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Equations describing the behavior of a system consisting of two superconductors separated by a
thin dielectric layer are derived. It is shown that the Josephson current does not depend essen-
tially on the phase difference of the two superconductors, since the parameter it depends on is
involved in tunneling processes that occur even between normal metals. Some differential rela-
tions are deduced for small barrier voltages and for slowly varying processes. It is found that
in tunneling between thin superconducting films the dependence of the tunnel current on the mag-
netic field strength may strongly differ from the corresponding dependence for bulky samples.
This is due to the fact that the currents flowing along the films become comparable with the tun-
nel current in relatively strong magnetic fields.

JOSEPHSON,[“ using a model approach proposed
by Cohen, Falicov, and Phillips,”] considered the
phenomena occurring in a system consisting of two
superconductors separated by a thin dielectric
layer.

Josephson’s results were later duplicated and
refined in (343, A nonstationary perturbation
theory in the effective interaction between two
superconductors was developed in t,3, 4 being
assumed that prior to the application of the inter-
action the superconductors were described by
complex ordering parameters IApl exp ipy and
IAqI exp i@,, the flowing Josephson current being
connected with the phase difference ¢y — ¢,. In
this article we develop a different approach and
show that the Josephson current is expressed in
terms of a certain parameter ¢ which in itself
has no physical meaning. However, certain defi-
nite operations applied to ¢ give physically ob-
servable quantities. It turns out that the proc-
esses occurring upon tunneling between normal
metals can also be conveniently expressed in
terms of the parameter ¢. This gives grounds for
assuming that ¢ has nothing in common with the
phase difference between two superconductors.

An examination of the behavior of the Josephson
current in the presence of external fields shows
that if the thickness of a superconducting film is
commensurate with the London depth of penetra-
tion, then the dependence of the current on the
magnetic field has a more complicated character
than is observed in bulky samples.[ 581 The latter
circumstance is connected with the fact that for
sufficiently strong magnetic fields the currents

flowing along superconducting fields reach values
comparable with the tunnel current.

1. We start from the presently universally ac-
cepted model scheme with a tunnel Hamiltonian.
The unperturbed system is characterized by a
Hamiltonian

H=H +H,4T. (1)

Here H; and H; are the Hamiltonians of the left-
hand and right-hand metals, respectively, and the
interaction Hamiltonian is

T = Z qudpo+bqa+ h.C., (2)

p, 4,0

where ai;o., apgs bao, and by are the operators
for the creation and annihilation of particles in
states with respective quasimomentum and spin p
and o in the right-hand metal and q and o in the
left-hand metal, while qu is the matrix element
of the effective interaction.

When the system is connected to a closed cir-
cuit at the instant t;, the following operator is
added to the Hamiltonian (1):

Hi=eV(t)Ny, Ny=) apotaps. (3)
po
The function (V(t) is unknown and will be deter-
mined from the relation

eNy(V)> =1(V), (4)

where (...) is the average over the non-equilib-
rium ensemble described by the Hamiltonian

H + Hj; I(V) depends on the concrete choice of the
external circuit. In the simplest case I(V)

225



226 Yu. M.

=(E~-YV)/R; here E and R are the emf and the
internal resistance of the source. In the general
case I(V) is a certain differential equation.

We shall not develop a nonequilibrium pertur-
bation theory in T, because the perturbation lead-
ing to the appearance of the current is in our case
not T but Hi.“ However, we cannot expand in
powers of Hj, since this operator is not small. We
shall show that the tunnel current flowing in the
system described by the Hamiltonian

Hy = Hy+ Hz 4 0(t — to) eV () V4
+ Z (quapa+ch+a.c.)‘

p,4q0

(5)

is equal to the current of the system whose Hamil-
tonian is

Hu=H,+ H,
+ D (Tpqexplib(t — o) p(t)]apet bgo + h.c.).

P, 40

(6)

Here H; and Hy are the Hamiltonians of the left
and right metals, 6(t —t;) is the usual step func-
tion, and ¢(6) satisfies the relation

dq /ot = eV(t), @(t) = 0. (7)
Using the definition (4), we obtain
Iy =2eIm ) Tpq Sp(p1apet bao), (8)

P, 490

In=2eIm ) TpqSp(puapst bao)exp [i0 (¢ — to) @ ()], (9)

P, 40

where py and pyp satisfy the equations of motion

0 0
Ld} pr = [H1p1]-, lgp:i = [Hnpul- (10)
and the initial condition
exp[— (H — uN) /6]

t == t == == ==
Pl =pul) =0 =5 =@ —uvy/ep @ =
It is then easy to find the solutions of (10):

t
pr=0(t— to)exp[ —i S dvH (') ] S (t, to) poS—1(t, to)
g
i
Xexp[iSdt’H(t’)]—i—G(to——t)po; (11)
to

prr = 0(t — to) exp [—i(Hy 4 Ha)(t — t6) 1S (2, t0) poS— (2, 7o)

xexp [i(H; + Hz) (2 — £)] + 0(% — 1) po. (12)

DIt was assumed in [*"*] that the transparency of the
barrier is turned on adiabatically by the time the instant t
is reached, and that V = const. It will be shown below that
in superconductors we cannot assume that V is constant (at
least for eV << A, + A,), apart from the trivial case V = 0.
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Here
H(t) = Hi+ Hy 4 0(t — to) eV (t) Ny,

and S(t, t;) satisfies the equation (see, e.g., [9]):

ij—tS(t, to) = T(t, to)S(t, to) .
where

T (t,t0) =exp[i(Hy + Hz) (¢ — to)]

X D) (Tpq exp [0t — to) @ ()]

pdo

Xapotbg + h.c.)exp [—i(H1 + H2) (t— to)].

Substituting (11) and (12) in (8) and (9) we verify
that Iy = Iyj.

2. Assuming that the tunnel probability is
small, let us calculate the current flowing through
a barrier separating the superconductors. Using
(6), (9), and (12) we obtain in first nonvanishing or-
der of perturbation theory

i
I=2Re{d 3 Tpqeint
to pdo
P, q,a
X{Tprq-et®X[ago (') Byror(t') | apo* () bao (£)1-D0_

+ T prg: €19 [bgior () apror (£')] apot () bao (£) D} . (13)

Here (...), stands for averaging over the equi-
librium ensemble, when qu =0, and

apo(t) = exp [i(Hy — ulVi)t]apo exp [ —i(Hi — pNy)¢],
bao (t) = exp [i(Hy — pN2)t]bgoexp [—i(Hy — uly)2].
After calculating (13), we write the result in the

form
t

1= {av (K.t — t)sinlo(t)+ o (t)]

te

+ K (t—t')sin[g (t)— o(#)]). (14)
Here?'*
K (t—t)= ?{é%%;‘i Soclz;1 dg, ~———A(§,})§:§2)

X thf—é sin Ey (¢ — t')cos Eq(t — t'),
Kn(t—t)= E%;i zd& d&av (§1) v (E2)

X (th%—%%th%\ sin By (t — ') cos Eo (t — 1),

2)n calculating (14) we took account of the fact that priot
to connecting the contact in the circuit the requirement that
the thermodynamic potential be a minimum yields ¢, -~ ¢, = 0.
For the sake of simplicity we are confining ourselves also to
the case of identical metals, A, = A, = A,

*th = tanh.
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where Ry is the resistance of the normal junction
at ®— 0 and V— 0. ¢ is the electron energy,
reckoned from the Fermi surface, A(¢) is the gap
in the elementary-excitation spectrum, v(¢) is the
relative density of the state (v(0) = 1), and

=V &2 + A? is the energy of the elementary exci-
tation.

When account is taken of the conditions in the
external circuit, Eq. (14) is a rather complicated
integro-differential equation for ¢(t). This rela-
tion can be simplified somewhat by recognizing
that in practically all cases of experimental inter-
est the junction has a rather large intrinsic capac-
itance C,16 8 101 guch that 771 = (RC)™! «< 2A.
The quantum-mechanical fluctuation transients
will then become smoothed out by the long time

constant 7, i.e., we can in practice let t) —— = in
(14). Then we obtain for the simplest circuit the
equation
2 i
—f-‘i—gﬁ% %“;+S K, (t— ) sinlp(t) + o(t)]
1
S t—t/ sm[cp(t) ( )]—]Sc=07 (15)

where Igc is the short-circuit current of the
source.

Relation (15) can in general be used even for
the analysis of very fast processes with frequen-
cies commensurate with and larger than 2A. Only
the steady-state solution will be meaningful here.
To analyze the establishment of these processes it
is essential to make use of (14).

We, however, will consider here slowly varying
processes, such that Q < 2A, where Q is the
characteristic frequency. If the inequality Q << 2A
is satisfied, then Eq. (15) can be greatly simplified
in two extreme limiting cases. It would be natural
to call the first the Josephson case. This is the
case of sufficiently low temperatures ® < A and
small voltages eV, < Q, eV << 2A (eVm
~ max 8¢ /0t — min 8¢ /0t; V—average voltage on
the barrier). In this case the term of (15) contain-
ing Kp gives an exponentially small contribution,
~ exp (-A/®), and the term with Kg can be trans-
formed, with accuracy to terms ~ eV/2A and
eV /2A, into I sin 2¢, so that we obtain

C o
e o

Here I, = Am/2eRy (see i1, 3]).

We shall call the second case ‘‘normal.’’ This
is the case of large average voltages eV > 2A. The
term containing Kg can be neglected here with ac-
curacy ~2A/eV, and the expression for Ky is also

1
e O(p-i—losm2(p-—150_0

eR ot (16)
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greatly specified at the stipulated accuracy.
The equation takes the form

C d% 10 v

" 6t2+_§_¢;£t+8 dt'K, (t — t')sin[@(¢) — @ (t')] — Isc=0.
(17)

Here

Kn(t_t S S Eidgz\’(gi V(EZ)

X [n(&) — n(50)]sin (& — &) (£ —¥).

It is interesting to note that if we were to con-
sider tunneling in a normal metal, then we would
arrive at Eq. (17). Thus, for large average barrier
voltages a superconducting tunnel contact behaves
just like a normal one. We note that in the case of
a quadratic electron dispersion law Eq. (17) has a
stationary solution 8¢/t = const. In the general
case a stationary solution of (17) for the voltage
on the barrier will be oscillatory with a large dc
component. In the case when (17) admits of a sta-
tionary solution, we obtain the usual expression
for the normal tunnel current.t!!> 12

It is typical that the general equation,(15), just
as (16), has no stationary solution other than the
trivial 9¢/8t = 0. For purpose of illustration let
us see how the trivial solution of (16) is estab-
lished. This solution describes the establishment
of direct current in the circuit at zero voltage on
the barrier (‘‘Josephson’’ current). For simplicity
we consider the case I, < I;. Then we can lin-
earize (16) and the solution is

ISC[ t—1to\ t—1t, 1 t—1
=7 exp 50 J\he—5, b '

(18)*
where o =V1—8eTRIy ~1. Thus, ¢~ Igs/2I; for
t—t, > 7.

It is easy to see that for Ige < Ij there exists a
stationary solution ¢ = 1/2 sin~! (Ige/Tp). A simi-
lar solution is possessed also by the general equa-
tion (15) for the case Ig, = IO

¢ mA A
= Sodth(t) =5-thos
(see [3]).

If the foregoing inequalities are not satisfied,
then (15) and (16) have no stationary solutions.
However, even if the inequalities are satisfied,
then the stationary solution does not necessarily
exist, since an equation of general form can have
several times of steady-state solutions, depending

on the concrete initial conditions (see also “3]).

*ch = cosh, sh = sinh.
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The latter circumstance can lead to hysteresis
loops on the experimental average current vs.
average voltage curves.

3. Let us consider now the electrodynamic be-
havior of the tunnel contact for the ‘‘Josephson”’
case. We shall assume that ¢ can depend on two
coordinates in the plane of the junction, but the dis-
tances over which it changes significantly are suf-
ficiently large and therefore we can assume the
current flowing through a unit junction area to be
proportional to sin 2¢. It is customary to express
it in the form (see, e.g., L, 3 7]):

I = Iysing. (19)
But then we must write in lieu of (8)
dp / 0t = 2eV (t). (20)

We use the induction law

0

4} Edl—{—in»gtSHdS=0

for a loop passing through the barrier perpendicu-
lar to the planes of both superconductors and
closed by segments Ar lying on the surfaces of

the superconductors. Using also the well known re-
lations for London superconductors (we consider
here for simplicity only London superconductors),
we obtain with account of (2)

00p 2e O(Sn
dtor ¢ ot )

—Ar?j 4+ d[nH]

. (21)*

Here Ay, is the London depth of penetration, d the
width of the barrier, j the current on the surface
of the superconductor, n a unit vector normal to
the barrier surface, and H; the magnetic field in-
side the barrier.

Relations (21) can be integrated with respect to
time, and the integration constant can be deter-
mined from the homogeneity condition in the ab-
sence of currents along the surfaces of the super-
conductors, i.e.,

L= 2,24
or c\c¢ hi*j+ dnHy]

] 2e(8

L ) 22)
Recognizing that usually the field along the barrier
varies essentially over distances I > Ay, and as-
suming a superconductor film thickness equal to a,
we obtain

op 2e a
== —c{[nﬂi(r, 0] (2xL cth -+ a)

/

— [nHy(r, t)]zsth-ii}. (23)

*[nH,] =n x H,.
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Here H, is the field on the outer sides of the su-
perconductors. Using Maxwell’s equations for the
region of the barrier, and Egs. (19), (20), and (23),
we can eliminate the field H; and write the equa-
tion for ¢ in the form

e 1 a d \o%
(7;;# 552)‘9—57 (““A—L + 27?)07?

— 71’-2( cth %‘_,_ de',\) sing —[ie};—L(rot H,), sh! x% , (24)
where A} = c/lémeAy ], is the square of the ‘‘Jo-
sephson’]’ depth of penetration,”’ " and

¢ = cVd/2er1, is the velocity of propagation of the
electromagnetic waves in the insulator between
two bulky superconductors.““ To determine ¢ it
is necessary to add to (24) boundary conditions,
which can be determined if one knows the concrete
configuration of the junction, the specified external
constant magnetic field, and the parameters of the
external circuit. It is obvious that in the case
when the magnetic field can be neglected (a possi-
ble case, as is clear from (24), if the transverse
dimensions of the junction are considerably smal-
ler than Kj), the boundary conditions will yield re-
lations of the type (3) and (16).

4. In this article we obtained the most general
relations obtainable for tunneling between two
metals. Furthermore, it turns out that the gener-
alization can be made only by foregoing the treat-
ment of ¢ as a phase difference between two su-
perconductors. We see from (17) that ¢ partici-
pates actively in processes occurring during tunnel-
ing even in normal metals and semiconductors.
The obtained relation (24), which ¢ satisfies for
tunneling in superconductors when a > A, goes
over into the expression first given by Eck et al.lé?
Equation (24) is in qualitatively good agreement
with the latest experimental data on the Josephson
effect,““ where an anomalous behavior of the
Josephson current was observed, not described by
the relations of 57"}, The latter circumstance is
connected with the fact that, as can be seen from
(24), the thickness of the superconducting films in
these experiments was of the order of the depth of
penetration of the magnetic field. Unfortunately, a
quantitative comparison with the experimental data
of 151 g impossible, since we do not know the
circuit parameters and the junction configurations,
and without them we cannot write down correctly
the boundary conditions corresponding to the given
experiment.

*cth = coth, rot = curl.,
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