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The singularity of Cy near the critical point was studied by measuring the specific heat at
twelve constant densities lying above and below the critical value. The Cy singularity is ap-
proximately symmetrical with respect to density. The specific-heat change ACy as a function
of density possesses a slight anomaly near the critical point.

THE singularity of Cy, observed'!™*) near the
liquid-vapor critical point, is, of course, a singu-
larity in terms of two variables, T and V. It is
therefore of interest to investigate the behavior of
the specific heat Cy as a function of the density of
the substance near its critical point.

In ) there was postulated a definite relation be-

tween Cy and v = (V = V¢)/Ve:

Co = Cu + 2as In [ (¢ + Bo?)2 + y*], (1) ’/4/ ]
where CJ is a bounded function. However, the limits & %.« |
of applicability of this analysis are not clear and 100 o k 24
the interval of small f the deviations of T >

interval of smallness of the deviations of the __,é»n--:ﬂa/

density from the critical value has not been deter-
mined.

Measurements of the specific heat of Ar were
made for 12 values of the densities, of which six

are smaller than critical, five larger than critical,

and one equal to critical with accuracy better than

Cy ,‘J/mole-deg
200

i

50 \

ML

0.5%. The six curves (p = 0.225, 0.341, 0.443, 0.521, -004 -003  -Q02  -Q0f 0 a0/ 002

0.533, and 0.588 g/cm?) plotted in 1962—1963 have
relatively low accuracy (1], The latest curves
(0 = 0.666, 0.560, 0.549, 0.538, 0.530, and 0.504
g/cm?d) were plotted in 1964 with a higher accur-
acy[sl

The absolute value of T¢ determined from the
curve for p = 0.533 (3] turned out to be lower by
0.02—0.03° than the value obtained for the curves
with p = 0.530 and 0.538. A thorough analysis has
shown that this is caused by impurities, the con-
tents of which are lower in the sample of 1964
than in the sample used in 1962—1963 D For an
accurate estimate of the amount of these impuri-
ties it is necessary to carry out for the Ar + im-

purity system investigations similar to those made

DThe rated purity of both samples of argon was 99.99%.

(T-7J/ T,
FIG. 1. Specific heat C, vs. temperature t for the following
densities: 0 — p = 0.533 g/cm®, X — p = 0.504 g/cm®, A — p =
0.666 g/cm’.

in %) for nitrogen. We have assumed in the present
investigation different values of T¢ for the first
and for the succeeding series of experiments. This
is apparently not reflected in the shapes of the
curves or in the physical conclusions of the paper.
In all the essential cases we use the dimensionless
temperature t = (T — To)/Te.

The data obtained for several curves are shown
in Fig. 1 and in Tables I—IV ?. (Data for the

2)n all tables, the temperature is given in degrees K and
the specific heat in J/mole-deg.
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p = 0.504 g/cm3

T ' AT ‘ c, l T } AT ‘ C, ‘ T . AT C,
142,21 1.017 86.2 | 149.96 | 0.053 116.4 | 152,52 0,052 82.7
143.27 | 0.997 88.2 | 150.02 | 0.053 115.6 | 150.54| 0.052 61.0
144.13 | 0.648 90.9 | 150.08 | 0,053 121,6 | 150.56| 0.058 53.9
144.81 | 0,641 92.0 | 150.17 | 0.041 156.4 | 150,60| 0.030 52,1
146.02 | 0.636 95.0 | 150.21 | 0.046 135.3 | 150,61| 0.057 48.1
148,80 | 0.246 104,5 | 150.31 | 0,037 135,1 150.62| 0,233 58.6
147.50 | 0,254 99,7 | 150.23 | 0.043 163.7 | 150.80| 0.117 45.6
149.07 | 0.241 107.0 | 150.26 | 0.063 142.9 | 151.00] 0,233 41.8
149,33 | 0.168 109.0 | 150.32 | 0.082 134.7 | 151.18| 0.937 39.9
149.51 | 0.163 112.7 | 150.38 | 0.057 116,3 | 151,35| 0.423 37,0
149,70 | 0.091 112.1 150.43 | 0.054 123.1 152.14| 1.061 32.4
149.89 | 0.091 112.5 | 150,44 | 0,077 119.8 | 153.18| 1.028 28.8
149.94 | 0,084 119.3 | 150.51 | 0,060 99.0 | 154.20| 1,057 27.2

Table II
p = 0,549 g/cm’

T AT ‘ c, ) T \ AT \ c, \ T AT c,
142.18 | 0.352 78.6 | 149.29 | 0.323 107.0 | 150,42 | 0,055 | 103,0
142.54 | 0.508 §3.3 | 149.53 | 0.244 107.4 | 150.49 | 0.046 89.7
142.96 | 0.513 £€2.4 | 149.75 | 0.231 113.8 | 150,61 | 0.158 59,1
143.38 | 0.504 84.6 | 149.93 | 0,148 119,6 | 150,70 | 0.106 46.6
143.82 | 0,508 83.7 | 150,06 | 0.144 123.0 | 150.79 | 0.108 453
145.05 | 0.395 87.7 | 150.10 | 0,097 130.4 | 150,88 | 0.151 46.2
145.49 | 0.388 89.5 | 150,13 | 0.043 136,1 | 151.00 | 0,114 41,9
145,91 | 0,385 89.6 | 150.22 | 0.055 132.1 | 151,02 | 0,165 41,0
146.33 | 0.383 91,0 | 150.27 | 0.051 145.8 | 151.31 | 0.323 38,2
147,82 | 0.345 97.0 | 150.31 | 0,043 145,2 | 151,16 | 0.128 38,7
148.16 | 0.342 98.5 | 150.32 | 0.039 171.0 | 151,66 | 0,339 35.2
148.75 | 0.324 105.3 | 150.38 | 0.049 120,7 | 153.66 | 0,637 28,1
149.00 | 0.329 104.5 | 150.41 | 0,065 103.6

Table III
p = 0.560 g/cm’

T AT [ c, ’ T l AT l C, T l AT l c,
140,77 | 0,219 111,8 | 150,09 | 0,137 122,6 | 150,39 | 0,073 117,1
144,98 | 0,899 87,9 | 150,11 | 0,090 116,5 | 150,45 | 0,055 121,2
145,77 | 0,588 89,8 | 150,19 | 0,088 121,4 | 150,50 | 0,074 84,0
148,59 | 0,438 102,7 | 150,21 | 0,105 125,4 | 150,51 | 0,092 63,5
149,08 | 0,436 102,5 | 150,22 | 0,133 125,3 | 150,57 | 0,067 57,8
149,34 | 0,272 103,6 | 150,27 | 0,066 132,2 | 150,61 | 0,143 59,0
149,36 | 0,061 106,4 | 150,30 | 0,032 139,9 | 150,75 | 0,205 56,1
149,64 | 0,261 108,9 | 150,33 | 0,070 122,8 | 150,82 | 0,265 46,8
149,70 | 0,373 107,6 | 150,33 | 0,040 105,4 | 150,88 | 0,150 47,2
149,92 | 0,248 115,8 | 150,35 | 0,023 122,0 | 150,83 | 0,143 43,1
149,9% | 0,129 112,4 | 150,38 | 0,025 113,3 | 151,03 | 0,153 39,3
150,01 | 0,110 120,0

Table IV
0 = 0.666 g/cm3

T AT , c, ’ T l AT c, T l AT ‘ C,
138,51 | 0,306 69,5 147,03 | 0,250 £4.0 | 142,77 | 0.06) 123.7
138,86 | 0,304 70,4 147,17 | 0.293 €4,3 | 18), 7| 0.116 68.2
139,26 | 0,308 69,2 147,35 | 0,251 €3.1 | 152,03 | 0.072 98,2
139,65 | 0,302 71,1 147,67 | 0.251 §2.9 | 150,10 | 0.052 34.5
142,52 | 0,094 76,5 147,97 | 0,248 84,3 | 150.14 | 0,160 34.4
143,20 | 0,295 76,8 148,14 | 0.269 84,2 | 150,27 | 0.074 32,4
143,54 | 0,994 77,3 148,50 | 0,275 84.1 | 150.3¢ | 0,076 30.8
144,77 | 0,280 79,5 148,67 | 0,248 90,6 | 150,84 | 0,578 28.5
145,09 | 0,279 80,0 149,06 | 0.244 94.6 | 150,51 | 0,560 29.7
145,47 | 0,424 78,9 149,00 | 0.369 92.0 | 151,08 | 0.583 27.8
145,88 | 0,281 81,1 149,36 | 0,247 93.5 | 151.67 | 0,598 26,8
146,18 | 0,953 90,3 149,67 | 0,244 95.0 | 152,28 | 0,608 26.1
146,70 | 0,957 81,7 149,84 | 0.234 95,1 | 152,89 | 0,617 25.5
146,80 | 0,296 83,1 149,96 | 0,061 118,6 | 153,52 | 0,619 25,5
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FIG. 2. Cy vs. log | (T — T*)/T. | for densities p > pc:
X — p = 0.560 g/cm®, 0 — p = 0.666 g/cm?, dash-dot — p = pc.

curves for 0.533, 0.530, and 0.538 g/cm® were
given in[3], and those for the curve with

p = 0.521 g/cm?3 were given in'!).) Similar curves
are shown in Figs. 2 and 3 in a semilogarithmic
scale. The abscissa axis shows log [(T — T*)/T,/,
where T* is taken to be the temperature of the
maximum of the specific-heat curve. Such a repre-
sentation of the data has many advantages.

Figure 2 shows curves corresponding to p < Pes
and Fig. 3—to p > p,. In order not to clutter up
the figures, not all the available curves were
plotted. The figures give a qualitative idea of the
character of the deformation of the logarithmic
singularity when the density deviates from its
critical value. The most characteristic aspect is
the unique deformation of the peak of the specific
heat upon deviation from critical conditions,
wherein the temperature of the maximum becomes
different from that of the jump, similar to what
occurs when the substance becomes contaminated
with impurities[5]. An approximate symmetry in
the behavior of the system with p > ps and p < pg
is seen.

The influence of the singularity, which is mani-
fest in a sharp increase in the specific heat (the
presence of maxima), disappears quite far from
the critical density. However, the picture is made
complicated by the fact that in the absence of a
singularity, as shown by Krichevskil and Khaza-
nova [8], the specific heat should approach the criti-
cal point with an infinite derivative. Because of
this, it is impossible to separate the irregular part
of the specific heat in pure form. However, certain
interesting laws governing the variation of the
specific heat with variation of the molar volume
can be traced.

1. With deviation of the density towards values
either higher or lower than critical, the slope of
the semilogarithmic curves plotted relative to the
temperature of the maximum of specific heat de-
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FIG. 3. Cy vs. log | (T — T*)/T¢ | for densities p < pc:
X —p =0.504 g/cm®, 0 — p = 0.341 g/cm®, dashed — p =
0.225 g/cm’, dash-dot — p = pc.

creases. The absolute value of the specific heat at
the maximum also decreases (the values of the
specific heat for different curves should be com-
pared only after subtracting from the values per-
taining to the heterogeneous part the jump in speci-
fic heat ACy, which also depends on the density).
The semilogarithmic scale reveals these jumps of
specific heat quite clearly; they can be determined
(of course, with low accuracy) from the shapes of
the curves. Table V gives an idea of these quanti-
tative characteristics of the curves.

2. Although we came within 0.5—4% of the criti-
cal density, much closer in the similar measure-
ments reported in the literature [7’8], nevertheless
as can be seen from Fig. 4, we have barely reached
values of the dimensionless parameter v close to
those at which the logarithmic dependence of Cy, on
t begins (see Fig. 2). Figure 4 shows clearly the
increase in the slope of the Cy vs. log v curve on
approaching v = 0. The final limit will be deter-
mined only if the point v = 0 can be approached
closer, within about 0.1%.

3. It is easy to see that our data agree with the
notion that the coexistence curve is, in first ap-
proximation, a second-degree parabola (t = —ov?).
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FIG. 4. Cy against log | (V — Vc)/Vc |. The dashed curve
corresponds to a slope twice as large as 2a, from formula (1).
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Table V
t. ¥ tic*
[ ACy Cymaxt10 J — c 0 AC, Cymaxtl0J .
v v2
0.2925 | 120--128 29 0.533 | 90--1C5 105
0.341 | 75--95 80 0.05 0.538 | 72--80 80
0,443 | 65--85 80 0.04 0.549 | 45--68 90 0,02--0.08
0.504 | 55--70 80 0.05 0.560 | 45--60 80 0,03--0.09
0.521 | 80--90 85 0.588 | 40--60 75
0.530 | 85--95 90 0.666 | 50--60 45 0.07

*tje = (T — T;c)/Tc, where Tjc is the temperature corresponding to the jump of the spe-

cific heat on crossing the coexistence curve.

This notion, which is compatible with the existence
of a logarithmic singularity of the specific heat,
was advanced in 4} and considered in detail by
Giterman [9], who has also shown how the equation
for the coexistence curve must be generalized in
order to reconcile it with experiment.

The data of the present paper allow us to calcu-
late some parameters of the equation of state in
accord with the results of Giterman (see Table V).
Of course, we can speak here only of the order of
magnitude, since the experimental error in the
temperature of the jump near the critical density
becomes very large compared with the distance to
the critical point.

Several recent papers confirm our point
of view [4:12] regarding the coexistence curve and
consequently regarding the shape of the critical
isotherm. The frequently employed cubic formula
for the coexistence curve (the Guggenheim formula
t = o|v[% 3] is an empirical formula for a broad
temperature interval far from the critical point and
is violated precisely in the immediate vicinity of
this point. Yet investigations connected with the in-
terpretation of the phenomena at the critical point
on the basis of the Ising model make use essentially
of the Guggenheim formula [1'15], If in the future
we do not succeed in showing the compatibility of
the three-dimensional Ising model with a relation
of the type t ov? for the coexistence curve, we
may be able to state that this model is not applica-
ble for the study of the liquid-vapor critical point.

4. Interesting information can be obtained by
considering the dependence of the jump of C,, on
the density of the substance. Let us discuss this
question in greater detail.

The thermodynamic formula for the calculation
of the jump of Cy on crossing the coexistence curve
was given by Krichevskii and Khazanova (6],

() o= Jar

v" — v 1dT
where E” and E’ are the internal energy of the

[10,11]

AC,

; (2)

coex

liquid and gas phases, respectively. Using the ex-
pansions of Landau and Lifshitz [16]

_<%%)T=At+3v2+..., (3)
5(55),

we can easily obtain the first approximation in the
calculation of the jump ACy, which shows no de-
pendence whatever on the density (ACy, ~ const).
Adding the next terms of the expansion (3), as was
done by Giterman (93 can lead to agreement with
the linear dependence of the jump on the molar vol-
ume along the coexistence curve, which has been
observed in most experiments [""8] (AC, ~ const
+v).

Our more accurate experiments give a more
complicated plot of ACy, against v (Fig. 5, Table V),
which can be interpreted on the basis of the formu-
las obtained inf4J. Using (1) and (2) we can readily
obtain the finite value of the jump ACy (as a ra-
tional function of the parameter t/v? at the critical
point itself, but an infinite value of its derivative

dAC, 1 t
2| coon™ 1(55) eonst

Such a peaked dependence corresponds to the ex-
perimentally observed picture shown in Fig. 5.
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FIG. 5. AC, against the density p : pc = 0.533 g/cm?
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It must be noted that although certain essential
features of the singularity of Cy as a function of t
and v are already clear, we can expect very inter-
esting results from a study of the specific heat Cy
as a function of v in the interval up to 0.1% of v = 0,
which is now being carried out by us.

In conclusion the authors thank V. G. Snigirev,
L. A. Snigirev, and G. N. Chernov for help in the
laborious measurements and the data reduction,
and M. Sh. Giterman for numerous discussions.
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