
SOVIET PHYSICS JETP VOLUME 24, NUMBER 1 JANUARY, 1967 

CONTRIBUTION TO THE THEORY OF TUNNELING IN SUPERCONDUCTORS 

A. V. SVIDZINSKII and V. A. SLYUSAREV 

Physico-technical Institute of Low Temperatures, Academy of Sciences, Ukrainian S.S.R. 

Submitted to JETP editor January 4, 1966 

J. Exptl. Theoret. Phys. (U.S.S.R.) 51, 177-182 (July, 1966) 

A kinetic approach is proposed to the theory of the tunnel effect in superconductors, making it 
possible to develop a theory for the nonstationary Josephson current. Conditions are consid­
ered under which the nonstationary current arises, and a physical interpretation of the effect 
is presented. 

THE theory of the tunnel effect in superconduc­
tors was constructed on the basis of the micro­
scopic theory of superconductivity[ i, 21 in many re­
cent papers. [ 3 - 81 The starting point of these in­
vestigations is an approach based on the use of a 
model described by a so-called tunnel Hamiltonian. 
This model was proposed first in explicit form in 
the paper of Cohen, Falicov, and Phillips. [ 31 The 
use of this approach has made it possible not only 
to describe theoretically several singularities of 
tunneling already discovered experimentally in 
superconductors, but also to predict (see [ 41 ) new 
interesting effects, subsequently observed in ex­
periments:[ 91 1) stationary current at zero voltage 
on the junction, and 2) oscillations of the current 
at nonzero voltage (we shall henceforth refer to 
them as the "first" and "second" Josephson ef­
fects). 

However, a convincing theory of the Josephson 
alternating current is still missing. First, the 
microscopic analysis given in [ 4 - 81 is utterly un­
suitable in the case of alternating voltage on the 
barrier, which is precisely realized in the experi­
ment. The physical nature of the effect remains 
unclear. Ambegaokar and Baratoff[ 51 even ex­
pressed doubts whether the main premise of the 
theory of the existence of a coherent phase differ­
ent between the superconductors remains in force 
at nonzero voltage. 

The purpose of this article is to construct a new 
theoretical scheme, based on the use of a kinetic 
approach, which would permit a general analysis 
of the effect and its physical interpretation. Con­
siderable attention will be paid to the question of 
the occurrence of a coherent phase difference. We 
note that the problem of justifying the model itself 
was discussed by Prange. [ iO 1 

The tunnel Hamiltonian is of the form 

H = Bt + ll2 + T. (1) 

120 

Here Hi and H2 are the Hamiltonian of the first 
and second (left and right) superconductors, and T 
is an operator describing the transitions of the 
electrons through the dielectric layer separating 
the superconductors. In terms of the creation and 
annihilation operators of the "left" and "right" 
electrons, the operator T is written 

(2) 
kqcr 

The index k pertains here to the left single-parti­
cle states, q to the right, u is the spin variable, 
and Tkq is the matrix element determining the 
electron tunneling probability. 

For the Hamiltonian of any of the superconduc­
tors, for example H1, we assume the usual approx­
imation of superconductivity theory: 

(3) 

Here Ek is the kinetic energy of the electron, gi 
is the coupling constant (pertaining to the first 
superconductor), and V is the volume. We use 
units in which Planck's constant is n = 1. 

The influence of the tunneling operator T will 
be taken into account by perturbation theory. We 
must take into consideration here the fact that in 
the thermodynamic limit V - oo the static equi­
librium state of the superconductor is degenerate 
in the phase, [ 111 which can be fixed arbitrarily, 
since it drops out from the expressions for the ob­
served mean values. Inclusion of the operator T 
lifts partially the degeneracy with respect to the 
phases <pi and cp2 of the first and second super­
conductors, since the operator T has a lower sym­
metry than the zeroth-approximation Hamiltonian 
Hi + H2, and conserves only the total number of 
particles N = Ni + N2, but not Ni and N2 separately. 
For this reason, the observed mean values turned 
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out to be in general dependent on the phase differ­
ence cp = cp1 - cp2• Taking the foregoing into ac­
count, we conclude that for a correct choice of the 
zeroth approximation it is necessary to use a rep­
resentation with fixed phases, but not particle 
numbers N1 and N2• It will be shown below that 
the phase difference will enter in the expression 
for the current, and therefore to "prepare" the 
states with fixed cp it is necessary to connect the 
system under consideration in an electric circuit 
with a definite emf, resistance, etc. 

It is clear from the foregoing that inasmuch as 
the entire system as a whole (together with the 
classical elements) is not in equilibrium, we can­
not assume beforehand that the subsystem made up 
of coupled superconductors will be in an equilib­
rium state. As will be made clear by the final re­
sult, equilibrium in the subsystem still remains 
possible in a certain range of the circuit parame­
ters. In the general case, however, the calculation 
should be carried out with the aid of the nonsta­
tionary perturbation theory. Incidentally, direct 
application of perturbation theory, as was done for 
example in [ 5J, seems to us inconvenient in view 
of the known difficulties with the secular terms. In 
our problem it is necessary to have an expansion 
which is valid not only in a time interval of the or­
der of the reciprocal of the interaction energy, but 
over a much larger interval, in order to be able to 
take into account the possibility of time variation 
of the potential difference on the barrier. The use 
of the ordinary scheme of perturbation theory has 
made it possible to consider in [ 5J only the case 
of a constant potential difference, which is not 
realized in the experiment. 

A new method of overcoming the foregoing dif­
ficulty is based on the ideas of N. N. Bogolyubov, 
of constructing kinetic equations, and is connected 
with a consideration of the characteristic time 
scales involved in the problem (see [i2J). In our 
problem there are three such scales (in increasing 
order): the relaxation time T 0 in each of the 
superconductors, the tunneling time T, and the 
time of variation of the voltage on the barrier TD· 

The main assumption which is usually made in 
the derivation of the kinetic equations is that dur­
ing the synchronization time, the role of which in 
our case is played by the tunneling time T, the 
nondiagonal elements of the single-particle density 
matrix become functionals of the diagonal ele­
ments. The assumption that TD » T is essential, 
for in the opposite case the rapid change in the 
chemical potentials would hinder the synchroniza­
tion process. 

The assumption that T » T 0 , although not neces-

sary for the construction of the kinetic equations, 
corresponds in our case to the experimental situ­
ation and greatly simplifies the calculation, since 
we are justified in assuming that the diagonal ele­
ments of the density matrix are given by the usual 
equilibrium expressions. Thus, local equilibrium 
exists in the system, i.e., the usual equilibrium 
relations are in force, but now the chemical poten­
tials and the phase difference are slowly varying 
functions of the time and possibly of the coordi­
nates. 

Let us proceed to set up the kinetic equations. 
The diagonal elements of the density matrix 
nku (t) = ( aku (t) aku(t)) satisfy the equation 

dnha(t) = 2 lm ~ Tkq <aka+(t)aqa(t)>. (4) 
dt q 

We now set up an equation for the "anomalous" 
mean-the quantity Aku(t) = ( a_k -u(t)aku (t)) -
and take into consideration the fa'ct that the expan­
sions of the time derivatives begin with first-order 
quantities. We introduce also the operators 

iiM(t) = ei'I!.!Zaka(t), iiqa(t) = ei!J!,/2aq 11 (t), (5) 

- -choosing the phases such that Aku and Aqu are 
real. We put, by definition, 

drp1,2f dt = 2~-tl, z(t), 61< = Ek -I-t!, £q = Eq- 1-LZ· (6) 

Then the equation for Aku (t) in the lowest order 
will be 

26kAka(t) -l~ka(t) 12 (1-nka(t) -n-k,-o(t)) =0, (7) 

where 

~ka = _!_:___ ~ Ak•a(t). 
2V h' 

(8) 

Equation (7) reduces to an equation for the gap, if 
one identifies J-Li with the "nonequilibrium" value 
of the chemical potential of the first superconduc-
tor. 

Equation ( 4) takes the form 

jnM = 2 Im ~ Tkq <akcr+(t) iiqa (t)> 
dt q 

X exp {i(rp1(t)- rp2(t) )/2}. (9) 

We must now find (ak:ua u> in the first order of 
perturbation theory. To fuis end it is convenient to 
carry out first the Bogolyubov canonical trans­
formation and set up an equation for the mean val­
ues expressed in terms of the quasiparticle opera­
tors. In these equations it is necessary to discard 
all the quantities of higher order in Tkq• including 
the time derivatives and the derivatives with re-
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spect to the parameters of the canonical transfor­
mation. 

As a result, the equations take the form 

(id I dt + Ek- Eq) (aka+(t) Uqa(t)) 

(10) 

(id I dt- Ek- Eq) (a-k, -a(t) Uqa(t)) 

= T~tq * ( 1 - /k - f q) { V~tUqe-i'P/2 + ukvqei'P12}, ( 11) 

where 

The solution of (11) and (12) must be subjected to 
the initial condition F(-oo) = 0, where F is the 
sought function. In calculating the integrals making 
up the solution, we take into account the slow time 
variation of the chemical potentials and of the di­
agonal elements of the density matrix. Using rela­
tion (6), we obtain 

(13) 

<a-k, -a(t) aqa(t)) = -sign aTkq • (,1- fk- /q) 

(14) 

The current through the barrier is determined 
in the usual manner 

J = (dN1 I dt>, (15) 

From this and on the basis of (9) we have ulti­
mately 

. ~ ld~tdqJ { J =- Ime''P(tJ LJ JT~<qJ 2~~- (1- f~<- /q) 
kq EkEq 

X (E;,+Eq~eV -ie + Ek+Eq~ eV + iJ 

+ U~<-fq)(E~t-Eq~eV-ie 
+ 1 .)}-ImL JT~<qJ2 

Ek- Eq- e V + ~e kq 

( s~<sq \ ( 1 
- . 1+ E~tEq) (/R-fq) Ek-Eq+eV+i3 

+Ek -Eq ~ ev"'"- ie )}· (16) 

In the derivation of (16) we used the well known 
formulas for the coefficients of the canonical 
transformation, and made elementary simplifica­
tions. 

In accord with the foregoing, the obtained current 
must be equated to the current in the external part 
of the circuit. For a circuit of the simplest form, 
consisting of a source of voltage & and an internal 
resistance R connected to the tunnel junction, we 
have 

Rl(<p) = & - V, 

and the barrier voltage V, according to (6), is 

1 d<p 
V=--. 

2e dt 

(17) 

(18) 

In spite of the fact that from the point of view 
of the experimental situation Eq. (17) is highly 
idealized (in the real case, for example, it is neces­
sary to take into account the magnetic field of the 
current), its consideration explains the main fea­
tures of the phenomenon. It is clear, first, that 
the stationary values of the tunnel current are ob­
tained only in the case when cp = const, i.e., V = 0. 
In this case J(cp) = & /R = Js sin cp, where 

Under these conditions, the tunnel junction offers 
no resistance to the current flowing through it (the 
first Josephson effect). It is obvious that stationary 
solutions are possible only for & /R :s Js. In the 
opposite case V f. 0 and the current will be non­
stationary (second Josephson effect). 

We emphasize that, as is clear from (17) and 
(18), if the voltage on the junction differs from 
zero, it cannot be constant. For this reason, the 
formulation of the second Josephson effect usually 
encountered in the literature wherein it is regarded 
as consisting of current oscillations with frequency 
2 eVat a constant voltage on the junction, seems 
incorrect to us. 

It follows from (17) that in the case when a 
periodic solution is obtained, the amplitude of the 
potential oscillations is Ll V = 2J sR. If Ll V /f£ = 

= 2Js/Jc.s. « 1, where Jc.s. = f£/R is the short­
circuit current, we can neglect the time variation 
of V, putting v~ f£,, i.e., cp = 2eVt + cp 0• Thus, the 
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case considered in [ 5J corresponds to neglecting 
the "self-action" effect. 

We see from the developed approach that the 
occurrence of the alternating current is a conse­
quence of including in the electric circuit an ele­
ment with nonlinear dependence of the current on 
the voltage. We note that in this case we deal with 
a rather unique case of nonlinearity, when the cur­
rent is determined at the given instant of time by 
the value of the voltage during all the preceding 
instants of time. 

We emphasize that the physical nature of the 
alternating Josephson current is the same as that 
of the constant current: each of them is an ordi­
nary superconducting current (of course, under 
conditions of weak superconductivity), flowing with­
out dissipation of energy. Indeed, from (17) and 
(18) it is easy to see that VJ = 0 (the bar denotes 
averaging with respect to time). The difference 
between them is that the constant Josephson cur­
rent is in equilibrium, and the alternating one is 
not. 

To construct a complete theory of the phenom­
ena that occur during the tunneling, it is necessary 
to take into consideration the presence in the cir­
cuit of reactive elements and of the magnetic field, 
including the self-field of the current flowing 
through the junction. This will be done in a sepa­
rate paper. 

The term without the phase factor in (16) is a 
so-called quasiparticle current. As seen from (16), 
at zero temperature this term is missing when 
eV < ~1 + ~2· However, at voltages that exceed the 
threshold by an arbitrarily small amount, it 
reaches jumpwise a value equal to rr v'~1~d2eRN, 
where RN is the resistance of the junction in the 
normal state. At temperatures different from zero, 
but much smaller than critical, and also for volt­
ages much below the threshold, the quasiparticle 
current in the case of identical superconductors, 
is 

The estimate (20) obtained by us justifies the neg­
lect of the quasiparticle current, as was done above 
in the consideration of the nonstationary effects. 
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