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A theory of NFMR is proposed, which takes account of the inertial mechanism of change of the
longitudinal component of the macroscopic magnetization vector. Instability of NFMR is re-
vealed,aand the universality of this phenomenon is established. Immediately beyond the excita-
tion threshold, the instability has harmonic character, with period given by formula (16). Be-
cause of magnetostriction, the instability is usually accompanied by lattice oscillations, which
give rise to scattering of parametrically excited spin waves. This in turn leads to electromag-
netic microwave radiation from the crystal, predominantly of the nature of noise. The results
obtained permit satisfactory explanation of a large number of ‘‘anomalous’’ experimental data

on NFMR, obtained in the last few years (for example, in references [1“5]).

INTRODUCTION

IN the literature devoted to the experimental study
of nonlinear processes in ferrites at microwave
frequencies (in a strong radiofrequency field),
there have been described over the last few years
(cf., for example, [1'6]) ‘“‘anomalous’’ results, not
explicable within the framework of the existing
theory of nonlinear ferromagnetic resonance
(NFMR).!""12) The following anomalies may be
considered the most important:

1) The presence of high-frequency (in the band
0.1 to 10 Mc/sec) oscillations at the fundamental
and subsidiary resonances.!s2: 5 61

2) An unusual form of the characteristics of a
ferrite microwave parametric amplifier—an unex-
pectedly large noise level, and limitation of the
amplification with increase of the pumping
power. £, 5 13

Besides these, there are a multitude of ‘‘smal-
ler’’ anomalies; for example, dependence of the
absorption level and of the high-frequency oscilla-
tions on the method of clamping the crystal,[ 21
discrepancy between theory and experiment in the
suppression of subsidiary resonance,“’ 141 noises
in the microwave power limiters, and others.

It is significant that the results of the observa-
tions are practically independent of the method of
connection between the crystal specimen and the
cavity in which it is located; apparently, therefore,
they are due to processes that go on inside the
crystal. It is important to emphasize also that they

are observed in the nonlinear, beyond-threshold

region, that is, when the radiofrequency field ex-
ceeds the threshold for parametric excitation of

spin oscillations in the crystal.

From the theory of nonlinear oscillations it is
known that phenomena similar to those described
in 1) (so-called automodulation) occur in nonlinear
systems with an inertial nonlinearity of one of the
parameters.“5’ 6] 1 a ferromagnetic crystal,
such inertiality can be detected in the change of
the longitudinal component of the macroscopic
magnetization of the specimen, when the relaxation
of the magnetization occurs in the Bloch manner.

We shall try to show that by taking account of
this circumstance and of others that accompany it,
it is possible to explain at least the majority of the
above-mentioned anomalies in the experiments on
NFMR.

1. FORMULATION OF THE PROBLEM

The processes being described permit a quasi-
classical interpretation, for example within the
framework of the method developed by A. Akhiezer
and others.'1”) The system of equations has the
following form:

m + div(Ma) = |7 | [MH,] — a (i, i, i,) Mo —M), (1)*

*[MHe] =M x He.
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5—2(1,1;1:]‘/97 (2)
curlh =0, divh =0, (3)
1 oM 1 1 .
H =S{7 Iozz + g H* + 5 pu
1
+ 5 Mikim Uiklim 4 Vi (M) uik} dv, (4)
Here
M=M0—{—m, b=h+4nm, II=H0i1+h,

M, and m are the constant and alternating compo-
nents of the vector magnetization, H, and h are
the constant (directed along the axis Oz) and al-
ternating components of the magnetic field, h; is
the magnetic pumping field, u is the elastic dis-
placement, # is the Hamiltonian of the system. I
is a constant proportional to the exchange integral,
He = 84¢/0M|B = const is the equivalent magnetic
field, f is the generalized force, ujk is the strain
tensor, p is the density of the material, Ajk7m is
the elastic-constant tensor; o and ag are the
damping constants of the spin oscillations and of
the elastic oscillations of the crystal, a; is the
lattice constant, sin 6 = (k§( + k%,)/kz; k and kg,
are the wave vectors of the spin and the elastic
oscillations.

We shall suppose that the medium is isotropic
with respect to elastic and magnetoelastic proper-
ties; that is,

Yir = YoM?8:r + yiM: My,

where v, and 7y; are the magnetostriction con-
stants and 6 is the Kronecker symbol.

For simplicity we shall restrict ourselves to
the interesting special case of ‘“longitudinal pump-
ing,”’ in which the magnetic microwave field is
polarized along the direction of the basic magne-
tizing field, and spin waves are excited paramet-
rically at angle 6 = 7/2.1%) The results obtained
can without difficulty be generalized, for example,
to the case of ‘‘transverse pumping.’’ Further-
more, we shall disregard interaction between spin
and elastic oscillations (hypersonic) of the same
frequency. Then instead of the system of equations
(1) to (4) we get

;hx+{2a—c(§’*‘,—(1_e)ﬁ’;z }r'nx
H 0
—mk2{1 +(1 40 21 —0) ’”—Ai%} m, =0, (5)

fnz+2amz—4nly[mxmysin29=M0%, (6)
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u,— 1;2Ty2 + 2a.u, =& ik (7
where
o’ = |y|[He 4 Hexch(ack)?],

wi? = or’ (0g” 4o sin? 0),

c = (ox' [ or)?

& = (yoMo + Hy) [ p.

om = 4|y | Mo,
0g = I'Ylh() COS (Zwot + (Ps)7

Here it is assumed, without loss of generality,

2. AUTOMODULATION IN NONLINEAR
FERROMAGNETIC RESONANCE

For easy visualization we consider first the
the case ¥, =0, u = 0; then magnetostriction is ab-
sent in the crystal. There remain?®’ only Egs. (5)
and the homogeneous Eq. (6). Such a system of
equations, in its important features, has been stud-
ied in the theory of nonlinear oscillations (cf., for
example, t15, 16]). In particular, it is shown that an
oscillatory solution of the equations in the form

My = My cos (@of + o)

(where mygy and ¢, are constants) is, in general,
unstable. Instability occurs under the condition

/1L 0, (8)
where for our case

.= (ag)"Y, uy= Q2a)t g=P/P,—1 (9)

Here P and P;, are the pumping power and its
threshold value.

The larger the ratio (8), the more pronounced
the instability is. The value of the parameter g
for which instability occurs is smaller, the better
the inequality

ag [ B < 1 (10)
is fulfilled, where
1 (1—c)2 1 (=)
= gog——0  Pa=—gorng——(1=30)

are coefficients for the active and reactive non-
linearities in the equations (5); they take account
of the dissipative and disordering mechanisms for
establishment of oscillations in the parametrically
excited spin system. For a ferromagnet, this ratio

is usually small; thus in our case laH/Ble 20/ wy.

1)For comparison it is interesting to note that in [7-10] the
problem is reduced to the study of equations of the type (5);
instead of Eq. (6), only a steady solution in the form
m, = My' —(m§k + m§,}/2M0 is considered. This automatically
excludes additional degrees of freedom from consideration.
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Inasmuch as conditions (8) and (10) are usually
satisfied in the case of NFMR, it is possible, ap-
parently, to speak of instability of the latter as
one of its characteristic, natural properties.

Instability of the stationary state and apparent
instability at infinity suppose the existence in the
phase space of a limiting cycle, that is a region of
automodulation. For g<< 1, the instability should
obviously have an approximately harmonic charac-
ter, and this facilitates the problem of explaining
the basic features of this region.

We shall seek a solution of Eq. (5) and (6) in the
form

Ny == Z Myn cos(mnt + (Pn)7

n

My = D) Myn sin (ol + @n + AQn), (11)
my? 4 my?
21=Ml’_hy—_ z z
m o SH, m, cos (Rt + @),
where
On == @y + nQ, n=070,1, —1;

Myp, Myp, $n, and A¢p are constant quantities,
and © is the automodulation frequency. As a re-
sult we obtain the following relations:

Q 1,6
20 g
a (1 4c)?
( i, )2 =t
2M, 1—c? o

Mz c(1+4c) /1 mxo >2

oMy, (1+¢)% 2M,

, he [ my )2 (12)
= Mo==— (5 )
« 1—e¢
tan Acpn=—m T+e’
4(1 +c)?

tan(0 = #) = o (1—3o)7e”

Thus in NFMR there arises a complicated spec-
trum, consisting of equidistant lines in the neigh-
borhood of frequency wy, with distance § between
them, and a line corresponding to Q. Here & de-

pends greatly on the pump power.
A peculiarity of the solution obtained is the in-

determinacy of the phase ¢, and accordingly of
Psy.

3. NONLINEAR MAGNETOELASTIC INTER-
ACTION

For a number of magnetic crystals (among them
yttrium garnet), taking Eq. (7) into account leads to
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nontrivial consequences. It is easy to convince one-
self of this by considering that the expressions

(12) change slightly in the case v, # 0. This is
sufficiently exact if ('y(,cr)2 <« 1, where

M, Qn

H, = EoH ko2
Ho[(Q, — )24 (20.Q2)2]" Q= EoHy

o=2

Then by assuming coordinate-dependent terms in
the solutions of (6) and (7) in the form

Uy = uycos (Qt + ¢; + @q) sin kqy,
m, = my cos (Rt + @) cos kqy,

it is not difficult to obtain for (R4 — 2)/ag > 1

ugka~ 6l~ 1 my
2

1= 0, (13)

Here 61/1 is the amplitude of the relative elonga-
tion of the crystal, and Q4 is a frequency of acous-
tical resonance of the crystal specimen.

If we take v, = 102,113 AH) = 0.5 Oe, 47M,
=2x%x10° G, Hy = 10° Oe, Q4 = 1 Mc/sec,
kg =102 cm™!, and p =5 g/cm?, we have 61/1
=108 As we see, nonlinear magnetoelastic inter-
action in NFMR in a crystal with appreciable mag-
netostriction leads to excitation of quite intense
elastic oscillations even when the automodulation
frequency does not coincide with a resonance fre-
quency of elastic oscillations. This in its turn sig-
nificantly changes the properties of the spin-oscil-
lation system, tuned to resonance.

In fact, a change of the longitudinal component
of the magnetization of the crystal in time with a
small (/w; < 1) frequency and in space with wave-
length 27/ky, and of appreciable amplitude
(mgg/AHK~ 1), is equivalent to the existence of a
dynamic magnetic inhomogeneity in the crystal, a
sort of magnetic diffraction grating whose lines
oscillate periodically. Such an inhomogeneity
should have as an effect the scattering of spin
waves.

On the basis of these preliminary remarks, we
proceed to seek a solution of the system of equa-
tions (5) to (7), describing a spatially inhomogene-
ous automodulation for g<< 1 in the form

my = Z My, y cos(0nt + @n  )cos kny,

n, k n,k X, ¥

my? 4+ m,?

=M — gy
(4]

— Z My c0s (Rt + ;) cos kqy,

Uy = Zuhu cos (2t 4 @, + @q)sin kqy. (14)

o

In the solution we limit ourselves to the case v,o
<« 1. As a result, on the assumption that the
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FIG. 1. Scheme illustrating the solution of Eq. (15). The
spectrum of spin oscillations is shown at frequencies o, and
o, + (), -and of theelastic oscillation at frequency €. The
transformed spectra (for the first lines only) are shown dashed.
It is evident that when the wave numbers of the spin and elas-
tic oscillations are close to each other, there is displacement
of the spectrum in the region of interaction of electromagnetic
waves with the crystal (crosshatched).

my
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change of my(k) is slight, we obtain the relations
(12) and (13) and an additional condition to deter-
mine the change of the wave number k:

lZQn 6_(1511—:—/_:3005 Kin =? V C0S%a Dy Lrn’ COS Krns, (15)

r

where k. are the wave numbers of the paramet-
rically excited spin oscillations, ki = kiny, &rn
is the normalized amplitude of a spin oscillation
with wave number kpn: &rn = Myxnr/Mxn(kr min),
¢in is the normalized amplitude of a spin oscilla-
tion with altered wave number kjp, and

vV = Mza/mz(ka min)-

Condition (15) can be made fully visualizable if
we take into account excitation of only one elastic
degree of freedom; that is, instead of the sum over
a keep only one term. Such a procedure, of course,
is justified when the excitation occurs at a fre-
quency close to an elastic resonance; it is used
here only for visualizability. In this case the solu-
tion of Eq. (15) is illustrated schematically in
Fig. 1.

The most interesting feature of the solution ob-
tained is the large change of the wave vector of
the spin oscillations by scattering on the magnetic
inhomogeneity my,(y) and the transformation of a
group of spin waves (with k ~ ky) into electromag-
netic. Such a transformation should be accompa-
nied by electromagnetic radiation from the crystal.
This effect is illustrated also by the w vs. k dia-
gram (Fig. 2). It can be seen that interaction of
a magnon (m) with a photon (pht), directly, is im-
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possible because it would violate the law of con-
servation of momentum. It becomes possible only
when the surplus of momentum is given off by ex-
citation of a phonon (phn).

4. DISCUSSION OF RESULTS

The analysis presented for nonlinear processes
in a ferromagnetic crystal, with allowance for the
inertial change of the longitudinal component of
the macroscopic magnetization, made it possible
to establish the phenomenon of instability of
NFMR. As is known, inertialess nonlinearity in-
sures, near resonance, a bi-stable state (with
large and small amplitudes of oscillation). The
above-mentioned inertial change of the magnetiza-
tion leads to disorganization of the spin-oscillation
system, accompanied by periodic jumps from one
state to the other. The period of these jumps is
large in comparison with the period of the micro-
wave oscillations, and near the excitation thresh-
old it is approximately

T = ZﬂT(P/Pcr— 1)_1/2 (16)

(where T is the time of transverse relaxation, and
where P and P, are the pump power and its
threshold value).

Very important is the indication by the theory
of the universality of this phenomenon in relation
to ferromagnetic crystals. It is often easier to ob-
serve instability of NFMR than the ‘‘subsidiary’’
absorption effect, and such a method can be rec-
ommended for determination of the characteris-
tics of NFMR. It is known that in NFMR many de-
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FIG. 2. Energy spectrum of a ferromagnetic crystal: 1, spin
curves; 2, electromagnetic straight line (in vacuum); 3, elastic
straight line. The region of interaction of electromagnetic waves
with the crystal is crosshatched. Shown schematically is the
process of interaction of a magnon and a photon, with transfer
of the surplus momentum to a phonon: Ak = km - kpht = kphn'
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grees of freedom of the spin-oscillation system
are excited; their number, at the beginning, in-
creases greatly with increase of the pump power.
The effect of this peculiarity on the results ob-
tained above is negligible only in the case Q7| > 1;
this condition, however, is usually not satisfied.
Therefore the inertial disorganization of the spin-
oscillation system should lead to excitation of ad-
ditional spin oscillations, which also will make a
contribution to the instability of the NFMR. Since
the high-frequency oscillations of the magnetiza-
tion that thus arise are incoherent (as was indi-
cated at the end of Sec. 2), the instability will have
noise character.

Naturally, the same character will be possessed
by microwave electromagnetic radiation that arises
because of scattering of the spin oscillations of
automodulational oscillations of the lattice.t®’
Since the threshold for parametric excitation of
spin oscillations is lower than that for electromag-
netic oscillations in ferrite amplifiers,““ this ra-
diation inevitably occurs and is received as addi-
tional (nonthermal) amplifier noise. It is not diffi-
cult to show that automodulational high-frequency
oscillations of the magnetization cause limitation
(“freezing’’) of the amplification in a ferrite am-
plifier.

The agreement, at least in important features,
of the deductions from the present theory and of a
large number of experimental data on NFMR? can
evidently be regarded as evidence of the usefulness
of the Bloch relaxation mechanism in ferromag-
nets. It should be mentioned that in the literature
there have also been earlier indications of the

known virtues of this mechanism (for example,[1
201 )

T,

In the investigation of nonlinear magnetoetlastic
interaction, we restricted ourselves for simplicity
to the case Yy 0 < 1, that is to the case of rela-
tively small coupling. Without going into details,
we mention that in the other limiting case, v o
>> 1, there is a significant dependence of the basic
NFMR characteristics, among them the subsidiary
absorption, on the elastic and magnetoelastic pa-
rameters of the crystal.

2)Among them, ones stimulated by the present theory, for ex-
ample the observation of high-frequency elastic automodulation-
al oscillations [*°],
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