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Scattering of circularly polarized waves in a Coulomb field, involving the coalescence of two 
wave quanta to form one quantum of double frequency, is considered by employing the exact 
Green's functions for an electron in the field of a plane electromagnetic wave. The scattering 
matrix element is investigated for a low intensity wave (perturbation theory) and for the case 
of low frequencies and comparatively arbitrary intensities. 

1. IN connection with the development of laser 
beams containing a large number of photons that 
are in the same state, it is of interest to consider 
the scattering of such a beam in a constant exter­
nal field. We are interested in a process wherein 
two (or some other even number) quanta of the in­
cident wave merge into one. Then the scattered 
quantum will have a frequency equal to double 
(quadruple, etc.) the frequency of the beam quanta. 

The incident wave, regarded as a classical elec­
tromagnetic field, is taken into account exactly in 
the sense that exact Green's functions of the elec­
tron in the field of a plane electromagnetic wave 
are used. The external field and the radiated quan­
tum are taken into account in the lowest order of 
perturbation theory. We confine ourselves to exam­
ination of scattering in a Coulomb field. Moreover, 
we assume that the wave is circularly polarized. 
The latter circumstance makes possible the merg­
ing of only two quanta of the wave into one. 

2. The Green's function of the electron in the 
field of a plane electromagnetic wave with vector 
potential A11 (nx), where nw0 = ko is the wave vec­
tor of the quantum, can be obtained in the usual 
manner[1J as the difference between the chrono­
logical and normal products of the operators lJ! of 
the electron -positron field, which are expanded in 
a complete orthonormal system of functions 
{ cp<->, cp<+>}. The functions cp<-> and cp<+> are 
exact solutions of the Dirac equations in the field 

. [ 2] t . . of the plane electromagnetic wave, per ammg 
respectively to the electron and positron states: 

qJH = [ 1 + 2;n I; i (nx) ]u<r) (f) e;sH' 

[ e , , J f ·s(+) cp<+l = 1- 2fn nA (nx) v<r> (- ) e-' , 

nx e2 n;; 
s<-> (e)= s<+> (-e) = fx + _e_ ~ jAdy- 2fn ~ A2dy. 

fn ' (1) 

Then 

G (x, x' / eA) = T ['I' (x) 'I' (x')]- N ['F (x) 1¥ (x')] 

X r_1- _!____ ;tA (nx') l l 2fn . 

e 1:-f e:! ';~\· 
'< cxpfif(:r-x')+i- \ fAdy-i-- \ A~dy1.(2) 1 jn ,1 2jn , ( 

nx' nx' 

Expression (2) for the Green's function was ob­
tained by Lovell et al. [ 3 J as a solution of the equa­
tion 

{i[J~- e~C(nx) 1 + m}G (x, .r') = -io (:~' ~- .r'). 

The Green's function (2), for the case of a 
monochromatic circularly-polarized wave 

Ax= A 0 co~ k0x·, A"= Ao ~in ko.x-, A, =A,'= 0 (3) 

can be represented in the momentum representa­
tion in the form 

(X) 

G (pp' \ eA 0 ) ~ h (2n)4 0 (p- p'- sko) G, (p); 
S=-CO 

co { . eAo ' 
G, (p) = ieisqo h ] 1 (z) + "4k ko 

1~-oo p 0 

X [11_1 (z) e-i'<' ~ + J,, 1 (z) ei"' a'.]} 

I{ eAo i.· J ( ) i'<' '• + J ( ) -i'<' ' ]l . + • ]1_ 8 (z)- -4 '· n·0 [ 1_, 1 z e a 1--s;.l z e a I , 
I Jilin . 
i 

pa 
zei'<' ~- eAo-, 

pko 
(4) 

The vectors a and a* describe the states of po­
larization of the wave (for example in our case 
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Go = --- + --'----T""- + 
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FIG. 1. 

a ={1, -i, o, o}, a* ={1, i, 0, 0}), m* 
= (m2 + e2~) 1 1 2 is the effective mass, p and p' 
are the quasimomenta of the electron, and J s is a 
Bessel function. 

The "partial" Green's function Gs(P) describes 
a virtual particle, which has initially a quasimo­
mentum - sko and finally a quasimomentum p, 
where s is the difference between the number of 
absorbed and emitted quanta of the wave ko· Ex­
panding in powers of the field (in the case of a 
weak field), we can readily verify, for example, 
that G0 (p) corresponds to the aggregate of dia­
grams shown in Fig. 1. 

Under a charge-conjugation transformation[ 1] 

with the aid of the operator C = i y 4 y 2, the 
Green's function (2) and (4) satisfy the relations 

C-1G,(p)C = (--1}'G,(-p + sk0}, 

c-!G (x, x'l eAo) c = G (.r', X I - eAo}, (5) 

where the tilde denotes the transposed matrix. 
This property of the Green's function ensures 
satisfaction of the Furry theorem [ 1] for diagrams 
containing closed electron loops. 

3. The scattering matrix element of interest to 
us corresponds to the diagram shown in Fig. 2, 
where the continuous lines in the loop are the 
Green's functions (2), and takes in the coordinate 
representation the form 

(6) 

Here k = { k, w} is the momentum of the emitted 
quantum with polarization A., and A <e> is the po­
tential of the external field. 

We shall henceforth assume that the wave is 
circularly polarized (3), and its amplitude A0 is so 
normalized that A5 = p/w0 , where p is the density 
of the quanta, and we choose as the external field a 
Coulomb field whose Fourier component of the po­
tential is 

FIG. 2. 

Substituting in (6) the expressions for the 
Green's function (2) and integrating with respect 
to x1 and x2, we obtain 

~ e~Pl A,<•>(k- 2nko) . 2 ( eAo ) 2 / 
M= Lle2-= m -- 11>· 

)"2w (2n)' 2 
n=1 

The scattering tensor Ill 4 [ 1 J is of the form 

+ e:o e-i"' ] 8_1(z} X ( v)co ;ko + p~ko koV11)] 

, i (p + e2A 02k0(2pko)- m 
X p2 + m*2 

i (Pl + e2Ao2ko/2p,ko)- m 
X 2+ •2 ' P1 m 

(7) 

(8) 

(9) 

where Js(z)-Bessel function, a and a*-wave po­
larization vectors, p1 = p - k + sko, and finally 

ze"" = eAo ---- , . ( pa p1a ) 
pko P1ko 

. ( pa* P1a* ) 
ze-"" = eAo -----

' pko P1ko (10) 

As seen from expressions (8) and (7), an even 
number of quanta ko is absorbed from the wave, 
this being a consequence of the Furry theorem. 

Further calculation of the scattering tensor is 
very cumbersome, and therefore we present only 
a few explanations. After calculating the trace, the 
terms of the sum with different s are regrouped, 
using the properties of the Bessel functions. This 
increases the number of factors of the type 
p2 + m*2 in the denominator, a result important for 
the calculation of the integral with respect to d4p. 
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This is followed by a Feynman parametrization. [ 1l 
The argument of the Bessel functions z, and also 
exp ( ± i<P) from (10), depend only on the scalar 
products pko, pa, and pa*. As a result the calcu­
lation reduces to taking integrals of the following 
types: 

I d"p 
P1= j (P2 +A-i5)' CD(pko,pa,pa*), 

Ps= 

~ d4p 
--,------- pJ.tCD (pko, pa, pa*), 

(p2 +A- i5)' 
d4p 

r = 2,3,4, 

r= 3,4, 

r=4 ~ (p2 + A _ i5) r PJ.tPv!l> (pko, pa, pa*), 
(11) 

and A does not depend on p. 
Let, for example, k 0 be directed along the z 

axis, when three out of the integrations are possi­
ble (with respect to p0, pz, and the azimuthal an­
gle cp; details are given in the appendix). It then 
turns out that the only powers of pa remaining in 
the integrals for the harmonics of the matrix ele­
ment (8) with n ~ 2 are those causing the inte­
grals to vanish. Therefore only the term with n = 1 
remains. 

The impossibility of merging of four (six, etc.) 
circularly-polarized quanta into one can be ex­
plained in the following manner. We have to form 
a scalar containing four fields F~ v corresponding 
to four absorbed quanta of the wave, the field of 
the emitted quantum F!J-V• and the external field 
F~eJ. The tensors Fft v cannot be con~racted ':"ith 
one another even with respect to one mdex, smce 
k8 = 0, k 0a = 0, and a 2 = 0, where a is the polari­
zation vector. Therefore the four fields pertaining 
to the wave make up a tensor of eighth rank. In 
order to form a scalar, it is necessary to intro­
duce four more derivatives, for example, 

0 ,0 ,0 f) F ,,of) f) v<e) 
F aBI' y61 Auf} a y A.u1' J.tV B 61' J.tV 

,u v ,o F u k k v (e) 0 = f a~F yo/ A.akakyF 'Au J.tV B 61' J.tV = , 
owing to the antisymmetry of the tensor F !J-v· 

Then the scattering tensor (9) can be represent­
sented in the form 

[ k0J.tk04(ka)2 _ aJ.tko4(ka) J Q, 
IJ.t,. = (kk0 ) 2 (kko) 

oo 1 d oo eA 2 ) 
Q =- 8 ~ ~ y ~ xdxJs2 (-.-0 -x 

)'1- y m ay 
s=-oo 0 0 

[ b ( a2y2 ) 1 J 
X . a2y2 ln , 1 - --,;2 + b , 

kko 
a=- 2m*2' 

(12) 

It must be noted that the conclusion that only 
two circularly-polarized quanta can merge into 
one is valid only in first order of perturbation 
theory with respect to the external field. In higher 
orders, merging of a larger number of quanta of 
the wave into one become possible. 

4. We proceed to consider the case of a weak 
field. Letting formally A0 - 0, we retain in the 
infinite sum of (12) only the term with s = O, and 
replace J 0 with unity. Calculating the integrals, 
we obtain the following expression for the scatter­
ing tensor: 

ka 
II-',.= - 4 [koJ.tko.(ka)- aJ.tko4(kko)]R(a); 

m 

1 1 - ---
R(a) =-- --1"2a(1 + 2a)ln(1"2a + 1"1 + 2a) 

a2 a" 

2 . - --
+- )fa(1 +a) ln()fa + 1"1 +a) 

a" 

+ F [2f'2a (f'2a -l'i + 2a]} -

1+4a - --
----- {F [2f'a(f'a + 1"1 +a)] 

2a'' 

where 

kko 
a=- 2m2' 

r ln(i+t) 
F(x) = .l dt. 

0 t 

(13) 

Then the scattering matrix element (8), where 
I 4 is of the form (13), corresponds exactly to the 
~agrams of Fig. 3, as can be verified by a direct 

check. 
The corresponding differential scattering cross 

section with allowance for (7), (8) and (13), summed 
over the polarizations of the outgoing quantum, is 

1 ( Ze2 \2 ( Wo \" . z 2 do da = -ro2~02 - 1 -) sm OR (a)-4 , (14) 
8 4n ; m Jt 

where r 0 = e2 /47lm is the classical radius of the 
electron, ~5 = e2A~/4nm2 , (} is the angle of emis­
sion of the quantum of frequency w = 2wo, and 

e2 I 4n = 1;137· 
At low frequencies w0 « m, corresponding to 

a « 1, the function R(a) turns into a constant 
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R(a) = '*/,s, 

and the differential cross section is equal to 

2 { Ze2 )2 ( ffio )" do da = - ro2so2 - - sin2 e- . 
152 , 4n , m , 4n 

In this case the total cross section 

----rz 2 _ _ 4 ( Ze2 2 ( ffio )" 
a - ;) X 152 o so , 4n ,) m , , ffio~m, 

is proportional to the fourth power of the fre­
quency. 

(15) 

(16) 

(17) 

Let us integrate (14) over the angles of emis­
sion of the quantum. Then 

1 Ze2 '2 2wo'lm' ' nL2 

a=-r02£02 (-) ~ x(1---., x)R2 (x)dx. (18) 
8 4n , 0 2ffio" 

If the frequency is high, w0 » m, then the upper 
limit of integration can be replaced by infinity, 
since R(x) decreases sufficiently rapidly as x-oo, 
R(x) ~ 1/x2, and the integrals converge well. In 
this limiting case 

( zez\z . 1 r 
a=cr02£02 - 1 , ffio:Pm; c=- .lxR2 (x)dx~0,03. 

4Jt I 8 Q 

(19) 

The frequencies of modern lasers are low 
(w0/m ~ 10-6), and therefore the scattering cross 
section (17) is also small. The position becomes 
aggravated by the fact that the wavelength is in 
this case much larger than the dimensions of the 
atom, and the Coulomb potential of the nucleus is 
completely screened. Allowance for screening 
leads to the appearance in formula (17) of an addi­
tional factor (ao/!1.) 4, where ao is the radius of the 
atom and A. the wavelength of the quantum. If ul­
trarelativistic protons (with energy .G 109 MeV) 
are irradiated with a laser beam, then the fre­
quency in the coordinate system connected to the 
protons is w0 .G m, and the cross section will be 
maximal (19). 

5. Let us return to the exact expression (12) 
for the scattering tensor, which we now investigate 
for the case of low frequencies w0 « m (as in the 
real situation). We consider the contribution to 
Q [Eq. (12)] from the terms of the sum with Is I 
~ 1. The logarithm can be expanded in a series. 
Then these terms take the form 

~ y2dy r X 
Qs = 4a2 j -=- .l dx ,,--

0 '}"1-y 0 l1+a(s+1)y+x2)3 

X ] 8 2 ( e~o __3__ x) 
m ay 

~ y2dy ( eA 0 2 )" 1 fj2 - · 
= 4a2 ~ --= -- --ls('}"z)Ks01z), 

0 'j/1- y m* ay , 2 8z2 

where I8 and Ks are Bessel functions of imagi­
nary arguments, [ 4J and 

( eA0 2 )2 
z= -.- (1+ay+asy). 

m ay, 

In addition, 

eAo m 2 --,,-

v = -.- ~ - s l"1 + £2 ~ 1, 
m a ffio2 

if ~ == eA0 /m » w6/m2, which is satisfied even for 
contemporary beams. Then, using the asymptotic 
values of the Bessel functions I 8 and K8 , [ 4J we 
get Q8 ~ a 2 /y, i.e., the contribution of the terms 
with Is I ~ 1 is small, and the principal role is 
played by the terms with I s I » 1. 

Let us change the integration variable 

lsi Y 
X--+--X. 

v 2 

We go over to the asymptotic expression for the 
Bessel function in terms of the Airy function: [ 4J 

1 ( 2 )'" 1 [ ( n )''' ln(nx) ~--=;:-- - -,, <D -
l'Jt·n· x" 2 

2(1x~ x) J, 

(21) 

and break up Q [Eq. (12)] into three parts: 
00 

Q = Q<IJ + QC2) + QC3J = ~ \ dx 
s=-oo 1 

-so-1 1 oo 1 

+ ~ ~ dx+ ~ ~ dx. (22) 
s=-oo 0 s=-8o 0 

Here s 0 is such that 1 :s as0 :s 1 +a, i.e, s 0 ~ 1/a 
» 1 and 

b = 1 + a(s + 1)y + ~(asy) 2 (~ r x2 - i8. 
4 eAo, 

Reb has a minimum equal to 1- x-2(eA0/m*) 2, 

which is reached when s is negative. If x ~ 1, 
this minimum is positive and 

a/ (Re b)min~ffio2 / m2 ~1, 

i.e., the logarithm entering in Q can be expanded 
in a series. Re B can vanish for negative s such 
that I s I ~ s0 + 1. 

Let us now consider Q<1l [Eq. (22)]. Expanding 
the logarithm and replacing the summation over s 
with integration, we represent Q(1) after simple 
transformations in the form 
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2 1 "d ' 1 00 

\ Y" Y ( Y \ ' I' \ Q<1l = 1u2 - \ -~ -- ! .\ rl.r \ ils 
:n ~ yt - y y ' ,; ~ 

[ ( vs \'/,] · [ eA J-3 
Xs'i.CD2 -2x ;) { 1+2 m~(1-:c)s+s2 

(23) 

where <I> is the Airy function, and y = eAo/m* a. 
The essential region in the integral is s ~ 1. In 

the second denominator, when ~ » 1, the values 
x ~ ~ - 2 are significant. Then 

if ~ « m2/wL which we shall assume satisfied. 
We can then use the asymptotic value of <I> for 
large negative values of the argument[ 4J 

1 . ( 2 J :n; \ CD(- z):::::::; -,-sm -3-z · + !.}· 
z ,4 ·-1 / 

(24) 

Replacing sin2 z by 1/ 2 in the integration, we ob­
tain 

Q<1) = 4a2<p1(eA0 / m*), (25) 

The quantity Q< 2l has a real and an imaginary 

( eA 0 ) _ 2)'2- 11 dx [ 2 + a2 3a J 
<p1 1- ----.1--= + arcsm a , 

·. m' 15:n;' 0 ix (1-a2)2 (1-a2)'/, 

cAo 
a=-(1-x). 

m' (25') 

part. In analogy with the procedure used above, 
we obtain for the sum Q(3) + Re Q<2 J the expres­

sion 
tn*/eAo-1 

2 r y2 dy . v ·)·;, ~ 
Q<3l + He Q\2) = 4a2 --- \ -c= ( -- .\ 

Jt • l'i- y y 
0 

00 

dx ~ ds 

[ ( vs )'h] {[ eA 0 J-3 xs'h1>2 2x y 1+27(1+x)s+s2 

(26) 

An important role in the integral is played by 
s ~ 1 and x~ y -z/ 3 since <I> decreases exponen­
tially at large positive values of the argument. 
Therefore, owing to the condition (24), we can 
neglect the dependence on x in the denominators, 
and replace the upper limit of integration with re­
spect to x by + oo. Then 

, ( eAo \ Q<3J + Re Q<ZJ = 4azv- h<pz -.- I ; 
m . (27) 

( cAo \•-3] + \ l - 2 s+s2 ) . 

Thus, the real part of the scattering tensor Ip 4 
[Eq. (12)] is 

ka 
ReI 11r, = -; [ ko~,kor, ( ka)- a1,ko4 ( kko)] 

Ill' 

( m )'[ (teAo \ ( cAo \-'/, ( eA 0 )l X -- qJ1 - ) + - I <p" --l.nL' m.* . 1n'u; - m' .. ' 

(27') 

(28) 

where cp 1 and cp 2 are determined by formulas (25') 
and (27'). 

Expression (28) is valid under the following 
conditions: 

wo<m, wo2 I m 2 < s <m2 I Wo2. (29) 

The functions cp 1 and cp 2 can be calculated in final 
form, but the expressions obtained are unwieldy, 
so that we shall consider only limiting cases. 

For a weak field, when ~ « 1, the functions cp 1 

and cp 2 turn into constants, and the scattering ten­
sor (28) is 

where 

8 -y2 
C1 ~-,..-, 

Lm 

4. 72 . 3'/, -y; 
C2:::::::: , 

5·9·11·17 
1 kko 

ao=---. 
2 m 2 

In the case of a strong field with ~ » 1 

qJ1 ~ £", ({'z ~ s5 

and 

He 1M = ka[k 011k04 (ka)- a11kor, (kko) ](c3 + ( aos) ';,c,], 
n1,4 

where 
42. 3':,. -y~ 

c,-·----. 
5-11·17 

(31) 

Finally, Im Ip4 is determined by the imaginary 
part of Q(2) [Eq. (22)]: 

X r~ dt·t[6(b+ayt)+6(b-ayt)]-o(b) }. 
0 

b = 1 + a(1- s)y + 1lr,(asy) 2 (m" I eA 0)Zx2• (32) 

In the case of a strong field 1 « ~ « m 2 /w5: 
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Im Q(2) ~ ~ v ~ ao:__ exp J- i__ ~~} . 
2 2 l'ao~ \ 3 ao~ 

(33) 

The occurrence of an imaginary part in the 
scattering tensor IJ.L4 is connected with the fact 
that several quanta of the wave ko can create a 
real electron-positron pair, which then annihilates 
with formation of the quantum k and several 
quanta k 0• 

Thus, as can be seen from (30), (31), and (33), 
the scattering cross section in the case of low fre­
quencies will be determined by formulas (16) and 
(17), in which ~ = fu ~ 0 can change down to values 
~ « m2 /w~. 

This is connected with the fact that although in 
strong fields it is necessary to take into account 
the diagrams in which a large number of quanta of 
the wave participate, their contribution to the 
matrix element almost completely cancel each 
other. 

In conclusion the author is grateful to V. M. 
Galitskil and V. V. Yakimets for continuous in­
terest in the work and numerous discussions. 

APPENDIX 

Let us consider the well known relation [ 1 J 

0-+ + 0. 

Let us differentiate it once with respect to A, and 
then integrate with respect to y from -oo to +oo. 
We then obtain 

00 d 00 00 

P0 = ~ y . = - \ te-iAt-6t dt \ e~ixut dy 
(A+xy-io)z . . 

~oo ~ ~oo 

00 

=- 2n ~ te~iAt~MFJ(xt)dt. 
+0 

but since the integral with respect to t is taken 
from + 0, we get 

6 (xt) = t~lf! (x), 

and 

, \f . 2ni 
Po= - 2n6 (x) .l e~,At~Ot = ----:--· o (x). 

+O A- L6 

Thus, we have the following relation: 

\

00 dy 2:rti 
Po= . = --~B(x) (A 1) 

~oo(A+xy-i6) 2 A-io · • 

We now proceed to calculate the integrals (11). 
We consider the integral P 1 for r = 2: 

~ d"p 
P1 = -( .,-+-\----:.;:--\?<D(pko,pa,pa'). p· 1 - lu,-

We assume that k 0 is directed along the z axis, 
therefore pk 0 = w0(pz- p0), since k6 = 0; then 
pa = Px- ipy, and pa* = Px + iPy· The square of 
the momentum is written as follows: p2 = (pa) (pa *) 

+ (pz - Po)(Po + Po). We proceed to new integration 
variables x = Pz - Po and y = Pz + Py , and then 

1 ~ 
P1 == ~ dp, du 11 2 ~ dx<D ( wox, [Ja, [Ja*) 

00 d 
X~ _ __.::_Y __ 
~J(pa) (pa') +A+ xy- ioF 

Using (A.1) we obtain ultimately 

p -.·I l d <D(O,pa,pa") (A 2) 
1-:1tJ CfJx [Jy( )( ")+ \ .,.· . pa pa i - lu 

It is necessary to retain the negative imaginary 
addition in the denominator, since A can in general 
be negative. Integrals of the type P 1 with r = 3, 4, 
etc. are obtained in (A.2) by differentiating with 
respectto A. 

We now consider the integral P 2• The vector 
PJ.L can be represented in the form 

1 , 1 pko 
p~, = T (pa )ar, +2 (pa)a 11 • + ~00 113 

1 pko 1 Pz +Po 
---ko + --k 2 2 rt - 2 Ort· 

Wo Wo 

The first four terms in PJ.L lead to integrals of the 
type P 1> so that it remains to consider the integral 
of the fifth term 

\ d"p 1 Pz + Po • 
Pz = .l ( 2 _~_A . ) 3 - 2 ---- <D(pko, pa, pa ) 

[J 1 - L0 Wo 

1 00 • 

= \ dp,,. dpy --- I dx<D ( (J)gX, pa, [Jtl ) 
J 4(1)0 ~00 

r ydy 
X · [(pa) (pa*) +A+ xy- io)3 

-oc 

The resultant integral with respect to y can be ob­
tained from (A.l) by differentiation with respect to 
x, and this leads to the appearance of a derivative 
of a function. Then 

Pz = n
4
i ~ dpx dpu a<D (pk0, pa, pa*) i 

(pa) (pa*) +A- io a (pko) Jpk"=O • 

(A.3) 

The integral P 3 is calculated in similar fashion. 
We note in conclusion that we have assumed in 

the calculation that all the integrals converge and 
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have no singularities at the point pk 0 = 0, which 
certainly holds true in our case. When diverging 
integrals are calculated in this manner, the ob­
tained main diverging term turns out to be correct, 
but the finite addition to it is in general incorrect 
because of the non-invariance of the integration 
region. 
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