal oscillations, then in the case of small w
(ST <w,,w<T,w =0), as follows from
formulas (A.5), (A.6), and (A.8) of the appendix, we
have

IxxHV’”‘"' 2T
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(@t auctde = = L Ve gy Y
((1)< ©x, ﬁ)u’)v

Cantax,, axtde

-1 Vo (T, =+ T, + 215, 70,) 8 (0 — 0, + @)

Wy’
i (‘(1)<(Du,, (’)"2)1

where I is the damping of the local oscillation k.
In connection with the statements made in the ap-
pendix, the summation over «; is carried out over
only the local oscillations in the sum Z’ and over

the oscillations of the continuous spectrum in the
sum Z”.

(3)
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Using the same approach as in the appendix, we
can readily show that the expressions for the corre-
. . + +
lation functions (a,, a,s), or (a,, a ), are
obtained from formula (3) for (aK, a;‘c)w, by re-

*
placing in it VK1K2K3 K KoK 3 by VKIKZKVKlKgK, or
VE ek VE

K 1K oK K1K2K" respectively. The correlation
functions (aKaK, a;
formula (A.6).

We consider first the contribution, connected
only with the local oscillations, made by €fyy(w) t
the imaginary part of the dielectric constant. We
therefore take into account, say in (a,, a;r> , only
the first term for the time being. Substituting (2)
in (1) and taking into consideration the presented
expressions for the correlation functions, we find
that in the region of low frequencies e{3x(w) can be
represented in the form

aK>w are determined by

n” !
erxx (0) = D 1xx (0, %)
T

1 AR

® 7
=1 ZN—— Auz A ] 1
o :rZ 7 ot pang D,

(4

Au = Re Z

We see from this expression that the contribu-
tion made to €g, (w) by the local oscillations is
proportional to w at low frequencies, when w « I’y
for all such oscillations, and then the dependence
of efxx on w goes through a maximum, so that at
high frequencies €{xx ~1/w. The coefficient A,
contains a small third-order anharmonicity con-
stant V; (or else a small coefficient m,, connected
with the nonlinear polarization). However, I, is
also proportional to V3 (if decay of the local os-
cillation into two crystal oscillations is possible),
and therefore for small w the quantity e{xx(w) does
not contain the small anharmonicity parameter and
can make an appreciable contribution to the dielec-
tric loss. In the case of high-frequency local os-
cillations, when the local oscillations can decay
only into three phonons, I, ~ VZ, where the fourth-
order anharmonicity constant V, is much smaller
than V;, €f4x is proportional to V /V and is espec-
ially large

For a rough estimate of efyx(w) let us consider,
for example, the case when only one local oscilla-
tion arises near the impurity center of the charged
ion, and we can neglect the nonlinear polarization
my - Then m, ~eu,y (U (a, + a;) is the displace-
ment of the impurity ion in the local oscillation)
and A2 ~e?u2, P, /w,, where P, is of the same or-
der as the frequency shift, due to the anharmonic-
ity, of the local oscillation at T = 0. Since
uly ~1/Mw, (I =1), where M’ is the mass of the

Vuun' + M.

Wy
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impurity ion, we have in this case for w <« Iy and
T > wy:

14 e? PuT
etzz () ~ 83Nm117 @dTy

This value of €{xx can be compared with the
dielectric loss on charged defects, obtained in the
harmonic approximation[”. This loss makes a
contribution €5, (w) to e}’gx(w) (see formula (5)).
According to the estimate given inl"], €9xx(w) is of
the order of 67r2Nwe2/Mwi’n, where M is the average
mass of the matrix atoms and wy, is the maximum
frequency of the continuous-‘spectrum oscillations.
If decay of a local oscillation into two phonons is
possible (w, < 2wy,), then w, I} ~ TP, and €fx(w)
has the same order of magnitude as €jxx(w). On
the other hand, in the case of high-frequency local
oscillations (wy, > 2wp,), when the local oscillation
decays into three (or more) phonons, then I', < P,
and, as already indicated, eixx(w) is particularly
large and can exceed €fyx(w) when T R w,.

When T — 0 the damping I', tends to a constant
limit, i.e., efyxx(w) depends exponentially on the
temperature (like exp (—w,min/T), where wymin is
the minimum frequency of the local oscillations).
At high temperatures Iy is proportional to T or
T?, depending on whether the local oscillation can
decay into two or three phonons, and when w <« Ty
the value of e{xx(w, k) does not depend on the tem-
perature or else is inversely proportional to T,
respectively. Such a specific temperature depen-
dence of €{yx(w) can help separate the dielectric
losses connected with the local oscillations.

The frequency dependence of e€{xx(w) has, in ac-
cord with (4), the form characteristic of the loss
due to the relaxation processes and the correspond-
ing characteristic relaxation times 7, = 1/2T,.
These processes are connected with the change in
the occupation numbers of the local oscillations
under the influence of the electric field of the wave
Ex. Formula (4) can be easily obtained also with
the aid of the usual approach of the phenomenologi-
cal relaxation theory of oscillation damping, if ac-
count is taken of the fact that the quantity —A,Ey
determines, in accord with (4), (2), and (A.2), the
change in the oscillation frequency « when the field
Ey is turned on. The microscopic approach used
here makes it possible, however, to express €7x(w)
in terms of macroscopic characteristics of the
dipole moment of the center and the anharmonicity,
and makes it possible also to consider in unified
fashion the losses connected with the oscillations
of the continuous spectrum, particularly with quasi-
local oscillations.
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2. ABSORPTION OF ELECTROMAGNETIC RADIA-
TION BY THE OSCILLATIONS OF THE CON-
TINUOUS SPECTRUM

In the harmonic approximation and neglecting
nonlinear polarization (my,’ = 0), as follows from
(1) and (2), the dielectric loss is connected only
with the low frequency oscillations of the crystal,
for which w, = w. Recognizing that when anharm-
onicity is neglected we get

+
{ax, ax: o

= (2nn—|— 1)(5((1) — (l)K) Osexer

T
=~ 2-—6((1) - wu)auul
[}

(0 LT)

and substituting (2) in (1), we find that the corre-

sponding contribution to egx(w) is

(0LT).  (5)

Ez;’x(w) = /mZNZ | |2 6 (0 — ox)
%

Loss of this type was considered by Vinogradov[”

and was compared above with €fxx(w). We shall
therefore no longer discuss this contribution to
€ixx(w).

Allowance for anharmonicity and nonlinear
polarization leads to an additional contribution to
the dielectric loss, connected with the oscillations
of the continuous spectrum. This loss is deter-
mined by the entire spectrum of oscillations, with
the frequency region w, ~k corresponding to a
very small volume in k-space and making a negli-
gibly small contribution. We can therefore assume
that wy, wg’ > w and determine the correlation
functions with account of anharmonicity by means
of formulas (A.5) and (A.8). Taking these formulas
into consideration, as well as the analogous formu-
las for (a,, a,r), and (ay, ayr), (see Sec. 1) and
substituting (2) in (1), we find that the correspond-
ing contribution to egy{w) is

e (@) = 165N 22 31 [ Ao |20 (e + 1) (0 — o),

Ny

Ay = Re |

w’

Vun'x"+ Mg ((D K O, (D<T) (6)

Wy

€%xx(w) is proportional to w, just like ejxyx(w), but
since it contains as a factor the square of the

small anharmonicity or nonlinear-polarization con-
stant, it is usually appreciably smaller than €fy(w).
Unlike €%, the value of €§y is proportional to

T when T > wy, and at high temperatures it can
amount to ~ 10% of €)yx. However, as seen from
(6), €4xx(w) can become much larger if the distri-
bution function of the oscillation frequencies has
sharp maxima (for example, in the presence of a
narrow branch of optical-oscillation frequencies).
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The contribution of ef;x(w) to the dielectric loss
increases also in the case of centers near which
quasi-local oscillations are produced!?:3]. In the
investigation of this case it is more convenient not
to make use of formula (6), in which summation is
carried out over the exact normal oscillations of
the harmonic crystal perturbed by the presence of
the center, but go over to the usual displacements
ugy of the atoms about the center (s—number of
atom). To this end we introduce the quantities

Z -Aux' Bum Bu 8’ ja

®xW
where B gj are the coefficients in the expansion of
the real normal coordinates in the displacements
of the atoms:

Ass i =

= DBusitlsi (i=2,¥,2),
st

after which we can transform the quadratic form

Z Anx/((lx + du+) (aw"l‘ a,i') = Ass'ijusius'j

120

(here and below, summation is implied over the re-
peated indices such as s or i). Neglecting anharm-
onicity, the quantities Aggsjj are the coefficients

in the quadratic term of the expansion of the dipole
moments of the center My in powers of the dis-
placements, and have a simple physical meaning.
With increasing distance from the center, these
quantities decrease rapidly. Making the indicated
transition from the normal coordinates to the dis-
placements, and taking (A.8) into consideration, we
can rewrite expression (6) in the form

’” o’
Szxx(ﬁ)) = 2n2N _i,As,s,ijAsasdm

X St () a3 () et (V) Boum (V) Do

o

(0]
= ‘4“2N——A8182‘ijA53541m S g, Usyt Vo’
T Ze
’ 7 —

1
X g, tsomdo-or 1+ ch % ) 20’ (0 S omo < T) (M) *

We used here Wick’s temperature theorem and
took into account the fact that Ass’ij = As’sji' The

appearance of the factor (1 + cosh(.u’T’i)‘1 under
the integral sign is connected with the fact that the
correlation functions (A, B),, correspond to the
anti-commutator AB + BA.

Let us apply formula (7) to a center consisting
of a heavy impurity ion that differs in mass M’
(but not in the force constants) from the atoms of
the cubic lattice (which have a mass M). In this

*ch = cosh.
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case the quasi-local oscillations are produced in
the region of very low frequencies. The correla-
tion function (uSI, Ug’j ) was determined for this
case by Eliott and Taylor[g], and it has a sharp
peak near the frequency of the quasi-local oscilla-
tion w,. It is easy to verify that in the region of
the peak (ugi, us’j>w can be represented approxi-
mately in the form

Ui, Usrj 20|
1 1 ! dsodos T'o/2
=*“61‘j . cth ICO | , $000s 0/ ) (8)*
2n T My 2T (|o'|—wi)2+ T'¥/4

where |w’| ® w) < Wy,

FO ((J)o),

02

2_ﬁ
A]l{i( (m)dm) :
exp (—ikR;).

'(0);2

dso = Z

—
(225)" wr>m; o

Rk R Ok
k denotes the wave vector k and the number of the
oscillation branch of the ideal crystal, g(w) is the
distribution function of the oscillation frequencies,
normalized to unity (g(w) ~w? for small w), and it
is assumed here that the impurity atom is at the
zero site. In the derivation of (8) we took account
of the fact that for the quasi-local oscillations
Ty < wy.

Substituting (8) in (7) and integrating over w’,
we obtain

T
Gsxx((.O) = 161112]\7 lezJ! #‘F—ogno(no -I'- 1),
Aoy = = S\ iy duoden,  mo= [ ex 93—1>"i
0ij — ZMI(D'O ss*ij Qg Wsr0y 0 — PT
8s’
(0T w, 0LT). (10)

The frequency dependence of e€fx is the same
as for e€fxx. At low temperatures €jyy, just like
€/xx», depends exponentially on T, but in the case
of quasi-local oscillations the temperature depen-
dence of €” goes over much earlier to the high
temperature limit corresponding to €y ~ T (when
w < I'y). Neglecting the nonlinear polarizability,
the order of magnitude of A01J is A01
~e?Py/wy M'w,, where P is the frequency shift
of the short-wave oscillation of the ideal crystal
(wk ~wpy) due to the anharmonicity at T = 0 (usu-
ally P, ~ 10"%wy,). If we use for an estimate of w,

*cth = coth.
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and I'; the Debye approximation, in which g(w)
= 3w?/w},, then, in accord with (9),

3n M (1)0‘ 11 (1)02
Ip=m=— — —=—

2 M opd 2

2

Y

o Om?,

®m

Substituting these estimates in (10), we find that
when w < I'yand T > w €5xx(w) is of the order
PO(M’)’/z e T

83;Ix((1)) ~ 103N0)En 'TM"

Mom® o',

From a comparison of these results with the esti-
mate given above, efx(w) ~10°Nwe?/Mw? , we see
that in the case of sufficiently heavy impurity atoms
at high temperatures efy(w) may exceed €fyx(w),
i.e., the interaction with the quasi-local oscillations
will make the main contribution to the dielectric

loss.
Similar results for a somewhat more general

case of quasi-local oscillations (for example, cor-
responding to the intramolecular oscillations in
impurity molecules or complexes), can be obtained
by expanding the displacements in terms of the ap-
proximate normal oscillations «, describing the
long-lived quasi-local oscillations, and in terms

of the remaining oscillations k. Then the harmonic
part of the Hamiltonian of the oscillations is not
completely diagonalized and contains, in particular,
terms of the type

Z H.ratay + h.c.

®R
(which upon successful separation of the quasi-
local oscillations can be made sufficiently small).
If the main contribution in the expansion (2) of the
dipole moment is made by such quasi-local oscilla-
tions, then, obviously, we obtain, using the same
reasoning as in the case of local oscillations in
Sec. 1, expression (4) for efyx(w). All that changes
is the meaning of the damping I',, which can now
contain not only the term (A.7), connected with the
anharmonicity (and playing in the case of quasi-
local oscillations a much smaller role than in the
case of local oscillations), but also the tempera-
ture-independent term

IFv=m Z IHuklza((Ou_(Dh)s
3

which takes into account the non-stationarity of the
quasi-local oscillations and which determines the
damping I'y/2 in the case considered above.

3. INFLUENCE OF LOCALIZED ELECTRONIC
STATES ON THE ABSORPTION OF ELECTRO-
MAGNETIC RADIATION

For simplicity we confine ourselves to the case
of impurity centers containing one electron, and

M. A. KRIVOGLAZ and I.
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neglect the probability of the transitions of the
electrons to the conduction band. In the second-
quantization representation, the operator of the
dipole moment can be represented in the form

My= pp,m,,p,bp+bp,, (11)

where b;) and bp are the operators of creation and
annihilation of the electrons in the p-th local state.
In the case under consideration, when there is no
symmetry center, the diagonal coefficients mp,
are in general different from zero. The correlation
functions (Np, Np,) (Np, = b;)bp), corresponding to

just these diagonal terms in (11), are of impor-
tance for the investigation of the absorption of the
low frequency oscillations.

As in the case of local oscillations, let us find
(Np, Np:>, defining the Green’s function ((Np; Np;))
(for the anticommutators). We consider, for exam-
ple, the closely-lying electronic levels, when the
Bohr frequencies are smaller than w,, and as-
sume first for concreteness that the Hamiltonian
of the system of electrons of the impurity centers
and of the oscillations is

H = D) 0pbytby + D) oxtutan

D x

+ Z Vo byt bpi(ax + axt).

PP%

(12)

Assuming the constants V., small, we can go
through the usual procedure of splitting up the
chain of equations for the Green’s function, neglect-
ing, in particular, the functions ((b;b s Npu>>
(p #p’) that are small with ((Np; Np,> . We shall
also assume that the number of electrons is much
smaller than the number of the centers at which
they can be situated, and consequently the average
electron occupation numbers are n, <1, and the
quantities npnys can be neglected compared with
ny,. This assumption, obviously, does not limit the
generality, since the centers unoccupied by the
electrons do not lead to absorption of the type un-
der consideration.

As a result of the indicated procedure, the sys-
tem of equations for the Green’s function
« Np; Npr)) (constructed for the anticommutators)
takes the form

1
0 {Np; NpYo = 7”11‘5:0?'* Z prx(‘ﬂ)(pr; NpYo,

n

2 Rpp(w),

PiP1F D)

Rpp(0) = — (13)
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where

Rypp,(0) = Ryp,(0) — Rpp,(—0),

n 1
stpl(‘w)‘—" Z lep1u|2[ ot T ]4
" O —Wpp,~— Wx O — @Dpp,}@x
14 7& P1, Wpp, = Wp — Wp,. (14)
In the expressions for
Rypp, (0 % i8) = Ppp,(0) F ilpp, (0)
at small values of w we can neglect Ppp1 with w or
with Fpp iy and we can assume that
Tppi(0) = Tpp,(0) = T'pp,
= 2x Z lepmlzl(nn'f‘ 1)
n
X 0 (0p,p — @)+ Mub (0pp, — wx)]. (15)

Then the solution of (13) can be written in matrix
form

{Np; NpYosis = ‘ﬁ‘(wl? ir)p_pix np, 8p,p1, (16)
where Iis a unit matrix and I is the matrix with
matrix elements Ppp .

Substituting (16) in (A.1), we can find the corre-
lation functions Np, Npr and then determine, using
formulas (1) and (11), the dielectric loss egxx(w)
due to the impurity-center electrons. As a result

we get
Bexx ()

= 4ﬂN—(E Z MmppMmprp Im (0l + lT);;h np, Op,p
pp’

(17

In particular, for centers with two discrete elec-
tronic levels (p, p’ = 1, 2) we obtain

1 (O]

Gexx((l)) = anNe—f(m“ bt mzz)z

T2+ It
@2 + (Tgz2 + Ta1)?’

ewn/T

(e@/T 4 1)2

1
« (18)

where Ng = N(n; + ny) is the total number of elec-
trons in the centers and

Tiz+ Tot = 27[2n (021) + 11D} | Vipx|? 8 (@21 — wx).

In the derivation of (18) we took into account the
fact that ny/ny, = I'yy/Tyy = exp(wy1/T).

Since the radius of the electronic wave function
is much larger than the amplitude of the oscilla-
tions even for light ions, in our case when there is
no symmetry center my,, can be appreciably larger
than m,, i.e., the dielectric loss due to the elec-
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trons of the centers can be quite appreciable, es-
pecially for large I'y, + I'yy (I', however, must not
be too small, so as to be able to satisfy the condi-
tion w S I'yy + I'yy).

From (18) we see that €y, is exponentially
small at low temperatures (T < wy), and then with
increasing temperature eélxx reaches a maximum,
after which it decreases like 1/T? for T > w,; and
w << Ty + Ty,

It is easy to show that (7) and (8) remain valid
in a case of a Hamiltonian of electron-phonon in-
teraction which is more general than (12). The
quantities I'_,, determine in this case, too, the
probability of non-radiative electronic transitions
between the states p’ and p, and for each concrete
form of the Hamiltonian they can be readily calcu-
lated in the usual manner. We see from (18) that
for large distances between the electronic levels,
when wyy > T for arbitrary temperatures, the los-
ses of the type under consideration become neglig-
ibly small.

We note in conclusion that an investigation of
the frequency dependence of the described mechan-
ism of electromagnetic-oscillation absorption could
yield interesting information on the damping of
local oscillations as well as on the probabilities of
the transitions between electronic levels.

APPENDIX

The calculation of the Fourier components of
the correlation functions for small values of w is
conveniently carried out by considering retarded
Green’s functions of the type

(4; By = —i0 (1) {A (1) B(t)}7,

corresponding to the anticommutators, and taking
into account the obvious relations between the
Fourier components of the Green’s functions and
of the correlation functions

4, B>o = i[{4; BYatis — (A4; BYo-is),

Let us consider, for example, the Green’s func-
tion ((a,; aL;)) for an oscillation Hamiltonian that
takes into account third-order anharmonicity:

H 22 Oxxtay

x
1
+ re 2 [Vsoernrs (@t tanot
Hx'®”
+ an’+auaw'+ + aw+auu+ax)
'
+ Vixorr@n@ntlonrr + h.c.]

6—+40.(A.1)

(A.2)

Setting up in the usual manner the equations of
motion for the Green’s function, going over to
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Fourier components, and retaining in the right side
only the Green’s functions which are significant in
the region of small w, namely of the type

((a; By a:(/» (the anharmonicity constants, as

usual, are assumed small), we obtain

1+ 2nx

Grxer-
2n *

(0 — ox){ax; atHo =

1 )
+ Z Vinan <( ax,tax, + 5 6u.u,)§ aw+> o

K%z

nx = [exp (ox/T) — 117 (A.3)

It is convenient to differentiate the Green’s func-
tion ((a+K 2(t)aK 1(’c); a}r(t'))) in (A.3) with respect to
t’ (and not with respect to t as usual), making it
possible to express these functions for k; = k4 in

. + . + _
terms of the functions ((a, 2ry (B B, ~ 0y )

which were determined earlierm, and express
them for k4 #k, in terms of the functions

((a; 2 4 a,: 1aK2>>’ which can be easily determined
in the harmonic approximation. Neglecting the
small terms ~ V/w,, the corresponding equation
for the Fourier components at small (but nonzero)
w takes the form

(@ — ow) (@, n,; T3Ya

. — O, (A.49)

n‘n,)>m.

Taking (A.1) into account, we can express with
the aid of Egs. (A.3) and (A.4) the correlation func-
tions (ay, ay’), and (a,+<2a,<1, ag’), for small values

+ +
= V%‘.Kz%' <au2 Ay s (ax, Qx.

of w in terms of (aKla,q, aKzaK2>w and
(aKza,cl, a,qa,{z)w

1

’ + +
<ax, a:’->m = 2 Vu,x,x Vu:u,x' <au, Ay, (ﬂ/nz Ay, — 77«2) Yo
HiKo W W
w_ A . + +
+ Z.I On ® V"l“z" V"l“z"' <a?¢z Ay, Ax, a‘)ﬁz>0.)
oy 0% O%/
; +
+ 0( ) (0<<wx, 0w), <ax, ax, aw o
+
= - (Sn,uz— 2 l/u3u3u1<aul Ay, (auﬂ Ay, — n,‘l) >0‘
Wy s
1, + +
—(1— S Vu,uzw <anz Qx,, Qx, ax:D0
Wy
V2
+0 > )(m<mx,, Ok, Ox; ©F0). (A.5)
Wy

The summation over ky, ky, and Z/ is carried out
here only over the local oscillations, since for the
crystal oscillations (belonging to the continuous
spectrum) we have V, Kok g ™ N, ! (N, is the number
of atoms in the crystal), and in the limit of an
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infinite crystal the corresponding part of the sum
vanishes. To the contrary, in the sum Z” the sum-
mation is carried out only over the crystal oscilla-
tions, so that

<a"z+a”17 au1+a“z>m ~ 6((‘0 — Wx, + 0)11:,)'

and vanishes for small values of w, for local os-
cillations for which the difference w Ky~ @k, is
finite (we exclude the case of very close frequen-
cies of local oscillations). The operators a, and a;r
themselves in (A.5) can correspond to either local
or crystal oscillations.

The correlation function (a;'< P 1(a.z JK, ~ D 2)>w
has a simple form in the case when the decay
(or ‘“scattering’’) of the local oscillations by an-
other local oscillation and the crystal oscillation
is much less probable, than its decay into two
crystal oscillations (in particular, in the case of
a single local oscillation only). In the case of
small w (w & F < wy; w < T), the calculation of
<a+ a,

(a -n, )) was carried out earlier

for thls case 1n1[5] and as follows from formulas
(A.11)—(A.15) of (5]
Caxtay, (a,?,' wr — M) Do

2 208w

=% orparg it
((Ogru<ﬁ)u; (1)<T); (A.6)
I'x= I‘u((l)u)
= Z”[I Vuww (14 nw + nyrr) S (x — w — wur)
2 Va2 ) S — o F w)l (AT

where the summation in Z” is carried out only over
the oscillations of the continuous spectrum, and the
second term differs from zero only if the frequency
of the local oscillation « lies lower than some
branch of the frequency spectrum.

The quantity I'y describes the damping of the
local oscillation k, due to the anharmonicity of
third order, and for high-frequency local oscilla-
tions it vanishes when w, > 2wy, (Wy—maximum
frequency of the continuous spectrum). It is easy
to see, however, that in this case, too, formula
(A.6) is valid, but now I'y is determined by the
decay (or ‘‘scattering’’) of the local oscillation
into three (or more) oscillations of the continuous
spectrum, and will be appreciably smaller. It is
important that the terms in the fourth-order anhar-
monicity in the Hamiltonian, of the type
Vikk'x na;aKa;raK n, which determine the ‘‘modula-

tion’’ broadening of the spectral distribution of the
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local oscillations (seem), make no contribution to
the damping I', (which characterizes only the ‘‘de-
cay’’ broadening connected with the finite lifetime

of the excited state).

. . + + .
The correlation functions (aKzaKI, a, 1aK2)w in

the harmonic approximation are obviously equal to
(K1 =Ky
<au2+du,, au,+au2 )m

= (nul + Ny, + 2n"ln"z)6(m — W, + (‘)"z)' (A8)
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