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A spin-wave theory is developed for a ferromagnetic cubic crystal containing an impurity 
atom with negative exchange interaction with the matrix. It is shown that owing to zero-point 
oscillations of the spin system the ground state of such a crystal is magnetically inhomogeneous. 
This signifies that the impurity spin projection on the direction of the spontaneous moment is 
smaller than its maximum value and the decrease is compensated by nonuniform contraction of 
the matrix atom spins. It is shown that the effect is related to s-type spin system oscillations 
(in the state terminology used for describing a crystal containing an impurity with ferromag
netic interaction). The temperature dependence of spontaneous crystal magnetization in the 
range of validity of the Bloch law is calculated and the corresponding results are compared 
with the case of a ferromagnetic impurity. From measurements of the saturation magnetization 
at zero temperature and of the temperature dependence of magnetization of a crystal containing 
a low impurity concentration, one can determine the impurity atom spin and its exchange integral 
with the matrix. 

1. INTRODUCTION 

IN a series of papers[ i-4l the authors have de
veloped a spin-wave theory of a ferromagnetic 
crystal containing an impurity atom with a distinct 
value of spin S' and an exchange integral I' with 
its nearest neighbors in the matrix. In this theory 
it was assumed that I' > 0, so that in the ground 
state the spin of the impurity atom is directed 
along the total spontaneous moment of the crystal. 
In the case of a negative exchange interaction of 
the impurity atom with the matrix the impurity 
spin should have in the ground state, obviously, a 
negative projection on the direction of the spon
taneous moment; however, there is no reason to 
believe that the absolute magnitude of this projec
tion is the same as S', as it is in the case of ferro
magnetic coupling of the impurity with the matrix. 

In order to find the ground state of the system 
it is necessary to solve for the eigenvalues and 
eigenfunctions of the exchange Hamiltonian 

I 

:Je = -I ~ (SnSn+~) + 21 I' I ~ (SoSo+~), (1.1) 
n.~ 

in which Sn is the spin operator of an atom on 
site n (the impurity atom is situated at site n = 0): 
6. signifies summation over the nearest neighbors; 
the prime on the first summation means that n -1- 0 
and n + 6. -1- 0. 

From the classical point of view, when the spin 
vectors Sn are treated as c-numbers, the mini
mum of the energy (1.1) corresponds to the state 
in which the spin of the impurity atom is com
pletely inverted with respect to the totality of the 
ordered spins of the matrix. This state corre
sponds to a total spin of the system 

so= (N- 1)S- S', (1.2) 

where N is the number of magnetic atoms in the 
crystal. We shall assume that the true ground 
state corresponding to the quantum Hamiltonian 
(1.1) is characterized by this same magnitude of 
total spin (1.2). However, since in such a system 
of oppositely oriented spins it is inevitable that 
zero-point vibrations arise (as in the case of fer
ri- and antiferromagnets), causing a reduction of 
the spins (more accurately, of their projections 
on the direction of the spontaneous moment), the 
ground state should be inhomogeneous. This is be
cause the total spin of the system is a conserved 
quantity, since its operator commutes with the ex
change Hamiltonian. Hence, if exchange interaction 
causes contraction of the spin projection of the im
purity, this contraction must be compensated by 
contractions of the spins in the matrix; it follows, 
keeping in mind the limiting transition N- oo, 

that the ground state of the system must be inhomo
geneous. 
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In this paper we calculate with the aid of the re
tarded Green functions the projection of the spin 
of the impurity site and the matrix atoms sur
rounding it as a function of distance from the im
purity, and investigate the temperature dependence 
of the spontaneous magnetization of a crystal con
taining a low concentration of impurity atoms. We 
have traced through in detail the distinguishing 
characteristics of the Green functions for a crys
tal with an "antiferromagnetic" impurity, which 
lead to a contraction of the spins. The values of 
the contractions found by this theory agree with 
those obtained by Ishii et al. [ 51 by means of a 
completely different approach. 

2, THE GREEN FUNCTION FOR SINGLE
PARTICLE SPIN EXCITATIONS 

Following the assumption about the character of 
the ground state of the system, we transform from 
the spin operators Sn and S0 to a single system of 
Bose spin deviation operators an and a~, intro
ducing them through the Holstein-Primakoff rela
tions[SJ t> 

Snz = 8- Gn +an. 8,+ = (28) '!'an, 8n- = (28) 'han+, 

where the chosen form of the transformation of the 
spin of the impurity atom takes into account that 
the deviation arising at the impurity site increases 
the z projection of the total spin of the crystal. 
This leads to the appearance in the Hamiltonian 
(1.1), expressed in the spin-wave approximation 
through the operators an and a~, of terms of the 
type aoao+t.(and their Hermitian conjugates), which 
are characteristic of the Hamiltonian of an anti
ferromagnetic crystal, along with the usual terms 
of the type a~am. 

Let us consider the single-particle advanced 

1) At first sight it may appear that the use of the Holstein
Primakoff relations presupposes that in the ground state the 
matrix has total spin (N - 1)S, and the z component of the 
impurity spin equals -S' , i.e., the ground state is character
ized by the spins of the matrix and impurity separately. We 
shall show below, however, that the quantum-mechanical aver
ages of the operators a+ a and a+0 a0 in the ground state of the 

n n 
crystal are not equal to zero. Together with this there occurs 
a compensation of the spin contractions in the matrix by a spin 
contraction of the impurity, so that the ground state is ac
tually characterized by the value of the total spin (1.2). The 
only limitation on the ground state associated with the appli
cation of Eq. (2.1) is the requirement that the values of a:an 
and a ~a0 in the ground state of the crystal be small. 

Green function Gnm (t - t'), defining it in the fol
lowing form: [ 11 

Gnm(t- t') = iO(t'- t)<[an(t),am+(t')]>, (2.2) 

where all symbols have their customary signifi
cance. It is easy to see that the equation of motion 
for Gnm (t - t') leads to another Green function 

Knm(t- t') = iS(t'- t)<[an+(t), am+(t')]>. (2.3) 

By setting up the equation of motion for it, we ob
tain a pair of closed equations for Gnm and Knm. 
We expand the function Gnm(t- t') in a Fourier 
integral: 

1 +oo 
Gnm(t-t')=~~ Gnm(E)e-iE(t-t')dE (2.4) 

-00 

(we expand Knm(t- t') in analogous fashion). Per
forming all the standard operations for setting up 
equations for Green functions, we write them down 
in symbolic form: 

(GO(E)]-1C(E) = 1 + l/'G(E) + V"K(E), 

[GO(-E)]-1K(E) = V'K(E) + V"G(E). 
(2.5) 

All the quantities here are N x N matrices. The 
matrix elements of G(E) and K(E) are given by 
the relations (2.2), (2.3), and (2.4); G0(E) is the 
Green function G(E) for an ideal crystal: 

where 

0 1 eik(n-m) 

Gnm=N~ E , 
k - Ek 

Ek = 2SI ~ (1- eik~) 
4 

(2.6) 

(2.7) 

is the energy of the spin wave in it (we shall con
sider the case of a simple cubic lattice later). 

The quantities V' and V" describe the pertur
bation due to the impurity, and in the nearest
neighbor approximation they are represented by 
matrices of dimension (z + 1) x (z + 1). In the 
case of a cubic lattice V' and V" have the form 

AZ 1 1 ... 1 
1 p 0 ... 0 

V' = 2SI 1 0 P · · · 0 

1 0 0 p 

0 
1+v 

V" = 2SI 1 + V 

1+v 1+v ... 1+v 
0 0 0 
0 0 0 

1+v o 0 0 

where for brevity we use the symbols 

(2.8) 

(2.9) 
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11'1 I1'IS', 
'A=-1--1, p=-/S-1, 

_ II' I ( S' )'1' y--1- s -1. (2.10) 

It should be noticed that formally these parameters 
A., p, and y coincide with those introduced by Wol
fram and Callaway[ 8 1 for a "ferromagnetic im
purity." However, in the case of an "antiferro
magnetic" impurity the perturbation they deter
mine is completely different, and only in the lim
iting case of a nonmagnetic impurity, when S' = 0 
and I' = 0, do we have agreement with the result 
which one can also obtain by starting with a ''fer
romagnetic" impurity. 

From Eq. (2.5),it is easy to obtain 

G(E) = 1- GO(~) V(E) GO(E). (2.11) 

Here V(E) is the true perturbation operator: 

V(E) = V'+V" 1 _Go~-E)V'G0 (-E)V". (2.12) 

Thus, for an '' antiferromagnetic'' impurity the 
symbolic solution for the Green function G(E) has 
the same form (2.11) as in the case of a ''ferro
magnetic" impurity, corresponding to the Dyson 
equation; however, the expression for the pertur
bation operator is described by the more compli
cated relation (2.12), which depends on E. 

Direct calculation of the perturbation matrix 
(2.12) and then of the matrix elements of the Green 
function G(E) according to Eq. (2.11) is extremely 
complicated. However, use of a unitary matrix 
satisfying the point symmetry of the cubic group 
greatly simplifies the task of finding G(E), although 
even in this case long calculations are still re
quired. For a simple cubic lattice one can, after 
all these calculations, represent Gnm in the form 
of several contributions: 

Gnm = Gnm0 + ~nm(s) + ~nm(P) + ~nm(d), (2.13) 

which belong to the irreducible representation of 
the cubic point group rio r15• and r12• or in the 
nomenclature used by Wolfram and Callaway and 
earlier by us, contributions of the s, p, and d 
type. Here 

1 f[ E2 J ~"'" (s) = B(E)B(-E) l (Z + /.. + p)E- p 21Sz 

X B(-E)Gno0Gmo0 - ( 1 +A. _,p z:Sz) 

E ) +(1+71.-p-- B(-E)Goo0 (E)6no6mo 
, 21Sz 

+ Ll~z-+ ( 1 + P + P 2/~z ) Goo0 (-E) J B(E) 6no6mo}, 

(2.14) 

(2.16) 

In the denominators of these expressions are found 
the quantities: 

E [ W ] B(E)=i+lc-p-- (2+1c+p)E-p--
21Sz 21Sz 

(2.17) 

(2.18) 

Dd (E) = 1 - 21 Sp [ Goo0 (E) + G12° (E)- ZG1s0 (E)], (2.19) 

the zeroes of which are determined by the poles of 
the Green functions corresponding to states of the 
s, p, and d type. The expressions (2.15), (2.16), 
as well as (2.18) and (2.19), which are associated 
with p and d states, coincide exactly with the cor
responding expressions for a "ferromagnetic" im
purity[ 31 and will therefore not be examined here. 
As was shown earlier, [31 resonant levels of the 
p and d type do not exist near the bottom of the 
band; hence, by restricting ourselves to weakly 
excited states of the system, we shall keep in mind 
that the quantities ~nm(P) and ~ nm (d) do not have 
singularities near the bottom of the band of the 
quasi-continuous excitation spectrum. 

As regards expressions (2.14) and (2.17), which 
characterize the s state, they are essentially dif
ferent from those for the ferromagnetic impurity. 
It can be shown that the equation 

ReB(E) =0 (2. 20) 
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(analogous to the equation ReDs(E) = 0 for a fer
romagnetic impurity) has, in addition to possible 
solutions in the positive region corresponding to 
resonant or local s type states, also always has a 
negative solution Es < 0. These solutions can be 
obtained in the general case only numerically; 
however, for a weak impurity 

II' IS' I IS~ 1 (2. 21) 

there exists a negative solution of (2.17) near the 
bottom of the spin-wave band approximately equal 
to 

Es ~ -2II'ISz. (2.22) 

(We recall that for a ferromagnetic impurity in the 
analogous case the energy of the resonant s level 
near the bottom of the band was found to be Es 
~ 21'Sz.) At the same time it is easy to see that 
even for a weak impurity there is no positive solu
tion of Eq. (2.20) near the bottom of the band. 

Further, as is seen from (2.14), the poles of 
the Green function Gnm associated with s states 
are determined not only from Eq. (2.20), but also 
from the equation 

ReB(-E) = 0. (2.23) 

The situation becomes much clearer if in accord
ance with (2.13) and (2.14) we write an expression 
for the diagonal elements of Gnm corresponding 
to the impurity (n = 0) and the atoms of the matrix 
(n =f. 0): 

Gnn (E) = Goo0 (E) 

[(2+ ')., + p)E- pE2/2!Sz][Gno0 (E)]2 

+ B(E) 

+ ~nm(P) + ~nn (d), (2.24) 

G (E) = (1 + p + pE/2ISz)G00°(-E) + p/21Sz 
oo B(-E) . (2.25) 

It is seen from this that the Green function for 
the impurity atom and the matrix atoms has singu
larities determined respectively by Eqs. (2.23) and 
(2.20), and to the solutions of one equation there 
correspond solutions of the other which are equal 
in modulus but opposite in sign. This is like a fer
rite with two antiparallel sublattices, where the 
poles of the Green function set up for one of the 
sublattices differ from the poles of the Green func
tion of the other sublattice only in sign (see, for 
example, [ 91 ). 

3. NEGATIVE POLES AND CONTRACTION OF 
SPINS 

Here we shall show that the negative poles of the 
the Green functions G00 and Gnm are associated 
with the contractions of the spin projections of the 
atoms of the impurity and the matrix from their 
maximum values S' and S already at zero tem
perature, i.e., they are associated with a change 
of the ground state of the system. To this end, we 
shall calculate first the temperature correlations 
(at a0) and (a~an), using the known spectral rela
tions. [ 71 We have, in particular, an expression 

< + ) = _!_t ImGoo(E- ie) dE 
ao ao n J eE/kT- 1 (3.1) 

-00 

an expression which is conveniently represented in 
the following form: 

<-atao> = .!_ r[ImGoo(E- ie) 
n o 

dE 
- Im Goo (- E - ie)] eE/kT _ 1 

where the term 

(3.2) 

<ao+ao>r=o = - __!_ ~ Im Goo(- E- ie) dE (3.3) 
no 

describes precisely the change in the spin projec
tion of the impurity site at T = 0. 

In calculating Im G00 (- E - iE) according to 
Eq. (2.25) it should be noted that its singularities 
are associated with the roots of the equation 
Re B(E) = 0. Since the integration in (3. 3) is car
ried out over the positive values of E, the nega
tive root of this equation does not yield a contri
bution to (3. 3), and we have 

r (1+p)(1+"> (34) 
<ao+ao>T=o = J [ReB(E)]2 + [lmB(E)]2 go(E)dE. • 

0 

The direct calculation of this integral is diffi
cult, since it requires integration in the whole 
spin-wave band of the quasi-continuous spectrum 
and inclusion of the contribution of local s type 
modes if such exists above the band for the given 
perturbation parameters. This difficulty, however, 
can be avoided by calculating the expression 
N-1 
:6 (a~an)T = , which represents the total change n = 1 o 

of the spin projections of the matrix atoms at zero 
temperature. As in the case of (3.2), application of 
the spectral theorem gives 
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N-1 oo N-1 

~ <an+an> = ~ ~ [ lm ~ Gnn(E- ie) 
n=i 0 n=i 

N-1 J dE N-t 

- lm ~ Gnn(-E- ie) + ~· <an+an>r=o, 
eE/kT _ 1 

n=i u=i 

(3.5) 

where 

N-1 1 co N-1 

~<an+an>T=O = -- ~ lm ~ Gnn(-E- ie)dE. (3.6) 
n=l n 0 n=l 

We write now expressions for the imaginary 
parts that appear here in the integrals, which can 
be calculated most simply by using Eq. (2.24) for 
Gnn· For E > 0 we have 

1 N-1 1 
~ Im ~ Gnn(E- ie) = Ngo(E)- -ImGoo(-E- ie) 
n n=l n 

1 B'(E- ie) 3 Dp'(E- ie) 
+-Im +-Im 

n B(E- ie) n Dp(E- ie) 

2 Di(E- ie) 
+-Im-----

n Dd(E-ie)' 
(3.7) 

1 N-1 

-1m~ Gnn(-E- ie) 
:n; n=l 

1 
= b(E- IEsi)-- ImGoo(E- ie). 

Jt 
(3.8) 

Using (3.6) and (3.8), we find 

N-1 1 
~<an+an>T=O = n ~ Im Goo(E- ie)dE -1. (3.9) 
n=i 0 

This formula expresses the change in the sum of 
the spin projections of the matrix atoms through 
the values of Im G00 (E- iE) in the positive region 
of E, whereas formula (3. 3) expressed (a_; ao) via 
Im G00 (E - iE) in the negative region of E. How
ever, this integral connection exists between them: 

1+oo 
- ~ Im Goo(E- ie)dE = 1, 
:n: 

-oo 

(3.10) 

which comes from the definition of the function G00 

and the spectral theorem. Combining (3.9), (3.10), 
and (3. 3), we obtain the following sum rule: 

N-1 

~ <an +an>T=o = <ao+ao>T-o, 
n=t (3.11) 

which means that the contraction of the spin pro
jection of the impurity atom should be compensated 
by the sum of the spin contractions in the matrix, 
so that the total spin moment of the crystal in the 
ground state remains equal to (N - 1)S - S', as we 
assumed at the beginning. 

The sum rule permits calculation of the con
traction of the spin at the impurity site without re
course to Eq. (3.4) but by using the relation (3.9). 
In fact, it is easy to see from (2.25) that Im G00 

x (E- iE)....., o(E- I Es 1>. where Es is the negative 
root of Eq. (2.20) (or a positive root of Eq. (2.23)). 
As a consequence of this the integration over the 
energies in ( 3. 9) is removed, and we obtain 

- 1 (3.12) 

It is easy to see that this expression is always 
positive. 

Of course, this result is valid only for such 
values of the parameters A and p for which 
( ~ ao>T = 0 « 1, as required by the spin wave ap
proximation. Otherwise it is impossible to calcu
late the spin contraction using the spectrum of 
single-particle excitations. 

We now calculate the magnitude of the spin con
tractions as a function of distance from the im
purity. As in (3.3) and (3.6) we have 

(3.13) 

Substituting (2. 24) herein, the imaginary part of 
which contains only the second term, which in turn 
has the factor 1/B(- E) and is therefore propor
tional to o(E - I Es I) when E > 0, we immediately 
obtain after integration over E 

(3.14) 

In general, the dependence on n for fixed values 
of the parameters A and p can be obtained only 
from numerical calculations of Re G~0 (E). In the 
limit of large distances R == Rno it is possible to 
make use of the asymptotic Green function G~0 
for E < 0: 
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1 a 
ReG o0 (-E) = ----e-><R 

n 8niS R ' 
X = _!_ v I Ea I , 

a 2/Sz 

(3.15) 

from which we obtain the asymptote for (3.14): 

(3.16) 

Thus, the closer the level Es is to the bottom 
of the band, the greater is the distance in the ma
trix over which the spin contractions are propa
gated. 

The distribution of the spin contractions in the 
matrix may be characterized by a form factor 

N-1 

F ( q) = ~<an +an>T=O e-iqn, (3.17) 
n=! 

which can be measured experimentally from the 
incoherent elastic scattering of neutrons from 
crystals containing a low concentration of impurity. 
Substituting herein the expression (3.14) and sum
ming over n, it is easy to obtain that 

1 1 
F(q) ~ N ~ ( JEsJ + Ek) ( JEsJ + Ek-q) • ( 3· 18) 

This expression can be calculated only numeri
cally. 

Note that because of the sum rule we have 

4. TEMPERATURE DEPENDENCE OF THE 
SPONTANEOUS MAGNETIZATION 

(3.19) 

We now calculate the average spontaneous mo
ment of the crystal; according to (2.1), this is 
written in the form 

N-1 

M = gllo [ (N -1)S- S'- ~ <an+an> + <ao+ao>] (4.1) 
n=! 

(it is assumed that the g factors of the impurity 
and matrix atoms are the same). The correlations 
appearing here are given by the relations (3.2) and 
(3. 5). If we substitute (3. 7) and (3.8) in them, we 
may write the temperature dependent part in (4.1) 
in the form 

N-1 "" 1 B'(E- ie) 
~<an+an>-<a0+ao>= ~ [Ngo(E)+~ImB(E-ie) 

n=! 0 

3 Dp'(E-ie) 2 Dl(E-ie) 
+ .n: Im Dp(E-ie) +-;Im-Dd{E-ie) 

J dE 
-6(E-JEsJ) eEii<T_1· (4.2) 

The contribution of the zero-point vibrations fall 

out on account of the sum rule (3.11). Here the 
second, third, and fourth terms respectively de
scribe the contribution of the s, p, and d states 
to the magnetization; the last term also derives 
from s states and has the same nature as the 
spin contraction of the impurity site. It is associ
ated with the negative poles of the Green functions. 

The contribution in (4.2) due to p and d 
states is the same as in a ferromagnet. At low 
temperatures, when the principal contribution to 
the integral in ( 4. 2) comes from small E, it is 
possible to obtain approximately 

1 B'(E-ie) ~ -~( 1 S'lao E 
-;- Im B ( E - ie) ~ 2 \ + S /'"' ( ) ' 

3 Dp'(E- ie) 
-Im -. ~-
n Dp(E- ie) 

3p 
1 + Ap go(E), 

2 Da'(E-ie) E (E) -Im ~ go . 
n Dd(E-ie) 

(4.3) 

The above equations ( 4.1) to ( 4. 3) now permit 
the spontaneous moment of the crystal to be writ
ten easily in the form 

__)!_ = (1- c)S- cS' 
Ngllo 

[ 3 ( S' 2p \] ( T )'h 
- 1 + c 2 - 1 - S- 1 + Ap ) 'YJ T c 

1 
+ C eiE,I/kT- 1 (4.4) 

where we have written c for the quantity 1/N, 
since it plays the role of the concentration. Now, 
in Eq. (4.4) c may be understood as a finite, but 
small impurity concentration for which the interac
tion between individual impurity atoms may be 
neglected. The quantity 1J is the coefficient in the 
Bloch T3/ 2 law, which determines the temperature 
dependence of an ideal ferromagnetic crystal. 

For comparison, we give the analogous result 
that we obtained earlier[ 3J for the case of a ferro
magnetic impurity: 

__!!,_ = (1- c)S + cS' 
Ngllo 

[ 3 ( S' 2p )] ( T )% + 1+c-- -1+------ 'Y) -
2 S 1 +Ap. Tc, 

(4.5) 

The essential difference between these results 
consists in the appearance of the last term in 
(4.4), which increases the magnetization as the 
temperature is lowered. This is due to local "de
magnetization" of the impurity with temperature, 
which also leads to a positive contribution to the 
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temperature dependence of the total spontaneous 
moment of the crystal. The spin-wave approxima
tion requires that the average spin deviation at an 
arbitrary site, including that of the impurity, be 
less than one. This immediately leads to the con
dition 

(elE,I/hT -1)-1 < 1, 

whence follows the equivalent requirement: 

leT~ IEsl 

(4.6) 

(4.7) 

along with the usual requirement T « Tc, the 
Curie point of an ideal crystal. The condition (4. 7) 
imposes certain limitations on the parameters A. 

and p, namely, the exchange interaction of the im
purity with the matrix must not be much weaker 
than that between the matrix atoms. Otherwise the 
condition of the spin-wave approximation for the 
impurity atom is destroyed at temperatures when 
it is still valid for the matrix atoms, and it is then 
impossible to restrict attention to single-particle 
excitations of the crystal for the description of its 
temperature behavior. To describe the tempera
ture behavior of the impurity spin in this situation 
it would be possible to apply the same method that 
we used recently for a ferromagnetic impurity. [ 41 

Equations (4.4) and (4.5) allow the experimental 
determination of S' from the saturation magneti
zation at T = 0, as well as I' from the temperature 
measurements of the magnetization in the T312 law 
region. 

It is not difficult to generalize (4.4) to the case 
when the g factors of the impurity g' and of the 
matrix g are not the same. In particular, in this 

case the contribution of the zero-point vibrations 
to the spontaneous magnetic moment at zero tem
perature would not be reduced and would equal 

NM = (1- c)gS- cg'S' + c(g'- g) <ao+ao>r=D. (4.8) 
llo 
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