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An expression is obtained for the dependence of the radiation frequency and power of a gas
laser on the resonator tuning and plasma column length under stationary excitation conditions.
The expression is deduced by employing an equation for the density matrix in a coordinate
system which is not fixed to the moving particles. The result is valid for an arbitrary ratio

of the spectral line contour dispersion width to the Doppler width. Degeneracy of the operating
levels, relaxation transitions between them, and the self-consistent mechanism of filling the
lower operating level from the metastable level are also taken into account. The result is
used for estimating some atomic characteristics by comparison with experimental results.

THE comparison of the calculation of the interac-
tion of resonance radiation and a substance with
experimental results enables one in a number of
cases to calculate certain characteristics of the
atomic system that is interacting with the radia-
tion. These characteristics are of interest for the
investigation of quantum amplifiers and oscillators
and for the study of the interaction of resonance
radiation with matter.

Thorough analyses of the peculiarities of gen-
eration in gas lasers have been given in a number
of papers.[“ However, the use of the results of
these papers in a comparison with experiment can
be difficult. This is because of certain assump-
tions made in the calculation to facilitate the inves-
tigation of the regime of generation far from
threshold and the interaction with several types of
oscillations.

The problem can be solved more rigorously by
investigating the threshold regime of generation
with one type of oscillation. The calculations are
also simplified by using an equation for the density
matrix in a coordinate system that is not fixed to
the moving particles. In addition it is of interest
to include in the calculation the fundamental kine-
tic processes in the plasma of the gas laser which
lead to inversion of the populations of the working
levels.

1. THE EQUATIONS OF MOTION

The radiation field in the resonator is repre-
sented in the form
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E = E-cos (Qt + ¢ + kz) + Etcos (Q + ¢ — kz)

= lfye~i@HO[Ete®t 4 E-¢e—%#] 4 c.c. & = kz. (1)

The axis of the resonator is directed along z. The
distribution of the field over the cross-section of
the resonator is taken to be nearly homogeneous,
so that E1dE/dy < k and E”!'dE/dx < k, where k
is the modulus of the wave vector which fits the
resonator, and the amplitudes of the field are inde-
pendent of the coordinates and time.

The Maxwell equation for the field in the me-~
dium is represented in the form (c = 1)

2
(2=

ot?
where D is the dipole moment induced by the field
in a unit volume of the medium, which is under the
influence of an external source of excitation. The
effective conductivity o is connected with the Q
of the resonator Qy, its length Iy, the length of the
active medium [, and the absorption and transmis-
sion coefficients of the mirrors L;, Ly, and Ty,
T,, respectively, by the relations

dro = Q(Q, 1/ L)'= (Th+ Te+ L+ Ly) / 21

or, more exactly, with diffraction losses taken into
account:

4o = [Yo(T1 + To 4 Ly + Lp)
+ Mmn-4.62 (LA / nd?) ] 11,

>E=4n—:?(aE+—§t—D), 2)

(3)

where d is the diameter of the discharge tube, A
is the wavelength of the radiation, and Ay is the
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n-th root of a Bessel function of the m-th order
(Iyy(A pyp) = 0). For the fundamental mode, m =0,
n= 1, Aﬂi = 2.4.

The amplitudes of the field oscillations at fre-

quencies £, —Q are obtained from Eq. (2):
(Q2 — k2 + i4noQ) E_gte—i® = 8nQ2D_o*, @
(Q2 — k2 — i4noQ) Egtet® = 8nQ2Dg*,
where D, * are the coefficients of the corre-
sponding exponentials in the formula for the dipole
moment per unit volume induced by the field.

The terms of interest to us are calculated with
the help of the density matrix p, the equation for
which in the interaction representation has the
form (h =1)

(:—t+vv)3m"=i D {Bms(Ua)snexpli(wsm + Q)1

s, Q=+Q

— Ron(Ug) ms exp i (0ms + Q) 8]} + [T (R) Ima, (5)

where R = eiHotpe'iHOt, H, is the unperturbed
Hamiltonian, wgy = &5-&, &5 , are the eigen-
values of the Hamiltonian H;. The operator I'(R)
describes the processes of excitation of the radia-
ting particles by the external source and their re-
laxation:

Z (RkhYkm - Rmm’Ymh, m=—n
[F (R) ]mn = k (6)

—Y"" R, m=#n

YR == ynm

where 7yjk are the probabilities of relaxation and
excitation transitions per unit time and y ™1 is
the decrement of the decay of an off-diagonal ele-
ment of R. It follows from Eq. (5) that if the fre-
quency £ is close to the frequency of only one
transition m < n, then for an off-diagonal ele-
ment of the density matrix R pp(wmp > 0) only the
perturbation Hamiltonian is ‘‘resonant’’:
(W-—Q)m'n = (Wﬂ)nm. = (U—Q)m‘ne_igt

= ¢~ (Uppte® + Upp—e~i),
where U, = —1/;Etde—%°.

(7)

For gas lasers the energy level scheme shown
in Fig. 1 is typical. Generation takes place in the
transition 3 «— 2. Level 3 is populated from the
ground level 0 and by collisions of the second kind
with impurity particles. Level 2 can be populated
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by relaxation transitions from level 3 and on ac-
count of exciting transitions from the metastable
level 1, the population of which is in turn deter-
mined mainly by relaxation transitions from level 2
and the relaxation of metastables on the walls of
the discharge tube. The lower levels may also be
de-excited by collisions of the second kind. For
real rates of excitation of level 3, the population

of the ground level 0 may be assumed to be inde-
pendent of this characteristic.

Let q3, qy, and q; be the probabilities of exci-
tation per unit time of the levels 3, 2, and 1, re-
spectively, due to coliisions of the second kind and
from the ground state. In the case of de-excitation
of some of the levels, q can be negative. Keeping
all of this in mind, we represent the equations for
the interesting components of the density matrix
in steady state in the form

(—iwd / 9 — 2%3)ng = — (VR" —c.c.) — igs / ku,
(—iwd / 9% — 2Lo)ne = (VR® —c.c.) — iga/ ku — iysns
— iy, (8)
(—iwd [ 0t — 2L)ny = —iq1 [ ku — iyans;

(—iwd | 9E — )R = AnV, (9)

where the following dimensionless quantities have
been introduced: w = v/u, where u is the width of
the Maxwellian distribution of the particles over
velocity, ¢ =x + iy, where x = (2 — wg,)/ku,

y =v*/ku, & =iyi/2, yik = Vik /Ku, nj = Ryj,

An = ng — ny, R32 = R23 =R exp |—i(2 — w32)t],

V= (U-a)n/ku="Viet + Ve (10)
Vi = —dgpE*ei® / 2ku. (11)

We shall solve Eqgs. (8) and (9) by perturbation
theory.

2, COHERENT MOTIONS IN THE MEDIUM

In zeroth approximation Eqs. (8) give the un-
saturated difference of the populations of levels 3
and 2, i.e., the difference in the populations created
by the excitation source at the initiation of genera-
tion:

An® = (1 — ays) & (GQ2 + oz\E qi) (12)
Vs Y1

@ = y1(yiyz — varye) 7L (13)

The second approximation brings in the action
of the field, which decreases the population dif-

ference of the working levels created by the exci-
tation source:

An® = An[1 — Vilz2—ms|V_|2
[1—m|Vi|2—ma| V| (14)

— Y2 (n3e BV, V_* 4 c.c.],
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where
m=2xImZy, n=2xImZ_, (15)
N = (L7 — L) [Ls + L2+ i(yse / 2) L3Zs];
% == Y5~ -+ Yot [ (vsy2 — va2v2) / (ysyz — vizyat) ]
= ys"i + ,'72—41
L= (Fw—0)", Li= (w—0G)™" (16)

In the third approximation the formula for the
off-diagonal element Rj, of the density matrix
has the form

Ry = rpet® 4 r_e~1 | Frett J- Fe—id%, (17)

However, to solve Eqs. (4) it is necessary to de-
termine only the amplitudes r. and r_. The for-
mula for r; has the form

ry = AnViZi{t — m| Vi |2 — (m2 4 Yams) [ V-[2}. (18)

The formula for r_ is obtained from the solution
(18) by replacing the subscripts + by — and vice
versa. The last term in Eq. (18), proportional to
N3, describes the contribution to the traveling wave
of polarization that arises as a result of the inter-
action in the medium of the second spatial har-
monic of the population difference with the har-
monic of the field traveling in the opposite direc-
tion. However, in most cases this term can be ne-
glected, as will be shown below, so that it is of
higher order with respect to I'/ku compared with
the other terms. Thus the discriminating factor
is the smallness of I'/ku~—the ratio of the disper-
sion width to the Gaussian width of the spectral
lines of the transition.

Assuming that a Maxwellian velocity distribu-
tion of the radiating particles is realized in the
discharge, we average (18) over a distribution
with half-width u. We obtain

(rdo = AV {H — 2051 | V|2 — 2032| V-|2 + Hs| V-|2},
(19)

where

Hy = <Ly Im LD, Ho=<(LiImZL ),

Hs = (L (Ly — L) [Ls + L2+ VeiyneLsLe]do. (20)

As is shown in the Appendix (Eqs. (A6)—(A8)), all

the integrals iy, 5y, #3 can be expressed in terms

of a single tabulated'? 31 function H (&), used in

the theory of spectral line shapes and plasma

theory:
—?

#(t)=

00
+w—

S_

—oo

L dw = 2i § dw exp (—w? + 2iwy).
¥a g 5 (21)
As already mentioned, #3 gives the weight with

which the interference of the harmonic of the field
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with the second harmonic of the population differ-
ence enters into the traveling wave of polarization.
With the aid of Eq. (19) it is possible to calcu-
late D_g*, the amplitude of the traveling wave of
polarization arising as a result of the interaction
of a coherent field with a medium that is under the
influence of a source of excitation. If the energy
levels of the medium are degenerate, the result
must be summed over all states of the levels:

Dj-ﬁ = 2 d;m, 3m(<r+>v)3am, 2m-

a, 2m, 3m

(22)

In the phenomenological calculation, the summation
over a in the relaxation times of the particle in-
teraction reduces to a multiplication by the N-
density of the working substance. For simplicity
we shall assume that in the discharge plasma the
relaxation and excitation of all states of a given
level by the source are the same, which is appar-
ently actually the case. Then from Egs. (19) and

(22) we get
{Gigf —

+ HoE-)— %E—j} ,

AN°S GS

(2ku)?

DIy = e-iop+ (2K (H,E+

(23)

where

AN® = N[1 — (T2 / T2) B](Qs / gsT's) — B[(Q2/ g2T2)
+ (T2 /T2) (Q1/ giTv) ],

B = IyTy(IyTy — Iy Iyy)~t, g is the statistical
weight of the levels, Q is the probability of exci-
tation of the levels per unit time by the source of
excitation, I’ are the relaxation characteristics of
the levels,

K = ku[T's~t 4 Ty~1(Tol's — Tgele) (Tol's — TaiTia) 1]

(24)

= ku(Tst 4 [3), (25)

FE, H1, Ha, H3 are the corresponding integrals with
v replaced by I', S is the strength of the transi-
tion:

S= D\ |dsmam|% (26)
3m,2m
. j 1]")2__1 _ (f 1]")“
Gi_;’;’(—mo m/) 3’ G_§ —m0 m (27)

(---) are Wigner 3j-symbols. Here we have made
use of the rule for summing matrix elements of
tensor operators.”]

In a previous paper[ an attempt was made to
take into account the degeneracy of the levels for
particles in which the dipole moments can be con-
sidered as firmly coupled to the orientation of the
particles (molecules). However, the limits of ap-

41
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plicability of the results obtained are not clear,
since the picture of the phenomenon in molecules
is considerably more complex.

3. RADIATION POWER

The power loss in the resonator is determined
by its Q:

ploss= QQr_q)Vstcnw (28)

where Wgior is the energy stored in the resonator:

P sle .,

WP Y (29)
E, is the amplitude of the electromagnetic wave
averaged over the cross section of the beam, s is
the beam cross section. The averaging is carried
out over a period of the oscillation, the integration
over the resonator volume. In the case of a nearly
homogeneous distribution of the field over the
cross section of the beam, the integration over
volume reduces to an integration over the length
of the resonator. As follows from (3) and (28), the
power of the radiation from one end of the laser
with transmission coefficient T is

P = (T/2)s(E/ 16m). (30)

Equations (4), (23), and (30) permit the calculation
of the frequency and power of generation as a func-
tion of the characteristic frequency of the resona-
tor and the rate of excitation of the working levels,
with allowance for the relaxation processes and
filling of the metastable level 1.

It is probably simpler from the experimental
point of view to study the dependence of the power
on the discharge length for constant excitation con-
ditions rather than on the rates of excitation of the
levels. The dependence of the power on the dis-
charge length ! is connected with the dependence
of the equations on o.

For a traveling-wave laser (E~ =0, E' = F),
we obtain from Eqs. (4), (23), and (30), by expres-
sing the transition strength through the probability
of spontaneous emission in the transition 3 — 2:

_ scT [—?— gsGAaz ln.%’g L]_i
YT T32n L2 AR (2ku): T #(iy) b

I Im¥

T q),

’ Az = 4k3Ss, [ 3hgs, (31)

where [, is the threshold length of discharge for
generation in the line center for a given set of ex-
citation conditions:

lo = olku[cgs:AN A (iy) 1, (32)

(ol) is independent of I. The frequency of genera-
tion is determined by the real part of the saturated
susceptibility of the medium:
QZ—(kC)Z - ANOagaz
® " i

GS
{Re 9 — iy OK Be %1E2}.
(33)

Similarly, we obtain for a standing-wave laser
(E* =E~ = E):

csT[9 g:GAw 2K Im (% + 52) — Im s z]—i

Py =

8n L4 Ak3(2ku)? # (iy) Iy
! Im#A
N - 34
X(zoyf(iy) 1)’ (34)

ly is given by Eq. (32), and the frequency of gen-
eration by the following formula:

Q' — (k)2 ,  ANOSy
= 3
3GS i
x{Regf iaye 2K Ro (0, + 712) Re.%’s]E}.

(35)
As follows from the Appendix, Re (5,5, #3) to-
gether with ReX vanish when x = 0. This means
that tuning the resonator to the center of the line
of an atomic transition corresponds to generation
at the proper frequency of the transition at any
radiation intensity. Otherwise the frequency of
generation varies with the level of excitation in
accordance with Egs. (33) and (35). However,
these assertions are true only for homogeneous
broadening in the absence of saturation of the line
shape. In the case of inhomogeneous broadening
(e.g., when isotopes are present in the discharge),
it is necessary to average over the distribution of
the proper frequencies of the atomic transitions.
In averaging over the velocities of the particles,
no kind of limitation was imposed on the magnitude
of the ratio I/ku; hence the results may turn out
to be useful for longwave transitions of lasers us-
ing heavy inert gases (I/ku ~ 1) and for the case
of solids (I/ku > 1).

If the results of a detailed calculation of the in-
teraction of quantum systems with radiation are
compared with corresponding experiments, it is
possible in a number of cases to derive unknown
atomic characteristics from known ones. Such an
experiment, for example, could be frequency
measurements relating to Egs. (31)—(35). In addi-
tion, as follows from Eqgs. (31) and (34), the slope
of the curve of generated power in the line center
versus the length of the discharge column for con-
stant excitation conditions is determined only by
the relaxation characteristics of the system and
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the known parameters of the resonator. Further,
by measuring the threshold lengths of the plasma
column for different excitation levels, it is possi-
ble to determine from Eq. (32) the unsaturated
population difference of the operating levels in a
given discharge tube for corresponding excitation
conditions. In this connection stabilization of the
frequency of generation (against thermal and me-
chanical fluctuations of the proper frequency of
the resonator) can be accomplished by a number
of known methods, as was done, for example in tsl
Unfortunately, we do not have available any re-
sults of a detailed experiment on the threshold

regime of emission. However, for the sake of illus-

tration, we shall attempt to make some estimates
by means of the formulas obtained, with no pre-
tensions as to how accurate they might be. When
x =0, y <1, we find from Eqgs. (32), (34), and
(A11)

lo = olk’u (CV—T-I‘Zg3ANOA32) _1’

esTT1T 9 g3GA3n 1 . l]“i l
8 [E A (Lo T ) (To_i)’ (37)

(36)
st =

where fz is the effective total probability of es-
cape of a particle from the lower level; obviously,
the I'’s can take into account certain collective
processes such as the elastic collisions consid-
ered by Weisskopf.

For estimates pertaining to the transition
3sy—2p, in Ne we make use of the results of [6],
in which was studied the dependence of the power
of a Ne-He laser on discharge length and the de-
pendence of threshold plasma lengths on current.
However, in this paper no information was given
about the cross section of the generated beam of
radiation, and the number of measurements in the
threshold region was small. Assuming the cross
section of the beam to be equal to the area of the
first Fresnel zone, we obtain the following starting
data for our calculation: s ~ 5 X 10~2 cm?,
T=15x%10"% L=2.5x%1072, ([dP/d(l/ly)];
~ 3.5 mW. Further, assuming I'; = I
~8x 10" sec”!, Ay, ~ 8 x 10 sec”1,l7
ku = 6 X 10° sec7!, jg =1, j3 = 2, we obtain by
means of Eq. (36) and the results of [6], the de-
pendence of the population difference of levels 3s,
and 2p, on current shown in Fig. 2, and for ' we
obtain the value ~ 8 x 108 sec ™.

:lo

AN-écm™

28
20
20 30 40 50 60 J, mA

FIG. 2

In conclusion, the author thanks V. A. Ignat-
chenko for his interest and helpful discussions.

APPENDIX

We expand the integrands of the functions #,
#,, and #3 in simple fractions. We obtain

B0 = (L5 Tm 2> = (20)1[(Ls2 — (2iy) (<L

— <21, (A.1)

Hr = <ZyIm LD = (2i) [ (22) 1 (KL4> + <L)

— ()KL + <L), (A.2)

Hs = —12[A2 + A2 + (iys2/2) (AsA2? + A2A2) <L+

+ (42) (A2 + As)<Ly> — (4z)~1(A2" + AS") <L

+ (iys/8x) X AsAlLy> — (iys2 / 8z)As" AL

+ 12[As + Az + (iyse / 2)AsAs]

X (L2 + 2(A2 — |As]2) [1 — (iyse / 4) Ass] <L

+ 12(A22 — [ A2|?) [14 (iysa/4) Aes]<ZP. (A.3)

The angle brackets denote an average over ve-
locities, and

A= (=) As= (L—T)t=1i(s— 1). (A.4)

From Eq. (21) it follows that (£4+) = (2L _) = #(¢).
From this same equation it is easily established
that

@=Ly =—20+ ]

T (A.5)

Thus, we obtain
Hr=i(1+LH () + (y) Im H#(L)], (A.6)

Hy = (20)7' [zt Re (L) — LHH(D)], (A.T)
Hs = —(As + Az + iyaAsAe [ 2) — {(As + A2

+ iy2AsAa [ 2]C + Y[ A2+ A2+ iysa(As

+ Az) A3A2 / 2]}%(;) —_ (l2$) -1 Im [ (Ag + Az

+ iy3AsBe [ 2)H (L) ] + oA — |As]?)

X [1 — iysadaes/ 2]H (Ls) + Y2 (A2 — |A2]2)

X [1 + iyseAss/ 2] H (). (A.8)

Thus, all the integrals of interest to us are ex-
pressed in terms of one, the expansion for which
in powers of y under the condition y < 1 has the
form

9 (z + iy) = [—2F (z) + 2Vnaye= +...] + i{Yne>
—2y[1 —22F (z)] + ...}, (A.9)

where
x

F(z)=e= ater.
L]

(A.10)

When x =0, y<<1, we obtain, up to terms in y'1
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Hy = Ho = i(Yn / 2)y, (A.11)

#3 contains only higher powers of y.
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