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The question of the possibility of constructing the Green's function for a compound particle in 
the scalar-field model is considered. It is shown that a Green's function can be constructed 
only in the case when there is a contact interaction and the Bethe-Salpeter equation is without 
meaning. 

1. INTRODUCTION 

OwiNG to the increase of the number of observed 
particles there is great interest in ascertaining 
what is the difference between compound particles 
and elementary particles. The answer to this ques­
tion obviously depends on the theoretical frame­
work in which the discussion is conducted. We say 
that in a pure dispersion treatment (analyticity 
plus unitarity) all particles appear on an equal 
footing. From the field-theory point of view, on 
the other hand, some of the particles-those to 
which independent fields are ascribed-can be 
called elementary, and the others are compound. 
As is well known, these two approaches do not 
contradict each other. The suspicion may arise 
that the difference between elementary and com­
pound particles in field theory is a formal one and 
that in fact the equations of field theory can be 
formulated in such a way that compound particles 
could play the role of the elementary particles. In 
this case there should exist in the theory, besides 
the usual Green's functions and vertex parts, 
Green's functions and vertex parts for the com­
pound particles. It is essential that these quanti­
ties should have meaning off the mass shells-this 
is the departure from a pure dispersion treatment. 

There are different ways to construct Green's 
functions of compound particles. [ 1- 4] In analogy 
with the elementary particles, however, it is rea­
sonable to start from certain interpolating local 
field operators corresponding to the compound 
particles. The Green's functions that are con­
structed will then play the usual role in scattering 
theory. The interpolating local operators have 
been suggested earlier by Zimmerman. [ 5] In the 
present note we investigate whether the Green's 
function of a compound particle can be constructed 
by means of these operators. We shall consider 

the case in which all of the particles (both funda­
mental and compound) are scalar. There are two 
cases for which there are different answers: 
a) when there is a contact interaction of the type 
A.cp4 between the compound particles, and b) when 
there is no such interaction. 

In the first case a Green's function for the com­
pound particle can be constructed. In this case, 
however, no Bethe-Salpeter equation can be writ­
ten for the compound particle, and the formation 
of the compound particle occurs in about the same 
way as in nonrelativistic theory with a 6-function 
potential. The mass of the compound particle is 
here a parameter of the theory rather than an ob­
ject of calculation. 

In case b) no Green's function exists for the 
compound particle. Here the Bethe-Salpeter equa­
tion can be written, and this case is reminiscent 
of ordinary nonrelativistic theory. We note that it 
is case b) that has been treated in papers by one 
of the writers[ 1' 2 J from a different point of view 
but with the same conclusion that it is impossible 
to construct the Green's function of the compound 
particle. 

To make matters clearer we shall consider 
first the nonrelativistic theory and then the rela­
tivistic theory. 

2. THE NONRELATIVISTIC THEORY 

Let there be scalar particles of mass m de­
scribed by a complex field <P (x), which interact 
with a potential V(x) and form a bound state of 
mass M. Following Zimmerman, we introduce 
the local field operator 

'¥(X)=lim T{cp(X~s)cp(X-1;)}, (1) 
s-+o lo,c(s) 
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where 

Fo, c(~) = (2n)'iz(Oj T{<p(~)<p( -~)}I <Do), 

and <I>0 is the bound state at rest. The operator 
'{1(X) is the interpolating field operator for the 
compound particle, in the scheme of Lehmann, 
Symanzik, and Zimmerman. [ 5- 71 

It is natural to define the Green's function of 
the compound particle as 

G(X- Y· 6 'l'J) 
G(X- Y) = <OI T{'I'(X) w+(Y)} I 0)= lim '., 

s-+oFo,c(6)Fo,c ('l'J) 
fl_,.O 

(2) 

where 

G(X -- Y; 6, TJ) 

= <OI r{<p(X + 6)<p(X- s)<p+(Y + TJ)<p+(Y -11} 10> 
(3) 

is the two-particle Green's function for the cp­
particles. 

In nonrelativistic theory the two-particle 
Green's function in momentum space satisfies the 
equation 

G(e; k,k') = G0 (e,k)63 (k- k') 

+ G0 ( e, k) ~ d3k"V (k- k") G ( e; k", k'), (4) 

where k and k' are the values of the relative mo­
mentum of the particles before and after scatter­
ing, E is the energy of the relative motion, and 

1 
Go(e, k) = e- k2/m + iO (5) 

The bound-state wave function F0(k) satisfies 
the Schrodinger equation 

F0 (k) =Go(- eo, k) ~ d 3k"V(k- k")F0 (k"). (6) 

According to Eq. (2) the Green's function for the 
compound particle is of the form 

G(e)= ------
1 ~ d3kF0 (k) 1

2 
• 

(7) 

We replace the requirement that the passage to the 
limit ~, 17 - 0 be simultaneous in the numerator 
and denominator of (2) with the requirement that 
passage to the limit of infinite limits of integra­
tion be simultaneous in the numerator and denom­
inator of (7). 

We begin with the case in which there is no o­
function term in V(x), and consequently IV(k) 1-0 
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for lkl-oo. More exactly, we assume, as usual, 
that 

Then 

limFo(s) = ~ F0 (k)d3k < + oo. 
s-+o 

We introduce into the treatment the function 

<D(e, k) = ~ d3k'G(e; k, k'). 

It obviously obeys the equation 

(8) 

(9) 

(10) 

<D(e, k) = G0 (e, k) + G0 (e, k)l~ d3k'V(k- k')<D(e, k').(ll) 

For I k 1- oo the second term in ( 11) falls off at 
least as well as lkl-<r+a>, where a>%. There­
fore we can neglect it in comparison with the first 
term. In the integration in (7) this first term gives 
a linearly diverging quantity. Then by (9) we find 
that in the case in which there is no o-function 
potential the Green's function of the compound 
particle does not exist (diverges linearly). 

Now let 

V(x) = M{x) + V1 (x), (12) 

or in momentum space 

V(k)="-+Vt(k), ~ 1Vt(k)l 2d3k<+oo. (13) 

Equations (4), (6), and (10) now have no meaning. 
Therefore in analogy with G and <I> we introduce 
functions G1(E; k, k') and <I> 1(E, k) which obey the 
same equations but with the potential V 1 (k), for 
example 

<Dt(e,k)=G0 (e,k)+Go(e,k) ~ Vt(k-k')<Dt(e,k')d3k. 

(14) 

We also define 

Rt(e) = i ~ <D1 (e,k)d3k. (15) 

It is then not hard to show that 

). 

G(e; k, k') = G1 (e; k, k') +<Dt(e, k)[i + i).Rt(e)] <Dt(e,k'). 

(16) 

To verify this it suffices to substitute (16) in the 
equation ( 4) with the potential (13). The function 
R1(E) diverges linearly, since for lkl-oo we have 
<I> 1 ~ G0(E, k). To give meaning to (16) it is neces­
sary to carry out a renormalization. We proceed 
in the following way. If G has a pole correspond­
ing to the bound state at E = - E0 , then this pole 
must arise only owing to the denominator 
1 + iA.R1 (E). The point is that if a pole with respect 
to the variable E arises in G1, then it appears si­
multaneously in <I> 1 and R1 also. It is easy to ver-
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ify that the complete function G will then not have 
a pole. 

Accordingly, 

1 + ii.R1( -eo) = 0. (17) 

This relation allows us to rewrite (16) in the "re­
normalized" form: 

G(e; k,k')= G1(e; k,k') 

- iiD1(e k) 1 Ill ( k') ' [Rt(e)- R 1(- eo)] 1 e, · (18) 

This new expression has a meaning. 
Comparing (18) with the usual expansion of the 

Green's function in the neighborhood of a pole cor­
responding to a bound state, we find that in our 
case the quantity that plays the role of the wave 
function of the bound state is 

Fo(k) = A'I•ID1(-eo, k), (19) 

where 
A= Res [Ri(e)-Ri(-eo)]-1• 

e=-eo 

We emphasize that here, unlike the normal case, 
the function F0(k) satisfies an inhomogeneous 
equation of the Schrodinger type [Eq. (14)]. The 
quantity Eo is not by any means determined from 
the equation for F0 (k), but is a parameter of this 
equation. 

Substituting (17) and (19) in (7), we get as the 
expression for the Green's function of the com­
pound particle 

G - i Rt(e) 1 
(e)= (20) 

A Rt(- eo) [Rt(e)- Rt(- eo)]· 

Here the two expressions R1(E) and R1(-E0) are 
linearly divergent, but their ratio exists and is 
equal to unity. Therefore the desired Green's 
function of the compound particle can be con­
structed in the form 

It is not hard to verify that in the case V 1 (x) = 0 
the Green's function of the compound particle is 
of the form 

1 
G (e)= ·----------

2l'~Ct'e + i -v;) · (22) 

3. THE RELATIVISTIC THEORY 

In the relativistic case the two-particle Green's 
function of the <P -particles satisfies the Bethe­
Salpeter equation 

G(p, k, k') = Go(P, k)6~(k- k') 

+Go(p,k) ~ l(p,k,k")G(p,k",k')d~k", (23) 

where 

( p+k) ( p-k) Go(P, k) = L\ ,~ L\ - 2- , 

b.(q) is the one-particle Green's function of the <.p­
particle with four-momentum q, I(p, k, k') is the 
relativistic interaction, p is the four-momentum 
of the center of mass, and k and k' are the rela­
tive four-momenta before and after scattering. 

The wave function Fp, c(k) of the bound state 
satisfies the homogeneous Bethe-Salpeter equa­
tion 

Fp. c(k) = Go(p, k) ~ l(p, k, q)Fp,c(q)d4q. (24) 

For the existence of the Bethe-Salpeter equation 
(24) it is necessary that the kernel decrease to 
zero or oscillate rapidly when k or q increases 
to infinity. If we exclude oscillations, which lead 
to an essential singularity of the kernel at infinity, 
it follows that F p, c(k) falls off more rapidly than 
G0(p, k) for k- oo. As is well known, all of the 
calculations can be made in the Euclidean metric.[Sl 

Let us assume for concreteness that the kernel 
I has the property 

~ d"kd4qG0 (p, k)I(p, k, q)G0 (p, q) < + oo. 

Then it is not hard to show that 

~ d•kFp,c(k) < + 00. 

We again introduce the function <I>(p, q) with 
the definition (10). It satisfied the inhomogeneous 
Bethe-Salpeter equation 

ID(p,q)= G0 (p,q)+Go(p,q) ~I(p,q,k)Ql(p,k)d•k.(25) 

It is clear that <I> ~ G0 for q- oo. 

Turning to the Green's function of the com­
pound particle, we find that the denominator in 
Eq. (7) is finite, and the numerator increases 
logarithmically. Consequently the Green's function 
of the compound particle does not exist. 

Now suppose that there is a contact interaction 
of the type A.0(qi<.p) 2• The kernel I will contain a 
term 2iA (A. = Z~A.0 is the renormalized coupling 
constant, and Z2 is the renormalization constant 
for <.p). 

Taking crossing symmetry into account, we 
represent the kernel in the following form (see a 
paper by Rowe, [ 4l ): 

I(p, k, q)·= it.+It(P, k, q). (26) 
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In what follows we shall show that the kernel It 
is well enough behaved for k and q - oo so that 
the Bethe-Salpeter equation with this kernel has 
meaning. We emphasize that in perturbation theory 
based on the constant A. the kernel It contains 
nondecreasing terms, and it acquires the neces­
sary decreasing properties only after renormali­
zation. 

We introduce as before the Green's function Gt 
which satisfies the usual equation but with the ker­
nel It· As for the function <l>t. we introduce it in 
analogy with (14), but with an additional factor 
needed for the additional renormalization which 
appears in the relativistic theory owing to cross­
ing symmetry: 

<l>t(P, k) = ZtGo(P, k)+ Go(P, k) ~ lt(P, k, q)<l>t(P, q)d4q. 

(27) 

We determine the factor Z t from the condition 
<l>t = G0 when (p + k) 2 =4m2 and p2 = M2, so that 

<l>t(P, k) = Go(P, k)+ Go(P, k) ~ lt(P, k, q)<l>t(p, q)d4q 

-(Go(p,k) ~It(p,k,q)<I>t(P,q)d'q )I . 
(P±h)'=<m' (28) 
p~M2 

As in the nonrelativistic theory, the complete 
Green's function G can be represented in the form 

first part can be represented formally in terms of 
a Yukawa interaction of the cp-particles and the 
compound particles, with the vertex <l>t and the 
propagation function [ R(p) - R(p)jp2 = M2]-1 for the 

compound particles (cf. [ 4]). Consequently, for 
k or k'- oo we have the respective behaviors 
It ~ (ln k2) -t and It ~ (ln k' 2)-t, and the equations 
for Gt and <1> 1 have meaning. Furthermore it is 
not hard to see that for k- oo we have <l>t ~ G0, 

and consequently the entire scheme is selfconsis­
tent. 

The relativistic wave function Fp, c(k) of the 
compound particle is obviously determined by the 
value of the residue of the pole of G at p2 = M2: 

(31) 

where 

A= Res [R(p}-R(p} IP'=M']-1. 
P'=M' 

As in the nonrelativistic case, when there is a 
contact interaction Fp, c(k) satisfies an inhomo­
geneous wave equation. 

By using (30) and (31) we can write the Green's 
function of the compound particle in a form analo­
gous to (20): 

- i R(p} 
A'(p)= A R(p)ip'=M'[R(p)-R(p)ip'=M']- 1• (32) 

G(p, k, q) = Gt(P, k, q) 

[ t..Zc2 J 
-ill>t(P,k) i+A.Zc 2R(p) ll>t(P,q), 

Owing to the logarithmic divergence of R(p), we 
(29) can replace the ratio R(p)/R(p)b2 =M2 by unit. 

Therefore 

where 

The pole corresponding to the bound state appears 
owing to a zero in the denominator of (29). As in 
the nonrelativistic case, the poles arising from Gt 
and <l>t cancel each other. Therefore we can re­
write (29) in analogy with (18}: 

G(p, k, q) = Gt(P, k, q) 

11 
-i<l>t(P,k){R(p)-R(P)ip'=M'] <l>t(p,q). (30) 

If we assume that <l>t ~ G0 for k- oo, then R(p) 
diverges logarithmically. The difference R(p) 
- R(p)lp2 =M2 will be finite, and for p2 - oo it 

will behave like ln p2. 
Let us now return to It· This kernel includes 

the part of the interaction that comes from 
A.0(cpcp)2, and other interactions between the funda­
mental particles. It is not hard to see that the 

- i 1 
A'(p)= 

A R(p)-R(p)ip'=M' (33) 

Accordingly, when there is an interaction of the 
type A.cp 4 the Green's function of the compound par­
ticle exists. In this case, however, we cannot 
write a Bethe-Salpeter equation. From the very 
beginning the mass of the compound particle must 
be artificially introduced into the function D.' (p) 
as a subtractive constant. 

We also point out that D.'(p) behaves very poorly 
at infinity (it decreases logarithmically). This 
corresponds to the condition z3 = 0 for the renor­
malization constant for the wave function of the 
compound particle. It is important that the approx­
imate replacement D.'(p) ~ -i/(p2 - M2), which ac­
tually means that the compound nature of the M­
particle is ignored, is possible in this case, but 
only for not too large values of p2• This fact can 
be significant in passage beyond the mass shell in 
theories of the "bootstrap" type. 
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4. CONCLUSION 

Accordingly, we have examined one of the pos­
sible methods for constructing the Green's func­
tion of a compound particle, namely by means of 
the interpolating field of the compound particles, 
which was proposed by Zimmerman. The follow­
ing are the main results. 

1. When there is no interaction of the type 
A.cp 4 [I Fp, c(O) I < + oo] the Green's function con­
structed in this way does not exist; this is in 
agreement with the results of [ 1 • 2 l. 

2. In the case in which there is a contact inter­
action [Fp, c(O) = oo] the Green's function can be 
constructed by the method of Zimmermann (the 
method used in [ 1, 21 cannot be applied here). The 
existence of the Green's function in this case is 
associated with the exceptional character of the 
contact interaction and with the nonexistence of a 
homogeneous Bethe-Salpeter equation for the wave 
functions of the bound state. The mass of the com­
pound particle enters the theory as an external 
parameter, and it is impossible to express it in 

terms of the parameters of the elementary parti­
cles; a parameter whose meaning is that of the 
mass of the compound particle would be present 
even in theories in which there is no bound state. 
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