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Excitation of a magnetoelastic wave in a ferromagnet with an inhomogeneous internal sta­
tionary magnetic field by a monochromatic electromagnetic wave is considered. It is shown 
that the transformation coefficient should experience gigantic oscillations as a function of the 
stationary external magnetic field strength and of the frequency of the incident electromagnetic 
wave. The problem is so: ~~d for weak coupling between the two magnetoelastic wave branches 
(strong coupling between the spin and elastic waves[3J) when transition from one wave to an­
other occurs at the boundary of the sample. 

1. INTRODUCTION 

As shown by Schlomann and his co-workers[1-2], 
a homogeneous microwave field can excite in a 
ferromagnet spin waves with wave vector k dif­
ferent from zero, if the constant magnetic H(z) 
inside the sample is inhomogeneous. Figure 1 
shows schematically the distribution of the field 
H(z) along the sample, and the corresponding values 
of the wave vector of the spin wave (at fixed fre­
quency w equal to the frequency of the microwave 
field) 

km2(z)=~ [~ -H(z)], (1.1) 

where D is a volume constant and 'Y the gyromag­
netic ratio. 

If Hmin < wh < Hmax• then k2(z) vanishes at a 
certain point z0 where H( z0) = w h, so that the point 
z0 (the turning point) divides the sample into two 
regions: to the left the wave can propagate and to 
the right (k2(z) < 0) it cannot. In the vicinity of this 
point, according to Schlomann[1J, a spin wave with 
k = 0 is excited and propagates (to the left) in the 
inhomogeneous field and goes over into a spin 
wave with k >" 0. 

If we take into account the magneto-elastic in­
teraction, then the spectrum will not have the form 
( 1.1), and there are two branches of magnetoelastic 
waves (Fig. 2), the distance between which has a 
minimum at the point z1 (intersection point), where 
the curves of the spectrum of the transverse elas­
tic waves(~= (w/s) 2, s-velocity of transverse 
sound) would intersect the spin waves (1.1) (if 
magnetoelastic interaction were to be disregarded). 
Near the crossing point, the spin wave excited by 

FIG. 1. FIG. 2. 

FIG. 1. Variation of internal field H(z) and of the squared 
spin-wave vector km 2(z) (1.1) with sample length (z) 

(k II 2, H II z, vH II z) 

FIG. 2. Variation of squared magnetoelastic-wave vector 
with sample length (z). The dashed line shows the squared 
wave vector of the noninteracting spin and elastic waves (kp2). 

the microwave field at the turning point will inter­
act with the elastic wave, and this will excite sound. 

Qualitatively, the interaction of two branches at 
the point of intersection is determined, as shown 
in[3J, by the value of the parameter a 2[k'(z1)r1, 

where a is the minimum difference in the wave 
vectors k2(z 1) - k1(z1) of the two branches. (The 
prime here and throughout denotes differentiation 
with respect to the variable z.) Physically this 
parameter represents a change in the phase differ­
ence (o) of the interacting waves over the interac­
tion length ( Z), o ~ ( k2 - k1)Z ~ aZ. Since the inter­
action occurs in the entire region where k2 - k1 ~a, 

we have l ~ a/k' and o ~ a2/k'. If o » 1, then the 
interaction of the branches along the length l re­
verses sign many times, so that the wave does not 
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go over from branch to branch. This is the case of 
weak coupling between branches. It corresponds to 
a strong coupling between the magnetic and elastic 
waves, since the wave moving along the same 
branch is transformed, on passing through the 
point z1, from magnetic (elastic) into elastic 
(magnetic) (if the interaction is small far from the 
crossing point, so that the oscillations are separa­
ted there into pure spin and pure elastic). In the 
opposite case (o « 1) the interaction between the 
branches is strong, so that the wave goes over 
practically entirely from one branch to the other, 
i.e., it remains a spin wave. 

The quantitative analysis made by Schlomann 
and Joseph[t-3] was based on the assumption that 
the decoupling parameter a « "J>• and that the prob­
lem of the excitation of sound waves by the micro­
wave field was solved stage by stage. The excita­
tion of the spin wave by the microwave field was 
considered separately[l,2], independently of the 
transition from the spin wave into the elastic 
wave[3]. We have carried out the corresponding 
calculation without assuming ak}j to be small, and 
considered the interaction of the microwave field 
directly with the magnetoelastic waves. 

We investigated the case of weak coupling be­
tween the branches (o » 1), when the wave excited 
by the microwave field propagates along the branch 
k2 without going over to the branch k1• It was as­
sumed that the field H(z) changes sufficiently 
slowly (k'ki3 « 1), making it possible to employ the 
WKB method. In this approximation, as shown by 
calculation, the value of the electromagnetic energy 
absorbed by an infinite sample does not depend on 
the decoupling parameter a, if the wave k2 approa­
ches asymptotically that of sound (k2(- oo) = '-p). In 
a number of experiments[4-s], the wave excited at 
the point z0 was registered near the right end face 
of the sample. The situation there corresponded 
precisely to the case of weak coupling between 
branches, when there is no transition inside the 
sample from branch ~ to branch k1• On the other 
hand, the wave can reach the right end face of the 
sample only if it goes over to the branch k1• We 
have considered the transition from the branch k2 
to the branch k1 at the boundary of the sample. 

It has been shown that the power of the excited 
magnetoelastic wave depends periodically on the 
distance from the turning point to the end face of 
the sample, with a period equal to half the wave­
length on the boundary, 71.2/2 = 1r/k2b ~ 1r/kp (k2b ~ ~ 
is the value of k2 on the boundary). Since the posi­
tion of the turning point is determined by the value 
of the magnetic field (H(z0) = w/y), the transforma­
tion coefficient TJ depends periodically on the value 

of the external magnetic field and on the frequency, 
with corresponding periods 

!J.H = H' (zo) 1t I kp, !J.ro = vAH. ( 1.2) 

Strong oscillatory relationships between the am­
plitude of the received signal and the magnetic 
field were observed experimentally in later work 
by Schlomann[4•5]; in the same paper, the idea is 
advanced that these oscillations are connected in 
some manner with the presence of a resonator, 
whose role is assumed for the k2 wave by the reg­
ion between the end face and the turning point 0 • 

Our calculations show that the oscillations of the 
transformation coefficient TJ should be very large: 

T]maxfTJmin:=::: (ktb/kp) 6 (ktb/a)l; (1.3) 

( 1.3) was obtained under the assumption that k1bkp1 

» 1 (k1b is the value of k1 on the boundary). 

2. MAGNETOELASTIC BRANCHES IN AN INHOMO­
GENEOUS MAGNETIC FIELD 

The equation of motion for magnetization and 
elastic displacements in a monochromatic micro­
wave field with circular polarization are[3J 

u" + km2u- av' = -h(M.D-1)'1•, v" + k'D2v + au' = 0. 

The notation is the same as in [3] • 
(2.1) 

The system (2.1) reduces to a single fourth­
order equation 

uiV + [km2(z) + kp2 + a2)u" + (2.2) 
+ 2(km2)'u' + ·[ (kmZ)" + km2kp2]u = q, 

q = -hkp2(M.D-t) '''· (2.2') 

Since usually, in the appropriate experiments, the 
exciting field acts only in one half of the sample 
(the left half in Fig. 2), the right-hand turning point 
will be disregarded. We therefore consider a spec­
trum of the type shown in Fig. 3. We study first the 
free oscillations of such a system, i.e., the solu­
tions of Eq. (2.2) with q = 0. 

1. Far from the turning point ( z = 0), in the WKB 
approximation (k'k-2 « 1) the fourth linearly inde­
pendent solutions are of the form 

z 

u = exp { +i ~ k1,2 d£ + /1,2}, (2.3) 

l)Our expression (1,2) for AH differs from that given in 
[ 4 •5] (from intuitive considerations concerning the motion of 
the crossing point) in that (1.2) contains the gradient of the 
internal magnetic field at the turning point (and not the cross­
ing point), so that the cause of the oscillations lies precisely 
in the motion of the turning point (and not the crossing point). 
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where kL 2 (k~ > k~) are two solutions of the equa­
tion 

kl- k2(km2 + kp2 + a2) + km2kp2 = 0, (2.4) 

and f' ~ k' are determined in the next approxima­
tion in the parameter k'k-2: 

From (2.3)-(2.5) we obtain 2> 

• 
u1,2 = Gkc'l• rp(z) exp { + i ~ kt dG}, 

-d 

:p(z) = (k12-kp2)'h(k12-k22)-'l•, 

'ljl(z) = [(kt2 - kp2) (k12 - k22)]-'l•, 
G = w-'1•, F = 2w-'hakp. 

(2.6a) 

(2.6c) 

u3,4 were chosen such as to ensure the joining 
together with the corresponding solutions at z- 0 
(see (2.8) and (2.9)). The normalization factor G is 
such that the energy flux density in the waves u 1 2 
is[3J ' 

S = w Im [u*u' + v*(v' +au)]= +1. 

The point (-d) will be left undetermined for a while. 
The factor F is determined from the following con­
siderations. Let there be a wave e_ = C3u3 + C4u 4 

propagating in the direction of negative z (i.e., 
C3 =- C4 exp (- itr/6), see (3.4)). At the chosen 
normalization we have 

Unlike the WKB solution of a second-order equa­
tion[7), the amplitudes cp(z) and 1/J(z) in (2.6a) and 
(2.6b) depend on the coordinate. Physically their 
spatial variation reflects the transition of the same 
wave from magnetic to elastic in different points of 
the sample. Therefore, for example, as can be 

2 Prhe expression given here for u3 ,4 is valid far from the 
turning point from the left (when z < 0). However, the form of 
u3 ,4 from the right for large z > 0 is not needed here. 

readily verified, if k1(oo)- ~·then cp(oo)cp- 1(-oo) 
« 1, since the wave u 1, 2 goes over on moving from 
left to right from magnetic to elastic. 

2. The condition for the !!.pplicability of the WKB 
method for the branch k2 is violated near the turn­
ing point. Since the wavelength at this point be­
comes infinite for the corresponding solutions, 
these solutions themselves will be noticeably al­
tered, as will be shown later (see (2.8)-(2.10)), at 
large distances L ~ [( k~) ']~~b• so that Lk2 » 1. 
Therefore the equation for two slowly varying solu­
tions near z = 0, discarding small terms and ex­
panding kin= (kiu)'z, takes the form 

u" - a2zu = 0, (2. 7) 

In the case in question (a2(k')-1 » 1, as shown in[31, 
there is no transition from branch k2 to branch k1 • 

Therefore suitably chosen linearly-independent 
solutions (2.7) and the solutions u 3,4 (2.6) constitute 
two linearly independent solutions of (2.2), given 
for different values of z. Two other linearly inde­
pendent solutions are u1,2 (2.6) in the entire region 
of variation of z. 

The solutions of (2. 7), which go over at large 
negative z into u 3, 4 ( 2 .6), are [S J 

n.'l• ( 2 ) -'Is 
ua= - 3- \3"a Fljl(O)t'i•[/,1, (t)+l_,t. (t)] (z < 0), 

1 ( 2 )-'Ia 
U3 = -- -a Fljl(O)t'I•K (t)· 

(3:n:) •;, 3 •;, (z > 0), (2.8) 

( 1t )'/• ( 2 ) -'t. 
U4 = \- -a Fljl(O)t'ia] (t) 3 3 .,, (z < 0), (2.9) 

u., =- (~)'/• (~a)-'/a Fljl(O)t't.] (t) 
3 3 ~ 

(z > 0), 

t = 2/aalzl'''· (2.10) 

Here Jv(t), lv(t) and Kv(t) are cylindrical functions. 
The asymptotic form of (2.8) and (2.9) at large 
values of z < 0 coincides with (2.6). For large 
z > 0, u 3 decreases exponentially and u4 increases 
exponentially. 

3. EXCITATION OF WAVES BY A MICROWAVE 
FIELD 

Equation (2.6b) together with (2.8) and (2.9) des­
cribes two waves belonging to the branch k2• It is 
precisely these waves, inasmuch as they have a 
turning point (k2 = 0), which can be excited in the 
vicinity of this point by a homogeneous microwave 
field. On the other hand the branch k1 (2.6a) does 
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not interact directly with a homogeneous microwave 
field. In order to obtain an expression for the ex­
cited spin waves, it is necessary to solve the in­
homogeneous equation (2.2). Since the solutions of 
the homogeneous equation u1_4 are known, we can 
use the Lagrange method 

u = ~ C;(z)u;(z). (3.1) 

i=! 

Then C~ == qw.w-1, with 
l l 

U2,1 Ua u4 Ut u2 u4,a 

ITt,2= =t= u;,t ua' u4 ' , Wa.4 = =t= ' u2' u~.a (3.2) Ut • 
u;,t ua" u4" ul" u2 " ~~~.3 

W == const is the Wronskian of (2.2). 
We consider two cases: an infinite medium ( 1), 

and a semi-infinite medium bounded from the left 
(2). In both cases, the boundary conditions at z == 0 
reduce to the requirement that the solution be finite 
and that there be no reflected waves (from the point 
z == 00). This yields 

C4 (+oo) = C1 (+oo) = 0. (3.3) 

The boundary conditions for C2, 3 are different for 
the two situations analyzed below. 

1. If the medium is infinite, then there should 
be no waves reflected from the point z ==- oo, i.e., 

C2(-oo)=0, Ca(-oo)+C4 (-oo)exp( -i~)=o. 
(3.4) 

From (3.2) we see that 
z 

c:,2 ~ u2,1 ~ exp ( + i ~ /;;1 a~) 

is a rapidly oscillating function, and therefore 

Thus, 

u = C3 (z)u3(z) + C4 (z)u4 (z). (3.6) 

At the chosen normalization of the functions u3, 4 

(2.6b) and (2.6') and of the condition (3.4), the en­
ergy flux carried away by the excited wave is 
IC4(-oo)l 2, where 

-oo 

and a contribution is made to this integral, ob­
viously, only near the region of small z, for when 
z is large the integrand in (3.2) oscillates strongly 
(z < 0) or decreases exponentially (z > 0). There­
fore we can use in the calculations the expressions 
for u3, 4 (2.8) and (2.9). The appropriate calculations 
yield 

00 

2n''' 1 ~ C ( oo)- qu-1 ·- dt 
4 - - F1p(O)k12 (0) 3 0 

X [1,1, (t) + ]~•;, (t) + ~3 K,,, (t) J. (3. 7) 

Using (2.2), (2.6), and (2.7) and recognizing that 
k}(O) == k~ + a2 (2.4), we obtain the density of the 

energy flux carried away by the excited wave per 
unit time 

Ms kp2a2 
S = 4nDh2 I (km2)'1z=O F-2. 

(3.8) 

In the limiting cases when a « ~ or k~ « 
kiu(-oo) + a2 == k}(-oo), the wave outgoing along the 
k2 branch is elastic, and the energy flux density in 
it is independent of the coupling parameter a 3>: 

S = nM.wh2(H');!-0, (3.9) 

in accord with the result of[3J, which, however, 
was obtained under the assumption that a « kp in 
an interaction between an electromagnetic micro­
wave field and a wave which is pure spin (at the 
turning point). 

2. We now consider a semi-infinite medium with 
a boundary situated at the point z ==- d 4>. We are 
interested in a wave that goes over to the region 
z == oo. Since the wave cannot propagate from the 
point z == 0 along the branch k2 to the right, and the 
wave k1 does not interact directly with the homo­
geneous electromagnetic field, it follows that only 
the wave k1, excited by the wave k2 from the sur­
face ( z == -d), will pass into the region z == oo. Since 
the wave k2 is excited at the point z == 0, it is clear 
that the coefficient of wave transition from the 
branch k2 to k1 should depend periodically on the 
distance from the turning point to the boundary, with 

-1 
a period equal to half the wavelength .\2 == 2n-k2b (the 
index b will henceforth denote quantities on the 
boundary at z == -d). 

Going over to concrete calculations, we note that 
the boundary conditions (3.3) remain in force also 
in this case, as does the first relation of (3.5). The 
second relation of (3.5) takes the form 

( 3.10) 

If the boundary is far enough from the turning point 
(beyond the region of interaction of the k2 waves 
with the microwave field), so that d » i(k~)'l- 1 /3 , 
then C4(- d) ""'C4(- oo) and is determined as before 

3 >To avoid misunderstanding, we recall that we cannot as­
sume that a = 0, since we have assumed that a'(k 'r' >> 1. 

4 >we simultaneously choose, by the same token, a definite 
phase factor in the waves u,,2 (2.6). 
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by formula (3.7). At the chosen normalization of 
the k2 wave, the energy flux density carried away 
is IC 2 j2• For the boundary conditions on the end 
face z = -d we choose the vanishing of the normal 
component of the field intensities and of the spatial 
magnetization at these points, i.e., 5> 

v' +au = l£11 + (km 2 + a2) u' = 0 I . 
n = o. z=-d 

From this, using (2.6b) and (2.6'), we obtain 

0 

(1 > p > 0), (p= ~ 
-d 

(3.11) 

:rt 
ktd1;--. 

4 
(3.11') 

Thus, the energy flux density carried away by the 
wave is 

(3.12) 

Soo is the energy flux density carried away by the 
wave in an infinite sample (3.9). 

As expected, the transformation coefficient 1) 

of the sample oscillates as a function of the distance 
from the turning point to the end face of the sam­
ple, with 

-1 
'l']max 'I'Jmin = p-2• (3.13) 

If on the end face we have k2b ~ kp « k1b and k1b 
~(kin+ a 2) 112 , then 

'l']max I 'I'Jmin = (kib I kp) 6 (ktb I a)~~ 1, (3.14) 

so that (3.14) is a giant quantity in this rather typi­
cal case. Thus, we have interference between a 
sequence of waves, in which each preceding wave 
traverses a path which is shorter by 2d than the 
succeeding wave. Understandably, the change in the 
distance 2d by A. 2b does not change the relative 
phase shift of two successfully waves, as a result 
of which S (Eq. (3.12)) is indeed a periodic function 
of d with a period A. 2b/2 s>. Corresponding to this is 
also the periodicity of the magnetic field and of the 
frequency with periods ( 1.2). 

5>we shall assume for simplicity that the field h at the 
boundary is zero (q(- d)= 0). 

6)We note that the value of S averaged over the position of 
the turning point relative to the boundary at distances exceed­
il!g ,\ 2 b equals, as it should S00 • This averaging can be carried 
out, .for example, if the constant field inside the sample is in­
homogeneous in the transverse cross section, and its variation 
in this cross section exceeds MI (1.2) or if the wave is non­
monochromatic and the scatter of the frequencies in it exceeds 
6.w (1.2). 

The oscillatory dependence of (3.12) has also 
another aspect. The poles wj of the denominator of 
(3.11) 

cos cp(d, ro) + ip sin cp(d, ro) = 0 (3.15) 

obviously give the spectrum of the natural frequen­
cies of the resonator made up of the region between 
the turning point and the boundary (for the k2 wave). 

These are complex frequencies, since the inter­
action on the surface with the wave k1 makes this 
resonator open. Neglecting this interaction ({3 = 0) 
makes these frequencies real and they can be de­
termined from the condition 

0 3 
~ k2 ds = :rt ( n + 4) (n = 0, 1, ... ). (3.16) 

-rl 

Thus, resonant absorption of the microwave field 
by the aforementioned resonator takes place, with 
the parameter {3 playing the role of friction, so 
that when the resonance condition (3.16) is satis­
fied the power absorbed by the resonator is in­
versely proportional to {3. 

The authors thank A. G. Gurevich who called 
their attention to this topic and E. K. Kudinov and 
B. D. La'lkhtman for a useful discussion. 

~ote added in proof (2 August 1966). We have recently 
learned that the transition from the k2 branch to the k, branch 
on the boundary was considered in [9]. However, the value r21 

calculated in [9 ] (called by the authors the coefficient of 
transition from branch 2 to branch 1), which is equal to the 
ratio of the sound amplitudes at waves exp(ik 1z) and exp(-ik2 z), 
is not amplitude transition coefficient in the customary sense, 
since the square of this quantity is not equal to the ratio of 
the energy fluxes in these waves. Under the boundary condi­
tions employed by us, the root of the ratio of the energy fluxes 
is r 21 = 2{3 y, (1 + f3r' "" 2{3 y,. The reasons are as follows: 
1) since the wave vectors are different in the branches k2 and 
k, it is necessary to calculate the amplitude ratio at the 
waves k, 2-y,exp(ik, 2z) and not exp(ik, 2z); 2) since the k, 
wave on the bounda;y is almost pure s~in, and K2 is almost 

elastic, the transition coefficient is determined by the ratio 
of the amplitude of the magnetic component in the wave k,(u,) 
to the amplitude! of the elastic component in the wave k2(v2) 

(on the boundary). Therefore 
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