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By use of the nonstationary density matrix p(t),
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nonlinear phenomena are treated and the con-

ditions for parametric excitation of quasiparticles are formulated; the stationary state of the
excited waves is also determined. The relations obtained are applied to the study of parametric
phenomena in ferromagnets. It is shown that for parametric excitation of spin waves by spin
waves, it is necessary that the magnetic field intensity H, satisfy the condition 0 =< Hy =< (47/3
— B)M,, where M, is the saturation magnetization and where the anisotropy constant 8 < 4w /3.
The excitation threshold attains its minimum value when the wave vector f of the pumped
waves is perpendicular to the axis of easiest magnetization. Similar calculations are carried

out for a system of spin waves plus photons.

INTRODUCTION

IF a system of quasiparticles is subjected to the
influence of an external source of energy that has
sufficiently high power, then there can arise in
such a system nonlinear parametric phenomena
connected with an increase of the number of quasi-
particles. Investigation of these phenomena makes
it possible to study in detail the processes by
which elementary excitations interact with one an-
other.

Parametric resonance in ferromagnets was
first discovered experimentally by Damon'!? and
by Bloembergen and Wang.”l Similar phenomena
in antiferromagnets were investigated by Heeger[“
and by Borovik-Romanov and Prozorova. 4

Nonstationary phenomena in magnetic materials
were treated theoretically by Suhl,[ 5] Gurevich,“”
White and Sparks,”] and Ozhogin.[“ In {5 6) the
calculation of these phenomena was carried out
phenomenologically, by use of the Landau-Lif-
shitz!? equation of motion of the magnetic mo-
ment, Maxwell’s equations, and the equations of
elasticity theory. The system of nonlinear equa-
tions thus obtained had a cumbersome form, and
their solution was difficult. In '8 the approach
used for study of instability processes was a
quantum-mechanical one; its advantage lay in the
fact that instead of the equations of motion of the
magnetic moments, it used the kinetic equation
for the occupation numbers of the quasiparticles.
Determination of the solution of such an equation
encounters no difficulties. Among the shortcom-
ings of such a treatment, however, are the incor-
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rectness of the kinetic equation obtained and the
phenomenological calculations of the damping of
spin waves and phonons. Furthermore, although
in [57%) conditions for parametric excitation of
quasiparticles were also found, it was not possible
to determine the stationary amplitude of the exci-
tation.

In the present paper, the investigation of para-
metric phenomena has been carried out by means
of the nonstationary density matrix p(t). This
method makes it possible to treat nonlinear phe-
nomena and to formulate the conditions for para-
metric excitation of the quasiparticles, and also to
determine the stationary state of the excited waves.
It is supposed that the amplitude of the external
alternating field is constant in time.

The kinetic equations obtained make it possible
to describe parametric phenomena in ferromag-
nets at frequency wy = € + €f_k and combinational
effects with frequencies wy = +(€x_f — €k), where
wy is the frequency of the pumped waves, and
where €x and €f_i are the respective values of
the energy of spin waves with wave vectors k and
f — k. The threshold values of the amplitudes, the
growth increment, and the stationary state of the
amplified waves are found.

It is shown that when spin waves are excited by
an alternating magnetic field of sufficiently high
power, the expression for the imaginary part of
the susceptibility, x”, agrees with Damon’s' 10
formula,

”
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if the parameter « = 2whr/uM,. Here w is the
frequency of the alternating magnetic field, p is
the Bohr magneton, M, is the saturation magneti-
zation of unit volume of the ferromagnet, P is the
power of the pumped waves, and Py} is the thresh-
old power.

1. GENERAL STATEMENT OF THE PROBLEM

Let an isolated system, described by the Hamil-
tonian #, be acted upon by an external force V(t),
which can be represented in the form

V(t)= Asbe(t) + AT DI (2), (1.1)

here the quantities Af and Af contain only opera-
tors of the quasiparticles of the system, whereas
bf(t) and bf (t) are operators of the external per-
turbation. Then we get for the complete Hamil-
tonian

T = 20 + Aghs (8)+ ATOE (). 1.2)

The reaction of the system to the external per-
turbation is expressed by the fact that the density
matrix of the system becomes nonstationary. Sup-
posing that the external perturbation is sufficiently
small, we describe the nonstationary density matrix
in the form!!!!

p(t) = po+ p1(t) + p2(t),

where p, is the equilibrium density matrix, and
where py(t) and py(t) correspond to the linear and
quadratic perturbation approximations.

The operator p(t) satisfies the following equa-
tion of motion:!’

(1.3)

dp | ot = ip, H]. (1.4)

By use of (1.4), the equations of motion for the
operators pi(t) and p,(t) can be obtained:

0

= ilon M+ oo A () +ATHE (O, (1)
0
=2 = ilpy, )+ ilon A () + ATHT ()] (L5%)

The solution of equations (1.5) and (1.5’) has the
form

=i S [0o, At (— 7)1 bt (t—7)dv+ Herm. conj., (1.6)
0

P2 (t) = — S dty g dv, {[[po, Af(_TI—TZ)]y

DPlanck’s constant is & = 1.
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Ap (— o) by (t — To) + A" (— T2) be* (£ — )] be (t — T, — T2)}

+ Herm. conj. (1.7)

where Af('r) =el*T Age™1#T ig the operator in
the Heisenberg representation.

The change of the operator for the number of
quasiparticles in state k can be written in the
form

dny/dt = —ifny, H]— i[ny, Asbs (1) + AT05 (D] (1.8)

On averaging (1.8) by means of the nonequilibrium
density matrix p(t), we get the equation of motion
for the mean of the quasiparticle operator nk:

dnk 0
= Tk (k1)

+ Ve § drewor Ay (=), I, AT D + e (L9)
0
where+yk is the damping constant in the state k,
Nf = bgbg is the number of quasiparticles entering
from the external source, n(i‘ is the Bose distribu-
tion function, and the brackets () serve as a des-
ignation of the mean over the stationary density
matrix p,. In the derivation of (1.9) it was as-
sumed that the source is in such a mode of opera-
tion that the time variation of bg is bg(t)
— bf el'.(,t)t.

We shall consider only processes of the first
order: that is, decomposition of a single quasipar-
ticle, corresponding to the pumped wave, into two
quasiparticles, corresponding to amplified waves;
inelastic scattering of a quasiparticle of the ampli-
fied wave on a quasiparticle of the pumped wave;
and virtual processes, connected with simultaneous
absorption of three quasiparticles, one of which
corresponds to the pump wave. Such processes are
represented schematically in the figure. The oper-
ator Af has the form

Ag= ) Wik, f—k; Day aj + V2 (s k—1; £y ak ay-s
k

+ Wik, —f —k; f)axa-s—x}, (1.10)

where ¥y, ¥,, and ¥3 are amplitudes correspond-

ing to the probabilities of the indicated processes.
For the value of dny/dt we get

f+k
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dnk 0
— —
dt Vi (e — k)

AW =1 f) |2 (g — nix 1)

8N , »
T8N (0 —ex—er—x) 2+ (Yk + vi-x)?

| W (k + £ k; £) [2(ng — nycrs)

)— 2N
X (Vi + Ve x) f (0 — exts+ ex) 2+ (Yr+i + Yi) 2

“P‘g(k, k‘—‘ f, f) |2(nk—f _ nk)

X (v vend) + 20 (@ — ex+ ex-1) ? + (Vi + Yk-1)®

X (Yk T Yr-1). (1.11)
It is evident from equation (1.11) that the second
term describes parametric phenomena at fre-
quency wy =€y + €¢_ ), whereas the third and

fourth describe combinational effects with frequen-

cies wy = £(€g+f — €k).

2. CONDITION FOR PARAMETRIC RESONANCE

We consider parametric phenomena in the
neighborhood of resonance, w = w, + &, that is

when the value of ¢ is small. Then by use of (1.11)

one can get the system of two equations

dny
5 = ~ 2 (e i)+ B (ot 1),
(2.1)
dng-
dft k= —2yi-x(Ng-x — nof—k) + B(ng +ng-x + 1),
where

Yk + Yi-x

B=38 k. f—k;f)[2NV
qui( ' ' )l f§2+(Yk+Yf—k)?‘

In order to find the threshold values of the am-
plitude of quasiparticle excitation and the limits of
parametric resonance, it is sufficient to solve
Eqgs. (2.1) for the occupation numbers of the quasi-
particles, nkg and nf .. The characteristic equa-
tion of the system (2.1) has the form

(A + 2yx — B) (A + 2ygx — B) — B2 = 0. (2.2)
On solving (2.2) for A, we get
M = B — (Ti + vex) £ [(ve—ve)® + B> (2.3)

It is not difficult to see that A, is always negative
(A < 0); therefore the condition for parametric ex-
citation of quasiparticles can be described in the
form Ay> 0, or

B > 2yxye—x/ (Yx + Ve-x)-

The region of parametric resonance is deter-
mined by the inequality

(2.4)

— (vx + Ve-k) (Ne/ Ny — 1) <E < (Vi + Vek) (Ne/ N gn— 1)z,

(2.5)
where

Ny = vuve-i/4 | ¥y (k, f—k; f) 2 (2.57)
is the threshold number of quasiparticles corre-
sponding to the pumped wave.

If the magnitude of the wave vector of the
pumped wave is appreciably smaller than the wave
vector of the amplified wave (f < k), then the
growth increment of the wave is Ty = 7\1/2, or

r dy® [ Ny B 44yl ]

CEE SN T e (2.6)

3. STATIONARY MODE

If the frequency of the external source (the
pump) satisfies condition (2.5), then parametric
resonance occurs. In this case an exponential in-
crease of amplitude of the excited waves will be
observed until such time as nonlinear interactions
in the system of quasiparticles begin to play a
fundamental role. Thereafter, the increase of am-
plitude will cease, and the system will go over to
the stationary mode.

The kinetic equations that describe the transi-
tion of the system to a stationary state can be ob-
tained from equations (1.11). The terms that are
nonlinear in the occupation numbers nkg and ng_g
are determined from the collision integrals of the
quasiparticles, ny and ng_j, account being taken
of the width of the levels k and f — k of the sys-
tem; that is,

1 Yk + Ye-k i}
blo— et = o (0 — ex— erk)* + (i + Vex)*

In the stationary mode, the system of kinetic equa-
tions has the form

st st 94
B Nk +nf~k]

— 2y St B (nf + mcSt [1 1
Yk -k k) +Yk+Yr—k P |

2B st St
— 5k nx =0,

Ny

st st
— 2yexex+ B (™ + ne_k)

t 14
. B mStt e } B sst
x [1+Yk+vf—k o Nf —2 Nf ng Ng_g = O,

(3.1)

where nls{t and nft_k are the stationary values of
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the occupation numbers of the excited quasiparti-
cles (nls{t >> n‘l)().

Of special interest is the case in which the mag-
nitude of the wave vector of the pumped wave, f, is
considerably smaller than that of the wave vector
of the amplified wave (f < k). Then the value of
nls{t is determined from formulas (3.1) and has the
form

St = Nyl (Nt [ Ny —1]. (3.2)

We shall consider phenomena connected with the
scattering of excited quasiparticles on quasiparti-
cles corresponding to pumped waves. Let the fre-
quency w = w4 + &. Then by use of equations
(1.11), we can derive the following system of equa-
tions, which describe the change of the number of
quasiparticles with time in the states k and f + k:

d ~
dntk = —2Vx (nk—m0) + B (ngx — 1),
dn(;;k = — 2ykt (Pesc — n‘,’_kk) —_ é (ngyx — 1), (3.3)
where
B Yo (k4§ Kk f)[?
B — an Loz " 5.4
T (et + ) (Vi +ve)

The roots of the characteristic equation of this
system are

Ao = — B — (v + Yeow) & [(ye — Ve)® + B2 (3.5)

It follows that the number of excited quasiparticles

cannot increase exponentially with time, since

Ag, 2 <0. Therefore at frequency w, (and similarly

at frequency w_) resonance phenomena are absent.
Upon using the stationarity conditions ny

=0, =0, we get

§Vt+k
2vkYex + B (Yk + Verx)

(nko - n?+ k) ’

ng = ng’ —

Byk
2vivex + B (v 4+ v:x)

Mk = Nfax + (M —ni.x). (3.6)

From equations (3.6) it is clear that in an alter-
nating field at the difference frequency w, there
occurs a redistribution of the population of the
levels of the system.

4, THRESHOLD PHENOMENA IN FERRO-
MAGNETS

We consider parametric excitation of spin
waves with wave vector k by spin waves with
wave vector f (f < Kk). In this case the quasiparti-
cle operators bg will coincide with the spin-wave
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generation and absorption operators a%, af. The
amplitude ¥,(k, —k; 0) has the form(12]

W, (k, —k; 0) = —npu(2udls/ V)" sin 20,e” %, (4.1)

where V is the volume of the crystal.

Let the frequency of the pump spin waves, €f,
coincide with the frequency of parametric reso-
nance €f = 2€x; €k is the energy of a spin wave
vector k:

ex = eo(1 + n sin2 9y) %,
g0 = p(Ho + M), m = 4nM, /| (Ho + BMo),

where H, is the constant magnetic field within the
body, directed along the axis of easiest magnetiza-
tion; B is the anisotropy constant; and 6k is the
angle between the wave vector k and the magnetic
field Hj.

On taking account of the equality €f = 2€x and
using formula (4.2), we find that the angle between
the wave vector f and the magnetic field H; must
satisfy the condition

(4.2)

sin 95 > [i (Ho + pMo) ]llz .

4o MM (4.3)

We remark that the inequality (4.3) holds only for
those ferromagnets in which B < 47/3. Further-
more, for the magnitude of the magnetic field we
get from (4.3)

0<Hy< (4n /3 — B) M. (4.4)

In the stationary state, the number of spin
waves with wave vector k is determined by for-
mula (3.2), in which the threshold for excitation of

spin waves is
N g, = Vyi® [ 872p3M, sin? 20x. (4.5)

From the equality €f = 2€i it follows that the value
of the excitation threshold has a minimum value, at
angles 6f =7/2,

Nth‘=V

8\718( H, _1( Hy\t
—_ bn—3p—3—) .
3”3M0(4n+ﬁ+ i) (4m—38—352) .(a.6)
We consider excitation of spin waves by an al-
ternating external magnetic field h(t). The inter-
action Hamiltonian in this case has the form

Vit)y=— SMh (t)dv,

1/,

h(t) =ip (E?/—m—\) " [foer] beeitr=iot + Herm. conj. ,
where M is the magnetic moment of unit volume,
f, = £/|f], and er is the polarization vector of the
alternating magnetic field. On going over from the
operators M to the spin-wave generation and ab-
sorption operators af{ and ag, we get
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s
¥, (k, —k; 0) = p<“_‘°) Wy
v v ~ 270N, "
1 sin? Oy or on taking account of (3.2), we get
X [foer]; mﬁ )7 eXp( 2[(01\),
Pth[(P )'/z 1]
v aP L\ Py, ’
o (k; k; 0) = — iy 292\ " e, A0S0
( ) lP«( |4 ) Loer: (1 4 msin? §y)": (4.7) o =2n0/uM, P =Ny, Py= oNy, . (4.13)

Let the frequency w of the alternating magnetic
field satisfy the condition

© = Zex, (4.8)

then for the value of the angle between the direc-
tion of the vector k of the spin wave and the axis
of easiest magnetization, we get

sin By = _1[ ©2 — 4p2(Ho + BMo)? ]%
k= a2 (Ho + bMo) M,

4 (4.9)

Hence the frequency w must be determined from
the inequality

2u(Ho+ BMo) < 0 < 2u(Ho+ pMy)

4nM, )"’ (4.10)

Ho+pM,
On using the expressions (2.5’) and (4.9), we

find the value of the threshold for excitation of
spin waves by an alternating magnetic field:

X(H—

8 £o%0y)>

M=V 2 o= ligg?)? [Toer]2

(4.11)

The threshold value of the amplitude of the mag-
netic field is

(Ho + BM,) oyx

k oF — 4pE (Ho + BMo)?] [foerls

th=4= [

(4.12)

From formula (4.12) it is clear that the threshold
value for excitation of spin waves by an alternating
magnetic field will be least if the pump vector f
and the polarization vector e; lie in the basal
plane.

We remark in closing that by use of expression
(4.11) for the threshold value for excitation of spin
waves, we can find the imaginary part of the sus-
ceptibility, x”

Formula (4.13) agrees with the expression for the
imaginary part of the susceptibility, x”, found by
Damon, 10!
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