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The induced bremsstrahlung effect on relativistic electrons is considered. An expression for
the cross section for the stimulated emission of one photon is derived for the case of scatter-
ing by isolated ions. Its asymptotic form for high energies is derived. The case of electron
scattering in a crystal is considered. The conditions for negative absorption are derived.
Numerical estimates are presented. It is demonstrated that in principle an electromagnetic-
wave amplification factor @ ~ 3 x 10* cm™ can be obtained for narrow beams of ultrafast
electrons (Ag = 107°% € > 102 mc?) scattered in a crystal.

1. USUALLY negative absorption is obtained by us-
ing transitions between states of the discrete spec-
trum of some system. The necessary condition in
this case is to produce population inversion, at
least in some part of the energy spectrum. At the
same time, it is possible in principle also to pro-
duce conditions for negative absorption on the basis
of transitions between the states of the continuous
spectrum. One such possibility is connected with
the bremsstrahlung induced when free electrons
are scattered by heavy particles (in particular,
ions). This method has a number of advantages.
First, in transitions between the states of the con-
tinuous spectrum the problem of producing the
population inversion is greatly simplified. For
example, a monochromatic electron beam always
comprises a system with population inversion. The
conditions under which radiation prevails over ab-
sorption are determined by the electron interaction
with the scattering object. Second, analysis shows
that as a rule these conditions are satisfied over a
very wide range of frequencies in the case of the
induced bremsstrahlung effect. This allows us to
expect that in principle negative absorption may be
obtained, for example, in the hard ultraviolet reg-
ion.

Marcuse!"2] has considered the induced brems-
strahlung effect in the scattering of slow electrons
by isolated ions. He has shown that negative ab-
sorption is possible if the direction of the initial
electron velocity lies inside a certain cone, the
axis of which coincides with the polarization vector
of the electric field of a plane wave. However,
estimates show that at the presently attainable
electron beam densities the effect is too weak in
the optical frequency region of greatest interest.

The amplification coefficient does not exceed
~ 1071 ecm™! in this case.

In this paper we consider first induced brems-
strahlung effects in the scattering of relativistic
electrons by isolated ions. The result shows, how-
ever, that in this case, on going to very high elec-
tron energies, the conditions for negative absorp-
tion can be satisfied only in a narrow frequency
region, close to w = 0. This is followed by an
analysis of the stimulated bremsstrahlung effect
in the scattering of fast electrons in crystals. In
this case negative absorption becomes possible
under certain conditions. In addition, the presence
of a periodic structure leads to a sharp increase
in the effect, owing to interference of the radiation
from the individual ions.

2. We consider the bremsstrahlung induced in
scattering of electrons by isolated ions, without
confining ourselves to the case of low electron
energies. Using the results of Gluckstern et al.[?],
we can write down immediately in the first Born
approximation the final expressions for the differ-
ential cross sections of the stimulated emission
(dog) and absorption (doy) of one polarized photon
of frequency w and momentum k, summed and
averaged over the polarizations of the electron in
the initial and final states:
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Here €; and €; = €; ¥ w are the initial and final en-
ergies of the electron, p; and p, are the momenta
of the electron before and after the interaction with
the ion, Ze is the ion charge, v = |p,|/€{, N/V is the
photon density, e, is the photon polarization vector,
e, = k/w, q = py ¥ k—p, is the momentum trans-
ferred to the ion, and do is the solid-angle element
in the direction of py;. In these formulas and
throughout, the upper sign corresponds to photon
emission and the lower to absorption. Integration
of the cross sections (1a) over the directions of
the scattered electrons will be carried out in per-
fect analogy with the procedure of Gluckstern and
Hull®] for the spontaneous bremsstrahlung cross
section. As a result we obtain
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where y is the angle between the vector e; and the
(p1, k) plane, and the cross sections (Tg,a and Oé,a
correspond to the motion of the electron in the
(p1» k) plane and perpendicular to it. The formulas
for O¢,a and Ué,a will not be written out here, since
they are very cumbersome. We indicate only that
they can be obtained from (4.2) and (4.3) of 4] by
making due allowance for the difference between the
conservation laws for the emission and absorption,
by making the substitution k — +k throughout, and
also by replacing the common factor which deter-
mines the photon density:

k2dkdQo [ (2n)3 >N/ V.

For induced bremsstrahlung, interest attaches
only to the total cross section of photon emission
Opr = Ug — 04. Negative absorption is possible when
0,y > 0. We shall assume that the photon frequency
is much lower than the kinetic energy of the elec-
tron:

E= we/ (g2 —m?) << 1. (2)

In practice %t is just this condition which deterr;lines
the range of values of the frequency w and of the
energy €; at which the cross sections for emission
and absorption can be comparable in magnitude,
and consequently, it is meaningful to raise the
question of the conditions for negative absorption.
In the case when £ = €;/(e; + m) we have o¢ = 0 and
Opy =~ 0g < 0.

Under condition (2), the expressions for the inte-
grated cross sections ogzé simplify, so that
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In the nonrelativistic case (p; < €4, 6 =1, A =1),
the obtained formulas coincide with already known
results!:2], on going to higher energies, as expec-
ted, the cross section 0}, increases strongly in
absolute magnitude, when the direction of the initial
momentum of the electron approaches the direction
of the photon momentum k (p; - €, — py, K = 0). The
conditions defining the region of negative absorption
are then appreciably altered. When e% ~ 2m?, the
plane p; L k goes outside the region of negative ab-

sorption. U‘ér is negative throughout, and conse-

quently for fixed values of k and €, the total cross
section is maximal, if the initial momentum of the
electron lies in the (k, e;) plane.

In the ultrarelativistic case (6 < 1) for k < 1,
the following asymptotic expressions hold for the
functions £l L:
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Thus, negative absorption is possible in a small
vicinity of the direction x = 6, y = 0, if the following
inequality is satisfied
(9)
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This condition imposes very stringent limitations
on the frequency w and the energy €4, and is not
satisfied in practice at very high energies when
w # 0. For a frequency w = 3x 10'® sec™! the con-
dition (5) yields 6 > §; = 0.22. Assuming that the
asymptotic representation (4) is still valid in this
case, we get for k = 6 and xy = 0 the following ex-



INDUCED BREMSSTRAHLUNG EFFECT IN THE RELATIVISTIC REGION

pression for the gain @ = oy p;p./2NV 1 (pjand p,
are the ion and electron densities):

=~ JL 1 (1—50¢). (6)
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It is easy to see, however, that the gain does not in-
crease over the nonrelativistic case.

In the general case, on going over to relativistic
electron energies, the cone that determines the
region of negative absorption becomes deformed
and its axis approaches the direction of the vec-
tor k.

The limits of the stimulated-emission cone (in
the plane y = 0) are determined in the general case
by the equation

2
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The condition under which this equation has a solu-
tion (with respect to k) defines the region of values
(€4, w) at which negative absorption is possible.

The main result of this analysis is that negative
absorption at optical frequencies is possible only
for relatively slow electrons. The emission cross
section is in this case very small. In the case of
high electron energies, absorption takes place
everywhere with the exception of a narrow region
of small frequencies, and the cross section is given
by formulas (3a) and (5).

3. Let us consider the induced bremsstrahlung
effect when electrons are scattered in a crystal. It
is known[%¢] that after summing over the final
states of the lattice, the interference part of the
differential cross section for bremsstrahlung
(absorption) of one photon in an infinite crystal
with rectangular lattice can be expressed as follows
in terms of the corresponding cross section for the
scattering of electrons by an isolated ion:

(20)°

axaya,

doe, « = daé,i)u]\ R 2 0(q—

12,1

x'y'z

Q) (8)

where doélgl is given by (1), N; is the total number

of ions in the crystal, ay, ay, and a, are the lattice
constants in the direction of the crystallographic
axis (X, ¥, 2), Qxy1z = 2m{l,/ay, ly/ay, 1,/a,)
are the reciprocal lattice vectors, I; are integers,
and U® is the mean square of the thermal oscilla-
tions. Henceforth we confine ourselves for sim-
plicity to the case of the cubic lattice, ay = ay Tay
=a. We also use q to define just the vectors of the
reciprocal lattice, leaving out the subscripts Zx,
ly, and .
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The cross section (8) should be integrated over
the directions of the momenta of the scattered
electrons. This leaves one unintegrated 6 function
in each term of formula (8). In the case of spon-
taneous bremsstrahlung, interest attaches to the
total cross section integrated over the momenta of
the emitted photons. This enables us to eliminate
the remaining 6 function. In the case of induced
bremsstrahlung the problem consists in determin-
ing the radiation cross section oy, for fixed w and
k, coinciding with the frequency and wave vector of
the incident wave. It is necessary then to take into
account the fact that actually the electron beam
always has a finite divergence. Therefore the cross
sections (8) should be averaged over the directions
of the initial electron velocity:

Oe 0 = S doy doe, o f(n4), (9)
where n; = py/py, doy is the solid-angle element in
the direction of n,, and f(n,) is the electron distri-
bution function normalized to unity. We shall as-
sume that it has a narrow maximum near some
fixed direction. The width of the maximum is

Ap < 1.

The three dimensional 6 functions in each term
of the sum (8) thus determine the vector n, = py/p,
and one of the parameters defining the vector n,.
Consequently, each term has a certain single-
parameter region of directions ny in which it differs
from zero. These regions are conical surfaces
whose axes are directed along the vectors q = k.

Bearing this in mind, we go over in the 6 func-
tions from the variables g; to the variables ny,
n,|, and ¢j, where nj) are the projections of the
vectors n; on the directions q + k, and (pg are the
angles between the planes (ni, q = k) and some ini-
tial plane passing through the vector q + k. The
transition is carried out with the aid of the equation
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D (gx, ys
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The projections of the vectors n; on the directions
q + k are determined by the expressions
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We shall henceforth confine ourselves to an ex-
amination of relativistic electrons, i.e., we shall
assume that 6 << 1. We introduce the notation

(6rc/a) <1,

where Ac = h/mc is the Compton wavelength of the
electron. Taking into account the smallness of the
parameters ¢ and n, we can rewrite (12) in the form
|l +— 2 + vﬁcos(k/}) l
ny| = 5 Ul In

n= (2n/ap;) =

1 _ 2% N\
= — 5 [ F 32 £ vgeos (6, ) |
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Let us examine in detail the case when the di-
rection of motion of the electrons is close to the
direction of the crystallographic axis z. From (13)
we see that for frequencies w ~ 10!® sec™® at not
very large I we have Ini”I < 1, since (¢/71) = (a/A)
<< 1 (A is the radiation wavelength). Consequently
the apex angles of the emission and absorption
cones are close to /2, and when the electrons
move in a direction close to the z axis the main
contribution is made by the vectors q that lie in
the (xy) plane. In a small vicinity of the z axis, the
conical surfaces are planes passing at small angles
to the z axis perpendicular to the (q, k) plane. We
take into account the fact that the cross sections
increase rapidly when n; —k/w and therefore con-
fine ourselves to the case of vectors k close to the
z axis, and consequently to small angles 6 = 7/2
— (k, a.

We consider first the case of electrons with
very high energies 6 < §; = 2a2/>\)\c ~2x 1072, The
expressions for n;; then depend on the relation

between the quantities 7 and I, = (2¢)/%/n
6 /6 1/ 2
E/inktfn+1/:80, 1<l
ny = { (14)
Y2(ln £ E0) £ E/ln, 1>1

Recognizing that the axes of the radiation and
absorption cones are determined by the vectors
q = k, we obtain the following expressions for the
angles ¥, and y, between the z axis and the emis-
sion and absorption planes:

1
\pe(l) = _2 (ln + Ee)a

) 1
O ~~ - .
V=N i —z0), 1> (18)

Thus, when I < I, we have z/z ) > zp( ) and the angu-
lar distance between the emission and absorption
planes (for specified ), which is equal to
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n(lzl - 12)/1, is larger than or at least of the same
order as the angles between the planes correspond-
ing to different I (2 n). With increasing [, the
emission and absorption planes come closer to-
gether. When [ > I, we get d) () — wg) =¢6 and
consequently ]zp (1) d)(l) < n/2

In the case when 6 > 64, there isno I < 1, reg-
ion, since I; < 1. The angular distance between the
emission and absorption planes for specified [ is
always much smaller than the angles between the
planes corresponding to different /. More strictly
speaking, the quantities ;bgl) and zp( ) define the
angles in the (k, q;) plane between the perpendicu-
lar to the vector q and the generators of the emis-
sion and absorption cones.

The summation in (8) is cut off as a result of
the thermal factor at I ~ 1, = a/27(u 1/2 In the
case when the condition 7, < (a/Ag6)!/? is satisfied,
there is no need for taking into account the terms
connected with the vectors q and not lying in the
(x, y) plane. These terms make a contribution dif-
ferent from zero only when the electrons move at
large angles to the z axis (~l§1 > Ilyn). We shall
assume also that the condition (u?)!/? > [ is satis-
fied. In this case 6 > |ny)| for all Iy < I < i,
which simplifies the calculations.

The induced bremsstrahlung effect depends es-
sentially on the divergence A of the electron
beam. Let A¢ < ¢|6]. The cross section for emis-
sion (absorption) differs from zero only if the
direction that determines the maximum of the
electron distribution function lies in one of the
emission (absorption) surfaces. With this, only one
term in (8) differs from zero. The conditions for
negative absorption are realized, for example, if
the vector k and the direction of motion of the elec-
tron beam lie in the (xz) (or (yz)) plane, and the
angle between the z axis and the electron propaga-
tion direction is (1/2)(In + £0), where [ are inte-
gers. The emission cross section for I > [, is
given by the expression

N 24Z2e8N;a
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where vy is the cosine of the angle between the
polarization vector e; and the (k, @) plane, ¢ is the
angle between the (ny, @) and (k, q) planes, and the
vector n; determines in this case the direction of
the maximum of the electron beam.

Going over to the amplification coefficient, we
obtain
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From this, for pg ~ 10° cm™, p; ~10% em™, w ~ 3

x 10% sec™!, 6 ~107%, and I = 4, we get @ ~2X 10°°
(A(p)'i. This result was obtained under the assump-
tion that Ag < £]6] <1072 and consequently the
amplification coefficient is very large in this case.
However, such a stringent limitation on the diver-
gence of the electron beam can hardly be realized.
Let us consider the case of a less stringent limi-
tation Agp << n ~10726. If 6 < 64, then the electrons
radiate when their propagation direction coincides
with one of the lower-order emission surfaces
1 <1;. The emission cross section is in this case
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Actually when 6 < §; negative absorption is possi-
ble under even less stringent assumptions concern-
ing the divergence A¢. This is connected with the
fact that in this case there exists near the z axis
a certain region which contains only the emission
directions. In the simplest case, when the vector k
is directed along the z axis, we can state that the
electrons radiate if the beam does not go beyond
the limits of a cone whose axis coincides with the
z axis, and whose angular aperture is (1/2)(In)
= (¢/2)1/2, i.e., if the condition A¢ < (1/2) 1
~10731/? is satisfied. We assume that in this case
A@ < 6 and, taking further account of the fact that
the main contribution is made by the surfaces with
!l =1, we obtain from (18)

Oy =

N 4Z2Na%ed 1 [62—{—2(§/n)2 ]2
VT netmic Ag L&+ 4(%/1])—2_ '
Going over to the amplification coefficient and esti-
mating under the same assumptions as before, we
obtain & ~107%(A¢)™1 23 x 102 em™ at 3 x 107°.

If the direction of motion of the electron beam
coincides with higher-order surfaces 7 >, (or
when 6 > &), then in the case £/60 < Ap < /2,
as before, only one term differs from zero in the
sum (8), but both emission and absorption are pos-
sible. Taking into account the smallness of the
parameter &, we have (see formula (1))

I~ 4p12{(
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Under the assumption that ¢ <« 1,0 <« 1,6 < 1,
6 > 1In/2, and I > 1, we obtain the following rela-

tions:
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Starting from these formulas and taking into account
relations (11), we obtain as a result

N 2572¢5N;ae,
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In the general case the condition Ebr > 0 defines
the certain region of angles ¢ and 6. In particular,
if the direction of motion of the electron beam lies
in the (k, q) plane, i.e., ¢ = 0, then the region of
negative absorption is determined from the condi-
tion that the function 6(56> — %) be positive. Thus,
the electrons radiate when 0 < 6 < 65, and when

6 <—46V5. It is easy to see that the cross section
Opy reaches in this case a maximum aty = 1 and

6 = 0.46. Estimating the amplification coefficient,
we obtain a ~ 107! (A¢)~!, and the condition for the
applicability of the result becomes 107" <« Ag

«< 1074,

If A > In, it is necessary to take into account
the contributions from many terms in the sum (8)
over the vectors of the reciprocal lattice q. It is
then possible to change over from summation to
integration. It is easy to see that in this case there
are no interference effects, and negative absorption
is impossible. Thus, the foregoing analysis indi-
cates that it is possible in principle to obtain nega-
tive absorption at different energies and divergen-
ces of the electron beams. Apparently greatest
interest attaches to the case of ultrarelativistic
electrons (6 < 6;) and small angles between their
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propagation direction and the crystallographic z
axis (I < ly), for in this case the emission cross
section is sufficiently large and rather large diver-
gences are permissible (formulas (18) and (19)).

All the estimates were made for the case of op-
tical frequencies, w =3 x 10'® sec”!. As seen from
these formulas, the cross sections decrease with
increasing frequency. The limits of applicability
of the results with changing frequency are deter-
mined by the requirement that the parameter ¢/7q
be small, i.e., by the condition A > a.
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