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The analytic properties of the scattering amplitude as a function of the coupling constant g and
the angular momentum A are considered. It is found that for a potential of the form b/x* In x
in a theory with the Lagrangian go?, the scattering amplitude is analytic in g at the point g =0
and has a logarithmic branch point at A = 0 for k% = 0.

l. IN recent times a number of authors''™"! have
investigated the analytic properties of the scatter-
ing amplitude in the coupling constant g and the
angular momentum A by considering a theory with
the Lagrangian g<p4 in the ladder approximation.
Thus it was shown in '*> 2! that for a potential
g .8

V(ry= —a;—bﬁlnmnr, a>0, b>0,
corresponding to the graph of Fig. 1, the scatter-
ing amplitude has fixed branch points A = + \/a—gz
+0(g? inthe A plane and an essential singularity
at g = 0 in the plane of the coupling constant. An
analogous result was obtained in ' , Where the
analytic properties of the scattering length as a
function of g were investigated for the potential

R
voy=Em=, r<n,
2

V(ir) =0, r>r,.

For this potential the scattering length has, at
g = 0, a branch point and an essential singularity
of the type corresponding to a condensation of
poles. A branch point of the root type in the A
plane has also been obtained in 4] by summing the
most singular terms in an iterated series. The
graphs of Fig. 2 were considered in (5,6, 71 For
example, Charap and Dombey[” showed that the
potential corresponding to the graph of Fig. 2b,
leads to an essential singularity of the wave func-
tion in the angular momentum A at the point A=0.
The question whether this essential singularity
also appears in the scattering amplitude has not
yet been resolved.

In the present note we consider the analytic
properties of the scattering amplitude in g (g — 0)
and A (A — 0) in a theory with the interaction g<p4,

using the ladder approximation; the graph of lowest

order will in this case be the graph of Fig. 2b. We
use the method proposed by Filippov,“] who ob-

a b c
FIG. 1

tained a differential equation—the relativistic ana-
log of the Schrodinger equation—from the quasi-
potential equation for the partial scattering ampli-
tude and found the corresponding general expres-
sion for the local potential.

2. The potential corresponding to the graph of
Fig. 2b has the form

g
Vizg) —aq—2__
@) alenx TS,

V(x)=0, x> o, (1)
where
a= —(2n)%y(r), §>0, 2<1,
_ [r(+1P '
(A1) [0+ /2R

The differential equation for the ‘‘wave function’’
@A(x) introduced in 1) s written in the form

v(2)
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where A =1 is the orbital angular momentum,“

k? = k’%/4m?, Kk’ is the wave vector, and m is the
mass of the intermediate particle.

For x =0 we have the following boundary con-
dition:

(PA(g, k» .Z) lx—>0 = 0.

A particular solution of (2) satisfying this condi-
tion can be found from the integral equation
(x < %):
J2T (1 — ag/2))

@ (8, k,z)= Vi (g,0,z)+ 7

x § [ (g,0,2) 40 (g, 0,27)

0
— (g, 0,2") W3 (g, 0,z) g (8, k, ') dz’, (3)

where

W, (g, 0, 7) = 25 ( — —2‘%, 0, —21n x) . @)

Wi (g, 0,x) = 2" (—21 In x)

ag

2).

x®(1—28 5 —931na), (5)
\ /

and ¥ and ® are confluent hypergeometric func-
tions of the second and first kind.'®! For x — 0
we have
W(g, 0, £) ~ z'rt*(—2) In z)a8/2
Y@ (g, 0, x) ~ z'=*(—2A In x) a8k,
The other independent particular solution which
behaves like \I/&z)(g, 0, x) at the origin becomes in-

finite at x = 0 for integer A. Therefore we con-
sider the following solution of (2) in the region

X < Xp:

¢1.(8, k, x) = const (g, k, z).
The boundary condition at infinity has the form
sin (kx — U'n/2)

(Px(gﬁ I‘,v .Z) lx"°° ~ ]C

A (g, ke, o) ekt (6)

2~ k2 Yk + m?
where I'= A — 1/2 and A,(g, k, x¢) is the relati-
vistic scattering amplitudez’”which coincides with
A, (g,p,p’, %) for p =p’ =k; the latter satisfies

DWe note that the ““centrifugal’’ term is here (I -~ 1/4)/x
and not [(! + 1/2)* - 1/4]/%?, as in the usual Schrédinger equa-
tion, and [ # 0.

2)4}~ = — 2k VIFI} m? n-1et® sin S,.
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the relativistic Lippmann-Schwinger equation.[“
The condition (6) can be obtained easily by taking
account of the relation between the p representa-
tion of ¢, (x) and A )(g, p,k, xo).“]

The Jost solution in the region x > x; is taken
in the form

68, by 2) = (ank-z) Wy (ka),
(g, —k, x) = (Yarka) BilH W (kx),

where Iy and H;\“ are the Bessel and Hankel func-
tions. From this we obtain in the usual way

2k
A (g, by x0) = _J_[‘Z"sz + m?

kedy (kxo) 4 Ba(g, ki, xo) Ia (ko)
KLY (kxo) + Ba(g, k, o) IO (o) ’

(7

and

Ba(g, ko) = e — DD
RAYS ' (8, K, x) o=y,

3. Of paramount interest in field theory is the
behavior of the scattering amplitude for large mo-
menta, which corresponds to small distances. At
small distances the analytic properties of the scat-
tering amplitude are determined by the most singu-
lar part of the potential which in our case has the
form (1). Therefore we consider in the following
the case xy < 1. The function ¢)(g,k,x) is ana-
lytic in g in the neighborhood of g =0, since it is
determined by the Volterra equation (3) and
¥ (—ag/2A, B, —2X In x) is analytic in g. For
small g we find

1 ag
B & = ——| A — 2
(8, &, o) xo[)+2‘)»lnro+0(é’)]’
where O(g?) contains only integer powers of g.
Thus A)(g, k, Xy) has no singularity in g near
g =0. For k% = 0 this also follows from (8) (see
below). We note that the potential under consider-

ation does not satisfy the condition
n

S z|V(x)|de < oo,
0
and the trace of the kernel of the corresponding
integral equation diverges.
Let us consider the quantity f, (g, x):

Alnloz) )}z
k+2 T U2 LI ()]

&

f1(8,20) = lim
k>0

o [1_ W (—ag/22.,0, —22 In zo) ]

¥ (—ag/2%,1, —22 In z) ®)
In the region |A]| < 1 we use the expansion of the
degenerate hypergeometric function ¥(a, 8, z)
for integer B:
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eZ/Z
Y(a, B, 2)= - (—1)BzU=-B2 9" T (p)sin an[const (g, B, 2o)
+O0(A)+0(k1n )], (9)
where
p="1p—a o= —ag/2% z=2A|lnz,
|arg z| << m.

Formula (9) is easily obtained from the repre-
sentation of ¥(a, B, z) in the form of a series for
integer B.[“ Then f, (g, xy) is written in the fol-
lowing form:

(g, x0) = 2(zo/ 2)™A[1 + 24], (10)

where
A = const(g, z) {1+ O(r) +O(Aln})}.

The analytic properties of the scattering ampli-
tude for k? = 0 in the region |A|< 1 follow imme-
diately from (10) and (8) with account of the prop-
erties of the function ¥(a, B, z). 81 In this region
the scattering amplitude has a logarithmic branch
point at A = 0. The wave function contains a log-
arithmic branch point and an essential singularity
at A =0, as follows from (3), (4), and (9).

4. The example considered above shows that a
potential of the type (1) leads to a non-analytic
dependence of the relativistic scattering amplitude
on the complex angular momentum A. The re-
placement of the kernel of Fig. 1b by the kernel of
Fig. 2b in the corresponding integral equation
alters essentially the analytic properties of the
scattering amplitude in the coupling constant. The
presence of an essential singularity in A in the
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wave function of an equation of the Schrodinger
type does not yet mean that this singularity also
appears in the scattering amplitude. With obvious
modifications the results obtained above are also
valid for the usual nonrelativistic Schrodinger
equation with a potential of the type (1).

The author takes pleasure in expressing his
gratitude to A. T. Filippov for his constant in-
terest in this work and for suggesting this prob-
lem.
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