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It is shown that in contrast to vacuum, in which reabsorption of synchrotron radiation of a sys-
tem of relativistic electrons is always positive, reabsorption in a medium may be negative,
provided the relativistic electron spectrum is appropriately chosen. The reabsorption fre-
quency dependence is discussed for the case of monoenergetic and power-law spectra of the

emitted electrons.

TWISS[” has made the statement that a system
of relativistic electrons moving in a magnetic field
and producing synchrotron radiation can have neg-
ative reabsorption. His reasoning, however, turned
out to be incorrect because he failed to take into
account the statistical weight when trying to find
the degree of reabsorption by the Einstein-coeffi-
cient method.!” Weiss, calling attention to this
circumstance, has proved that there is no negative
reabsorption of synchrotron radiation for a system
of relativistic electrons in vacuum regardless of
the choice of the energy spectrum of the electrons
(see the review[“).

We shall show in this article that relativistic
electrons (E > rncz) moving in a medium (plasma)
on which a magnetic field is superimposed have
under certain conditions a negative reabsorption
and consequently intensify rather than attenuate
the radiation incident on them. In particular, a
system of relativistic electrons amplifies also its
own synchrotron radiation, as a result of which its
level exceeds the summary intensity of the spon-
taneous synchrotron radiation from all the elec-
trons of this system.

It must be emphasized that the finding of the con-
ditions under which negative reabsorption of syn-
ronous radiation is realized is of great significance
in radiophysics and in radioastronomy. The coher-
ent synchrotron radiation resulting from negative
reabsorption may turn out to be quite promising in
the interpretation of the part of the radio emission
from quasars and a few other cosmic sources. The
radioastronomy aspects of coherent synchrotron
radiation will be discussed in another article.

DFor the same reason, the conclusion by Slysh[?] that neg-
ative reabsorption of synchrotron radiation by relativistic
electrons in vacuum is incorrect.

1. As is well known (see [3’4]) the reabsorption

coefficient of synchrotron radiation, obtained by the
Einstein-coefficient method, is

c? ‘§° d [N(E)

T e -Oﬁ".—E?f‘

w— ]Ezo(v, EydE. (1)
It can be represented in a somewhat different form,

taking the integral by parts:

e ‘§°N(E) d
"~ dmv ) E? dE

(E2Q (v, E)]dE. (2)
In (1) and (2) v is the frequency, c the speed of
light, N(E) the energy spectrum of the relativistic
electrons, Q(v, E) the power of the synchrotron
radiation of one electron with energy E in a unit
frequency interval in a single normal wave.

We note that under the derivative sign in (1) we
have in fact the electron momentum distribution
function f(p). This can be readily verified by rec-
ognizing that for an isotropic distribution f(p) and
N(E) are related by

f(p) -4np*dp = N(E)dE, 3)

where E =pc in the relativistic case.

Formulas (1) and (2) have been written out un-
der the condition that the system of relativistic
electrons is in vacuum (the refractive index is
n = 1). We can ascertain, however, that the influ-
ence of the medium (n # 1), in the case when
1 - n <1, does not change the form of the expres-
sions (1) and (2) for u; it affects only the formula
for the spectral power Q(v, E) of the synchrotron
radiation.

In an isotropic and sufficiently dilute plasma,
for which

v v, vi2/2vv<LA,

n2x~ 1 —wv2/v?

(vyg is the gyrofrequency of the electrons and vy,
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the natural frequency of the plasma) the normal
(ordinary and extraordinary) waves are circularly
polarized, and the power radiated in one of the
waves amounts, accurate to terms of the order of
mc?/E, to one-half of the total power of the syn-
chrotron radiation of the electron: Q(v, E)

~ 1% Qiot(v, E), wheret !

Qtot(V,E):2V§ﬂ_e_:_vH':1+_(i)2]—‘lz

v2 \ mc?

v 0
x * \ Keyo(m)dn. (4)
Ve v/;,,
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Here Kj/3(n) is a MacDonald function

vl [ T o

v 2= e2N [ nm, (6)

vy = eH [ 2nume,

H is the magnetic-field component orthogonal to
the electron velocity, and N is the electron density
in the plasma. It follows from (4) and (5) that in
the region

v L2
VZ

(ch) <1 (region I) (7)

the influence of the medium on the synchrotron
radiation of the electron (and by the same token on
the reabsorption coefficient) is insignificant; to the
contrary, the influence of the medium becomes de-
cisive in the other limiting case, when

2
”L(mcz) =1 (region 1I). 8)

VZ
2. Let us determine first the contribution made
to the reabsorption coefficient at the frequency v
by the electrons from the energy interval (7) (re-
gion I). According to (4) and (5) we have in this in-
terval

— e T
Q(v,E)=V3n -%sz { &/, (n)dn, 9)
where
_ v 2 v [ mc2\2
==y (E) (10)
Therefore
8 e
_Ez EYl=——" (mc?)% ~3Ks,
[E*Q(v,E)] 395 0 (mc?) VHE Ke(z).  (11)

Since this derivative is positive, the interval (7)
gives a positive contribution to the reabsorption
coefficient, equal to

N(E) (12)

K, (z)dE.
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Here z is connected with E by relation (10) and

E = mc2.

(13)
VL

Thus, the upper limit in the integral is chosen

such as to satisfy the condition (7) that the medium

have a weak influence.

It is appropriate to note here that in vacuum
(v, = 0) the inequality (7) is satisfied for all ener-
gies, and that in (12) the upper limit can be re-
placed by infinity. In this case (12) determines the
total reabsorption coefficient. In accordance with
the conclusion of Weiss,”] the coefficient is always
positive, i.e., there is no intensification of synchro-
tron radiation in vacuum regardless of the energy
spectrum of the relativistic electrons.

3. We turn now to the investigation of the inter-
val (8) (region II), where the medium plays a sig-
nificant role. According to (4) and (5) we have in
this interval

2 e w2 ¢
0w, By="2Z2( K (n)dn, (14)
Ve v o %
where
.
s 2 v E (15)
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Then
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2
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We denote by ®(z) the function
®(z) =22 { Ky, ()dn — 2Ko,.(). (1)

z
Taking (14) and (16) into account and using (2), we
find that the contribution made by the electrons
from interval (8) to the reabsorption coefficient u
is
it = V3 g2, V1
4 VL,

mc? S E(’ZE) D (z)dE (18)
E? SE*
z is connected with E by (15); the lower limit of
integration, in which E* is taken from (13), is
chosen to satisfy the condition (8) that the medium
play an important role.
The function ®(z) is sign-alternating, since
§oe)de= {2 (&, ()andz— { 2K, (s)az=0.
0 0 z 0
This can be readily verified by evaluating the first
integral by parts. From the plot of &(z) in Fig. 1
it is clear that
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P(z)
In

FIG. 1

D(z) >0 for 0 < z < %
®(z) <0 for z > Z.

The reversal of the sign occurs when

=7~ 1.35. (19)
If z < 1 we have
D)~ 0% (--Z—)%; (20)
3Y3T(V/s) | 2
when z > 1
O(z) =~ —Yn/2z%e=, (21)

To obtain the total coefficient of synchrotron-
radiation reabsorption in the presence of a medium
(plasma) it is obviously necessary to add expres-
sions (12) and (18) and add further to them the ap-
propriate integral in the intermediate interval; we
must therefore use here in the calculation of y the
exact formula (4) for Q(v, E), and not the approxi-
mations (9) and (14). To gain an idea of the magni-
tude and character of the reabsorption in each con-
crete case (for a broad energy spectrum of the
relativistic electrons), a suitable calculation must
be made over the entire energy interval. However,
since ®(z) is negative when z >z, it is clear that
when the electron spectrum is specially chosen
such that the main contribution to the reabsorption
coefficient is made by the energy region E> E cor-
responding to z >z~ 1.35, namely

E > 2mctvpgv? [ vi3,

the reabsorption is assuredly negative and the syn-
chrotron radiation will be intensified in the rela-
tivistic-electron system itself.

The negative reabsorption in the medium is the
result of a substantial change in the energy de-
pendence of the electron synchrotron radiation
from a unit solid angle E2Q(v, E) compared with
the corresponding dependence in vacuum. The point
is that EZQ(V, E) increases monotonically with in-
creasing E in vacuum, but in a medium its varia-
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tion is nonmonotonic, first increasing and then de-
creasing with increase in E (see (9) and (14)).

We shall illustrate the effect of negative reab-
sorption of synchrotron radiation by means of two
concrete examples, chosen because of their sig-
nificance to radio-astronomical observations.

4. We consider first a system of electrons with
a narrow (‘‘monoenergetic’’) spectrum whose max-
imum occurs at an energy E;. The width AE of
the spectrum is assumed to be sufficiently small to
be able to take the functions E~°K;/3(z) and
E™%&(z) outside the integral signs in (12) and (18),
using their values at the point E = E,. After per-
forming this operation, we obtain

2 e’ (mc?)t B
p=ul = — e = NK (z0),
3 V:?) VH E05 &

2 v /me?\2
S I
3 VH Eo
when E! < E*? and
¥3 . vy mex. 2 v E,
=t = 12 g2 YE N = -—— % (2
w w 7 (’C\,\ll‘ E ) (Zn)7 0 3 \‘HVZ e ( 3)

when Ef > E*., We recall that E*= mc?v/vy; N,
in (22) and (23) denotes the concentration of the
relativistic electrons.

The reabsorption coefficient depends on the fre-
quency in the following manner: At high frequen-
cies (in region I), u (v) is described by (22). In
this case the reabsorption is positive; the coeffi-
cient u is exponentially small when v is large, and
increases with decreasing frequency. Bypassing
the region

v ~ viEy [ me2,

(24)

where pu (v) is not described by the simple for-
mulas (22) and (23), we go over to region II, where
(23) is valid. An idea of the frequency dependence
of the degree of reabsorption, defined by (23), can
be gained from Fig. 2, which shows a plot of
Vz. &(z)oo ull as a function of 1INz oo

In region II, depending on the concrete relations

VEP(z)

051

FIG. 2
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between the system parameters, there are realized
two cases. If the frequency corresponding to z,;
=7z~ 1.35, namely

(25)

is much lower than the characteristic frequency
(24):

E,
me?’

LI (26)

2vy
(i.e., ®(z¢) reverses sign in region II'), then the re-
absorption coefficient in the start of this interval
is positive as before, and becomes negative only at
the frequency (25). The degree of negative reab-
sorption —u (v) reaches a maximum value at the
frequency

3 F, 0\
Voo % (0245 20V (g 28), (20)
vg mc
after which it decreases rapidly with frequency
.ike
n(v) oo yhe—an? (28)

(see (21) and (23)).

It is clear from Fig. 2 that the frequency inter-
val occupied by the region of appreciable amplifi-
cation of the synchrotron radiation is quite narrow
and lies within the limits £ 0.3 vy 4.

In the other case, when the frequency (25) is
comparable with or larger than the frequency (24)

Ve[ 2veg = Eo | me?, (29)

the reabsorption coefficient will be negative in the
entire interval v? <« VZL(E(,/mcz)z, where the influ-
ence of the medium is quite appreciable. The sign
reverses in this case in the frequency region (24).
We note that when

\‘L/2VH\>)E0/m(,'2 (30)

zy > 1 in the entire region EZ > E*? and the de-
gree of negative reabsorption, will be exponentially
small at all frequencies at which it exists (see
(21)). This is in fact connected with the rapid de-
crease of the synchrotron radiation when condition
(3) is satisfied (see [5]).

Let us see at which magnetic fields H and at
which electron energies E; in a plasma with con-
centration N is the maximum negative reabsorp-
tion coefficient realized at a specified frequency v
(compared with other frequencies and with values
—u at other H and E;). It is clear that to this end
it is necessary above all that v coincide with
Vmax (Eq. (27)). When this circumstance is taken
into account, it follows from (23) that when vy, is
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constant the degree of negative reabsorption in-
creases with decreasing E;. But the energy E; can
be reduced only to a certain limit, namely to E,
= aE* where E* is given by (13) and a is a coef-
ficient equal to several units, for with further in-
crease of E; the degree of negative reabsorption
will decrease. It follows from the conditions
Vv = Vmax and Ej = aE* that the values of E; and
vy (i.e., H) corresponding to the maximum degree
of negative reabsorption are determined (for a
monoenergetic electron spectrum) by the relations
VH — 0.2451\}—[‘2 .
v

(31)

v
Ey=a—mc?,
VL

With this, in accord with (23), the reabsorption co-
efficient reaches the value
23-1072 ez wyp2

a mec WVt

N,. (32)

u =

In calculating the numerical coefficient in (32), the
value of ®(z) at the point z = z,,5x was taken from
the diagram of Fig. 1.

5. By way of a second example we consider a
power-law energy spectrum of the form

AEv

for E E <E
]\"(E)={ . or s << L <Kk

, 33
for E<E,, E>E, (33)

confining ourselves, for simplicity, to the case
when EZ > E*? je.,

Vi< v 2(Ey [ me?)2, (34)

Then, obviously, the degree of reabsorption is com-
pletely determined by the region where the medium
has an appreciable influence, so that

"y E,

b it = P Vg { B2 (2)dE,

4 A% E‘I
where z is connected with E by (15). Changing the
variable, we obtain
y—1 23
) met)ra§ a2 @(2)dz; (35)
the limits z; and z; are determined by the values
of E1 and Ez.

We note first that in the frequency interval

p= E;ezc VH (-—SvHvz

4 vvr \ 2vp3

2 'VL3 Ez -— E1
2 —_— -
V= 3 vu me* (36)

the difference z; —z; < 1 and the reabsorption co-
efficient (35) reduces in fact to formula (23) for
the monoenergetic spectrum.

At very low frequencies, for which z; > 1 and
zy>> 1, i.e., in the interval

(37)
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the degree of reabsorption is negative and is ex-
ponentially small. If inequality (36) is already
satisfied in this interval, the variation of u(v) is
described in almost the entire range where reab-
sorption is significant by the formulas obtained for
the monoenergetic spectrum.

In the opposite case, i.e., in the frequency in-
terval

2 3 E
Sl A
3 vg mc?

(38)

the situation is more complicated. The expression
(35) for u(v) simplifies here if it falls with in-
creasing frequency into the region where z; <1
and zy > 1:

(39)

The condition z; > 1 allows us to replace the
upper limit in the integral of (35) by infinity, since
the integrand decreases rapidly when z is large.
At the same time the inequality z; < 1 makes it
possible to replace the lower limit by zero, if the
integral of zY 2 &(z) converges. Since the func-
tion z¥ ~2&(z) is proportional to 27="2 when
z <1 (see (20)), it is clear that convergence will
be assured if y > 24.

Assuming this condition satisfied and taking the
foregoing into account, we obtain

- 13 ». VH (3\/‘1-1\72
p(v) =~ Z—e cWL vrd

v—1 e
) (mcz)VAS 2¥2@ (z) dz.
0
Substituting here the expression (17) for ®(z) and
transforming the first of the obtained integral by
parts, we obtain for u(v)
V§ VH

3vuVv? )V—i
~ —e2 _ 2\ v
p(v) 4e c - ( Svid (mc?)

><A( 2 1){ 7K., ()2, (40)
v g
where
¢ vy, 4 Y 1)
v —ovap( X 4 % yY__)
§zK5/3(z)dz 2 r( 2+3)r<2 .

The integral in (40) is always positive, and there-
fore the degree of reabsorption will be negative if

y> 2. (41)
It was noted above that the electron momentum
distribution function f(p) is proportional to
E2N(E), i.e., EY “% for the spectrum under consid-
eration. It is clear therefore that amplification of
the synchrotron radiation will occur when the dis-
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tribution function f(p) increases with increasing p
in the energy interval E; < E <E,.

According to (40), in the interval (39) the degree
of negative reabsorption —u(v) increases with in-
creasing frequency when vy > 2, and the degree of
positive reabsorption u (v) decreases with increas-
ing v when y < 2,

We note finally that when the frequency is
shifted from the interval (39) towards lower values
of v the degree of negative reabsorption first be-
comes larger than the value given by (40) above,
since at frequencies
2 VL3 E1

V2o~ )
3 vg mc?

we have z; ~ 1 and the region of integration over
positive values of the function &(z) shrinks. To
the contrary, when the frequency increases beyond
the interval (39), the degree of negative reabsorp-
tion decreases because of the shrinkage of the in-
terval of integration in (35) over the region of neg-
ative values of the function ®(z). This is connected
with decrease of z,; when z; < 1, i.e., at frequen-
cies when

Y 2 VL3 Ez

VR o me
the reabsorption coefficient certainly becomes pos-
itive.

6. When account is taken of reabsorption in the

radiating system, the intensity of the outward radi-
ation is

I= (afp)(1—erh),

where L is the length of the homogeneous system
(a and u are constant) and a is the emissivity,
equal to

(42)

a= §°Q(v, E)N(E)E?dE.
0

It is easy to derive concrete expressions for the
monoenergetic and power-law particle spectra con-
sidered above. We shall not present the corre-
sponding formulas, noting only that in the absence
of reabsorption (1 = 0) we have for the intensity
I = aL. If the reabsorption is positive, then I<aL
(absorption), and if it is negative I > aL (amplifi-
cation). In the latter case the intensity of outward
radiation exceeds by a factor (e'“L - 1)(—[J.L)_1
the level of radiation in the absence of reabsorp-
tion. The effect of amplification is negligible if
—uL < 1. To the contrary, when —uL > 1, the
negative reabsorption causes a sharp increase in
the radiation level. At high intensities, however,
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the reaction of the radiation on the character of
the particle energy distribution becomes appreci-
able. Then formula (42), which has been obtained
in a linear approximation, will no longer hold and
the intensity must be determined by a nonlinear
approach.
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of the article and for remarks.
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