SOVIET PHYSICS JETP

VOLUME 23, NUMBER 6

DECEMBER, 1966

SOME FEATURES OF ULTRASOUND PROPAGATION IN NONCONDUCTING CRYSTALS

WITH IMPURITIES

. SLUTSKIN and G. G. SERGEYEVA

Physico-technical Institute, Academy of Sciences, Ukrainian S.S.R.

Submitted to JETP editor January 21, 1966

J. Exptl. Theoret. Phys. (U.S.S.R.) 50, 1649-1659 (June, 1966)

Some features of the propagation of elastic waves, due to the presence of quasilocal states

in the low frequency range of the spectrum, are considered for the case of a disordered solid
substitution solution with a concentration ¢ « 1. Propagation of the elastic waves is inves-
tigated for an arbitrary substitution impurity by application of the averaged equations of the
dynamics of a crystalline lattice obtained under the assumption that the wavelength is much
greater than the mean distance between the impurities. It is shown that it is possible to
write down the averaged equations in terms of the scattering amplitude. It is further shown
that the introduction of sufficiently heavy impurity centers results in the appearance of an
‘‘almost forbidden’’ broad frequency range in which the state density is proportional to

c 1.
1. INTRODUCTION

AT sufficiently low temperatures, the principal
mechanism of sound absorption in a real crystal
is the scattering of elastic waves by the static de-
fects of the lattice. Recently, a series of theoret-
ical and experimental researches "] has ap-
peared, in which it is shown that the presence of
point defects can lead to the appearance of states
of an almost localized type (quasilocal states)
with frequencies lying within the range of the con-
tinuous spectrum of an ideal crystal. Quasilocal
states have a significant role in the thermodynamic
and kinetic properties of the crystal. Since the
quasilocal frequencies lie near the limits of the
continuous spectrum, sound absorption with fre-
quencies close to the quasilocal should have a
sharply expressed resonant character. In the
present research some features of the propaga-
tion of sound waves produced by the presence of
quasilocal states in the low frequency part of the
spectrum are investigated for the case of a disor-
dered solid substitution solution with concentra-
tion ¢ « 1.V It is not difficult to generalize the
results obtained to the case of injected impurities.
For all real frequencies of ultrasonics and not
too low concentrations of the impurities the in-

DA similar question was studied in the work of one of the
authors, [] but the formula for the ultrasonic absorption co-
efficient used in that work is inapplicable for the problem con-
sidered here, as will be shown below.

equality A> 1 ~ ac~1/3 holds, where A is the wave-
length of the sound, ! is the mean distance between
impurities, and a is the atomic separation. This
inequality allows us to describe the ultrasonic ab-
sorption in terms of the average characteristics

of the field of atomic displacements of the crystal-
line lattice.

In the second section, we shall consider the
derivation of the averaged equations of the dy-
namics of a crystalline lattice distorted by the
introduction of substitution impurities. These
equations are investigated for arbitrary impurity
atoms, which differ from the atoms of the ideal
lattice both in mass and in the character of the
elastic. interactions. By using the general relations
for the amplitude of the scattering of a plane wave
by a point defect, one can show that the ultrasonic
absorption coefficient in the absence of quasilocal
states has a Rayleigh character.

In the third section, the resultant equations are
used for the study of the resonant absorption of the
ultrasound at a frequency close to the quasilocal.
Considerable attention is paid in this section to the
case in which the mass of the impurity substitution
is so large that the mass density of the atoms of
the substitution solution is greater or of the order
of magnitude of the mass density of the atoms in
the host lattice. It is shown that the introduction
of solid impurity centers leads to a material re-
arrangement of the spectrum, that is, to the ap-
pearance of an ‘‘almost forbidden’’ broad fre-
quency range in which the state density is propor-
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tional to a small quantity —the concentration. In
this entire range of frequencies the ultrasonic ab-
sorption is anomalously large, although it no longer
has a resonant character. It should be noted that
the appearance in the spectrum of a broad band of
frequencies with low state density must lead to
significant singularities both in the kinetic and
thermodynamic properties of crystals with im-
purities. (This problem is the subject of a sepa-
rate research.)

2. DERIVATION OF THE AVERAGED EQUATIONS

The absorption of ultrasound is determined, with
an accuracy to within unimportant quantum fluctua-
tions, by the classical scattering of elastic waves
by point defects. In the case of a simple monatomic
lattice, the classical equations of dynamics have
the following form:
mnuni = 2 Ly nttnd + 2 blili—na, n’—naun’j + Z Fmieimt-

j,n” ng, j, n’
@)

where “u}, is the displacement of the n-th atom in
the i-th direction, mp is the mass of the n-th
atom, equal to m if a basic atom of the lattice is
in the n-th site, or to my if an impurity substitu-
tion atom is found at this site; the matrix L char-
acterizes the elastic coupling of the ideal crystal;
the matrix Boz characterizes the perturbation
which is brought about by the impurity lying in the
site ny; Flel® isthe external periodic force of
frequency w acting on the m-th atom. The mat-
rices L and Ba are symmetric in the indices i, j
and n,n’; their elements satisfy the well known
relation:

2 Ln—n = 0 2 bn—na n’-ng = 0, (2)
which follows from the condition of the vanishing
of the forces in the displacement of the crystal as
a whole.

The equations of the dynamics of the crystalline
lattice with substitution impurities can be repre-
sented in such a fashion that the perturbation
brought about by the o impurity is determined by
the unit matrix

(/A\“) = AY(n — ng, " — ny),

which takes into account both the change in the
mass of the impurity atom and the change in the
elastic coupling in the vicinity of the point ng.
Introducmg in place of the variables u}l new vari-
ables v} connected with u} by the relations

o= (L+ N6,
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we find that in the v-representation the equations
of dynamics take the following form:

m2v=£v+2f&“v+5f- 3)
a

Limiting ourselves to the first approximation in

the concentration, we can write the operator A%

in the form:

Aa = 3(1 + (i + aa)‘/z Eu (zz + 6()1/’1 &g = %’ﬂ 6lll'la'éll'na-
(3a)
As follows from Eq. (3a), the operator A has the

following property:

2 Ag-na, ng-n’ = 0. (4)
o~

For the derivation of the equation which defines
the average characteristics of the field v}l, we
write down Eq. (3) in integral form, ) representing
the displacement field vh in the form of a sum of
the unperturbed wave vj and waves scattered by
the impurity atoms:

v =1v— N GA%. (5)
a

Here Gij(n —n;) is the Green’s function of the op-

erator L - w?:

GYi(m—ny) = (2:1)3 Z S eyt (k) e’ (k) exp {ik (n — nl)}

(k) — 0? — iy

(6)

v — +0; 4, is the volume of the unit cell; e},(k) is
a unit polarization vector; the squares of the un-
perturbed frequencies are the eigenvalues of the
operator I:; integration in (6) is performed over
the volume of the unit cell of the reciprocal lat-
tice. In the case of small concentrations, the in-
tegral equation (5) permits us to obtain a solution
of the problem in terms of the theory of scatter-
ing of the plane wave by a single impurity center.

We shall carry out the derivation of the aver-
aged equations for a simplified model in which all
the polarizations are independent of each other.
This simplification does not change the structure
of the basic formulas and at the same time allows
us to avoid the considerable calculatlons associ-
ated with the presence of the tensor el (k) e*J(k)
in the expression for the Green’s functmn (6). The
results obtained in the given model can be gener-
alized to the case of ‘‘entangled’’ polarizations
(see below).

2)The direct averaging of the finite-difference equation
involves considerable difficulties in view of the fact that the
matrix elements of the perturbation operator have the prop-
erty (4).
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For the subsequent investigation, we introduce
a function x& which is defined as the sum of the
unperturbed wave Vg and the wave produced by
the ‘‘radiation’’ of all the impurity atoms except
the « -th, that is,

Yp® = v’ — 2 G (n—mny) A (0; —ngy Ng—0g) ¥y, (7)
a’'+a

The actual field of the displacements v, is con-
nected with x¥ in the following way:

» = (1 4+ GA%Y1ya. (7a)
Substituting (7a) in Eq. (7) we find

% = Vp? — E GT“'X(:’_

a’'+a

(8)

Here T®(w?) = A%(1+ GA?)™! is the so-called
scattering operator [8:10] of the field x§ by the «
impurity; using Eq. (4) for the operator A, it is
not difficult to obtain a similar property for the
matrix T:

2 Tan = A Top,=0. 9)
ny n,

In the case of low concentrations, the average
distance ! between impurity centers is much
greater than the characteristic dimensions of the
region in which the elements T(n; —ng, ny —ngy)

are different from zero (these dimensions are ~ a).

Therefore, the chief contribution to the sum in o’
of Eq. (8) is made by the values of xﬁ" corre-
sponding to |n, —ng¢| ~ a. Since for most impuri-
ties xgl changes smoothly at atomic distances, the
functions x% with account of the discrete argu-
ment of n can be represented in the form

*n® =%, + @ —nd) P2,

V= (X e~ Xong ) /@i = A% (10)

where aj is the i-th vector of the elementary lat-
tice, which we shall assume for simplicity to be
rectangular. Applying the finite-difference opera-
tor Aio‘ to Eq. (8) and taking into account the prop-
erty (9) of the operator T%, we can get (after some
transformations) an equation for zpia :

e Ao \ &'k (ngng) Rin (k) dk e
W=ty A em e
ztmj = Z n™T n.n,nzj, {;O = Ailvm

ng, N
1 Mi—1eom_1
. = . 1
Bim() =G0 o am an

Equation (11) is written in first approximation in
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¢ and in first non-vanishing approximation in a/A.
The meaning of the transformations carried out is
that we have reduced the number of variables by
going from the field of displacements vy, which is
specified at each point of the crystal, to the field
do specified at the points ny. A similar method
was used by I. Lifshitz, %] who investigated the
features of the electron spectrum for the special
case in which A% is a degenerate operator of first
rank. Using Eq. (11), it is not difficult to general-
ize the results obtained int®J to the case of an ar-
bitrary operator A.

In the long-wave case considered here, the prin-
cipal contribution to z/)ia is made by impurities lo-
cated relative to the o impurity center at dis-
tances much larger than I. The contribution of
these impurities is greater by at least (A/I 32> 1
than the contribution from the nearest neighbors.
Carrying out the averaging in Eq. (11) over a vol-
ume containing a large number of impurities (the
linear dimensions of this volume are much greater
than A) we obtain, with the desired degree of ac-
curacy,

Vi (r) = 70 (r)—c¢ Z Fim (0% r—1') Ap; \_pj ("),

Ao

Fim (@, 1 —¥) = sz 0

Rim k) eik (r-r)
2S (k) e dk 12)

0% (k) — w2 — iy

Here y;(r) is the average value of zpia(r); r takes
on all possible integral values, and summation is
carried out over all sites of the lattice. Equation
(12) can be represented in an equivalent form:

(@2 — L) i (r) — c0? 2} Rim (r —1') Ams; (')

Ao

) (12a)

= Airg{ (l‘), Rim (l‘) = Seikr -Rim (k) dk.
For a wave propagating in the x direction, the
following dispersion relation follows from Eq. (12a):

02 — @?(k) —c®@(ky,0) =0, k= {ks, 0,0},

0?(k)) = 0?, ko= {ko,0,0}. (13)

Here &(k;, w) represents, with accuracy up to
quantities of the order (a/A)3, the scattering am-
plitude at zero angle:

@ (koy ©) = <ko | T | ko) = D) e-km Ty efkons, (13a)
n;, n:
(We note that the quantity &(k;, w) has the same
value in the v and u representations.) In writing
down Eq. (13), we have taken into account the defi-
nition of Ap; (11), the property (9) of the operator
T and also the fact that in the case of long waves
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kikm/0? (k)

3
= aix Omx/sxxz(’k = {kxy 07 0}7 mZ(k) = 2 qugkpkq> .

P, q=1

In the case of ‘‘entangled’’ polarizations, cal-
culations completely analogous to those given
above yield the following generalized equations:

0u? (K) — @2 4 cDy, (ko ©) =0, ©,? (k) = 0?,
ko = {ko 0, O}, (14)

Dy, (ko, ©) = Ckovo | T | Kovo)
= 2 e (ko) exp (—ikony) T

i,j,n,m,

n,n, ey’ (ko) exp (ik0n2)-

Here T;‘]n is the scattering operator. Equation
(14) determines the damping of the wave propa-
gating in the direction of the x axis and having
a polarization v,.

The absorption coefficient of ultrasound T is
determined by the negative part of the quantity ky:
T'=|Im kyx |. In the absence of resonance absorp-
tion, we have, in first approximation in c,

I'=c¢|Im @ (ko, ®) | / 25xx0. (15)

For calculation of the imaginary part of &(k,, w),
we make use of the well known ‘‘optical’’ theorem
according to which

Im @ (k, 0) = — 74, { dK' | @ (K, ko) 28 (0 (K) —0?),

D (K, ko) = D) e¥mi T, et = Aimkikom + O [(a/A)*].
n;, n;

(16)
It follows from Eq. (16) and the definition of the
operator T that in the absence of resonance scat-
tering one can represent the scattering amplitude
®(k,k;) in the form
@?Aqa? k-
2

(D(kv k0)= ‘kl ’

@ (%, %0), % ==
am

where A, is the characteristic value of the matrix

elements of the perturbation operator, s is the

characteristic sound velocity, and ¢ is a non-

dimensional quantity of the order of unity. We

find from Egs. (15), (16), and (17) that

T — Aoza‘Ao

Blro)ol,  Blxo) =2 dO[ g n) |2~ 1.

2

Thus, for an arbitrary impurity substitution, the
scattering of sound in the absence of resonance has
the ordinary Rayleigh character (I' ~ w?!), which
is determined by property (4) of the matrix ele-
ments of the perturbation operator A.

0?2 (ko) = 0?,
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3. RESONANCE SCATTERING

To study the resonance scattering of sound, we
write the amplitude &(ky, w) in explicit form:

O (kg, ©) = (0/5)2 D) (%y0y) (%oMs) Aprn, M (02)/D (02),

n’, ng, 0

D(0?) = Det 11 + G(c?)All (18)

Here My, nz(w ) is the corresponding minor of the
matrix 1+G(w )A. It follows from Eq. (4) in the
case of low frequencies w <« wp (wp is the Debye
frequency ) the following relation holds for the ele-
ments of the matrix GA:

Ann, + O (09).

A,
(2:,;)3 2
(19)
(integration is carried out over the ‘‘isoenergetic’’
surface w?(k) = w?).
Using Egs. (18), (19), the quantity & (ky, w) for

for w < wp can be represented in the following
form:

(k, n;—n")2ds

Im (é?\)nin = l 8(1)2 /ak |

(012
Q¢ — 0? + i(x)z'z((n/(x)o)s

D (ko, ®) = ©?

sx::c5

, (003 —

= D(0) |5 D(a?) | —

‘*39_ _ W);s; 2 (o) (#005) AnnMon, (0), (20)
where the actual quantities £, wy, w, do not de-
pend on the frequency and are parameters which
completely determine the scattering amplitude at
low frequencies for an arbitrary impurity substi-
tution. If the impurity atom is an isotope, then the
parameters g, wj, w, are determined in explicit
fashion [see below, Eq. (29)]. The quantity &, has
the meaning of a quasilocal frequency under the
condition ©; <« wp. The lifetime of the quasilocal
state with frequency €, is inversely proportional
to the imaginary part of the denominator of Eq.
(20) equal to w3(w/wy)® « w}; it follows from the
“‘optical’’ theorem that wy; ~ wjy.

The character of the sound absorption for £,
< w, depends appreciably on the genesis of the
quasilocal state. In what follows, we shall dis-
tinguish two cases.®

A. Quasilocal states which arise when the mass
of the substitute atom m; > m (the mass effect,
first predicted by Kagan and Ios1levsk11[1], and
also independently by Brout and Vissher (2] and
by Lehman and Dewames[sj); here

5202 < ('0121

(1)22 ~ (DDZ.

(21a)

Qo ~ op’m[my, o2~ op?

3)Other possible situations are reduced qualitatively to

one of the cases considered, A or B.
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B. Quasilocal states which arise from impurity
atoms which are weakly coupled with the atoms of
the host lattice. It is not difficult to show that for
impurities of this type, the following relations
hold:

Q¢ ~ v << or?, (21b)

Let us first consider the mass effect. In the
given situation, most interest attaches to the case
of the “‘strong’’ effect of the heavy mass when the
mass of the impurity substitute is so great that

(co? = Qe?). (22)

(1)12 ~ 0)22.

cmy=m

The meaning of the inequality (22) is the following.
For low frequency vibrations w < wp, the defor-
mations which arise in the vicinity of the heavy
impurity exceed the deformations arising at other
points of the crystal by a factor of m;/m > 1. It
then follows that the effective deformation of a
crystal with impurities is €gff ~ €9(1+cmy/m),
where €, is the deformation of an ideal crystal.
For cmy/m R 1, we have (egff —€p)/ €y R 1, that
is, in the field of deformations, the greatest effect
is produced by the ‘‘superstructure’’ of the heavy
substitute impurities. The latter circumstance
leads to rearrangement of all the low-frequency
portions of the spectrum.

Taking account of the relation (22), we investi-
gate the dispersion equation (13), which deter-
mines simultaneously the renormalized sound
velocity and the absorption coefficient of sound in
the crystal. We find from Eqgs. (13) and (20) that
the dependence of ky on w has the following form:

® cw? s
e = Sxx (1 + Q¢ — 0?4 iO)oz((D/(.Oo)3) ) (23)

It follows from the inequalities (21a) and (22) that
the term proportional to the concentration in the
radicand of (23) is greater than or of the order of
unity in a wide band of frequencies w, S c1/2w1
> Q. The nonlinear dependence of the renormal -
ized wavelength A on c¢ then follows directly. The
dependence of A and I' on w also has a number
of peculiarities.

If w lies to the left of the resonant frequency
4 and if the difference 6w = £y —w ~ &, then
Im &(kj, w) << Re &(ky, w). In this case, the quan-

tity A(w) and the absorption coefficient I' are de-
termined by the formulas

R0) = sex [0 1 42l )"
T = |Im ks | = (cm) (Qo‘”i“’;)z (ﬂ)a (24)

As is seen from Egs. (24), in the limiting case as
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w— 0, the sound absorption has a Rayleigh char-
acter (I ~ w!), and the wavelength A = 53¢/ w,
and the renormalized sound velocity S5¢x differs
significantly from the ‘‘bare’’ one syy:

Sxx = Sxx/ (1 -+ C(l)ﬂ;z/ Qoz) e, (25)

Equation (24) is in agreement with the qualitative
considerations given above.

With decrease of dw, the wavelength A falls
off, and when

fo ~ 6wy = 61/3((01 / &}D)zgo < Q

it becomes less than the mean distance between
the impurities. In this region of frequencies, the
method of averaging used in the derivation of Eq.
(13) is inapplicable, and the formula (25) is valid
only in order of magnitude. Near resonance, at
very small

b0 ~ Sz = @2Q¢ / 0 T Q<< by

the absorption coefficient I' = |Im kx| [Eq. (23)]
increases sharply:

T = Qqc'™ (,(,)0 / Qo) 3/’/scmc,

and the characteristic damping length for the
sound 1/T" becomes ~A. Thus the resonant
scattering of long waves with frequencies lying
in the range 0w, is so large that the sound width
| 2 —w| = 6w, is not propagated in the crystal.
It follows from the inequality (22) that the re-
gion of frequencies for which anomalous sound
absorption takes place is actually much greater
than 6w,. The latter statement follows from the
fact that the expression under the radical in the
first of the formulas (24) is negative in the range
of frequencies [y, ©;], where Q} = Q3 + cw?,
Q3 2 Q4. For these frequencies, Re AMw) = 0,
which determines also the impossibility of prop-
agation in a crystal with heavy impurities of sound
waves with wavelength A2 I = ac™¥? and a fre-
quency belonging to the interval given above.*
(We note that according to (22) and (21a), in an
ideal crystal the frequencies w < €4 correspond
to wavelengths A > 1.) For w > Q4, the quantity
A(w) again becomes real, whence A(w) — =,
when (w— ;) — +0, that is, the lattice vibra-
tions with frequency €4 are very close to optical.

4)A similar situation must take place also for heavy inter-
stitial impurities. The quasilocal states in the interstitial
impurities were considered by Kosevich, [¢] however in view
of an error in[®] the strong heavy-mass effect pointed out
above was not observed there. The forbidden range of frequen-
cies in this work is obtained as the direct consequence of
scattering and is a narrow range of frequencies
Ao ~ ¢Qy <K dw, located close to ).
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The character of the impurity distribution does
not have a significant effect on the qualitative fea-
tures of the propagation of long waves (A > 1).
Therefore, the mechanism of the appearance of
the forbidden band { €y, ©;] is most simply studied
in the example of a crystal with heavy impurities,
which form an ordered ‘‘superstructure’’ whose
symmetry is identical with the symmetry of the
host lattice. In such a completely ordered crystal
there are Ny=[1/c] > 1 “‘basic’’ atoms and one
heavy impurity atom in a single unit cell, whose
colume is equal to Aj/c > A,.

With the aim of simplifying the calculations, we
shall assume that the impurity differs from the
atom of the host lattice only in mass. Writing an
integral equation in the u-representation analogous
to (5), we find

my
ur, = ?wz Z,F(ri —rj, ©?) Ur
J

eikr (26
2) — R
F(r, 0?) §m2(k)~m2’ )
m;/m > 1. Here up; is the displacement of an
atom in the r; site of the ‘‘superlattice,’’ and
summation is carried out over all sites. Noting
that the stationary states of the ordered lattice

are plane waves uyp; = el®Ti e find from Eq. (26)

the equation for the determination of the spectrum
of plane waves:
Z 1
b0 ©F (K4 bpy) — 0’
(27)
where the vector k lies inside the elementary cell
of the reciprocal ‘‘superlattice’’ (the volume of the
elementary cell is equal to ¢/A; « 1/4;), b are
the vectors of the sites of the reciprocal ‘‘super-
lattice,’”” summation in (27) extends over all the
sites by, = 0 situated inside the ‘‘ordinary’’ ele-
mentary lattice, corresponding to the ideal crystal.
(The number of such sites is equal to Ny, » 1.) For
w < w(1/1) and k <« 1/1, one can replace the sum
over by, by the corresponding integral and Eq. (27)
in first approximation in ¢ takes on the following
form:

1=c¢

my o 1 my
— 0 e——— 4 c— 0
m mz(k)—m2+ m

1_E(DZFO_c(mi/m)co2 P Ao S dk
m

(k) —?’ (k)

(2m)?® (28)

(Integration in F, is carried out over the volume
1/4,.)

Equation (28) is identical with the dispersion
equation (13) in all ranges of frequency w << w(1/1)
for |w— Q)| > 6w,, when one can neglect
Im ®(ky, w) in comparison with Re & (k,, w). It
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is not difficult to establish the correctness of the
last statement by noting that in the case in which
the impurity atom is an isotope, the scattering
amplitude is determined by the formula

dk
0?(k) — @% —iy

® (ko, m)=%m2[1—%mzs

]_i. 29)

As analysis of (27) and (28) shows, the region
of frequencies [, ;] for the ordered location of
impurities is forbidden for all wavelengths A R I,
that is, in the integral [Qy, €;] the spectral density
v(w) = 0. The quantity AQ = Q- Q; represents
a gap separating the two branches of vibration of
the ordered crystal. One of these branches deter-
mines the acoustic vibrations of the lattice as
w— 0 (9, is approximately the end-point fre-
quency of this branch). The other branch, which
begins with w = Qy, is the first optical branch.

A disordered distribution of impurities leads
to the result that the band of frequencies [ &g, 2]
is no longer forbidden; however, the density of
states inside this region is very low. To calculate
the function v(w) in the interval [, 2], we
make use of the well known formula: L[]

v (, c) :n—zixfdm Sp Gy, G = (0*— H —i0)™,

Sp G = 2 <G (0)) = 21 <Gax (). (29a)
n k

Here N is the number of sites in the crystal, Gy,

and Ggi are the matrix elements of the operator

G in the coordinate and k-representations, re-

spectively, (...) denotes averaging over the dif-

ferent configurations of the impurities.

Noting that Gy, is a Green’s function of Eq. (1),
and taking into account (12a), (13), and the relation
(29a) in first approximation in ¢, one can obtain
the following equality:

(Grr(0)) = [0?(k) — 0 + D (0?)],
where &(w) is determined by Eq. (29). Substituting
(30) in (29a), we find

Aoc Im D ()
(2n)%m

1 c (rm >2( o Y
op? (Ac—1)"\m op
A = 02 [(Q0* — ©?). (31)
Formula (31) is valid for frequencies lying inside
the interval [, ;] sufficiently far from its ends;
for these frequencies, the denominator of the inte-
grand vanishes nowhere. It follows from Eq. (31)

that v(w,c) < vy (w) (vy(w) is the spectral den-
sity of the ideal lattice, and the dependence of

(30)

S dk
[0?(k) — 0+ cRe @ (w) P

v(w, c)=
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v(w,c) on concentration has a nonlinear charac-
ter.

In the case in which the ‘‘weak’’ mass effect
takes place:

cLm/my (co2<€ Qe?), but (R / m)2 e,

the analysis carried about above for very heavy
masses remains valid; in particular, as follows
from (32), the interval of forbidden frequencies,
AQ > 6w,. However, now AQ ~ cwy/f, that is,
AQ is much less than the quantity €;,. For w
lying to the left of ,, at distances 6w > dw,, the
renormalized wavelength and the absorption coeffi-
cient I' are determined as before by the formulas
(23a), but in view of the inequality (32), the renor-
malized sound velocity differs from the bare value
by a small correction:

Sxx = Sxx(i — 1/26(1)12/ Q02) .

(32)

For very low concentrations, when

¢ << (Q0/ w0)?,

the quantity c®(w) in the dispersion equation (13)
is always much less than «? and the anomalously
strong sound absorption is absent in all regions of
frequencies. The absorption coefficient in this case
is equal to

0 c(@o)*(e/)?

I'= Sxx -(9_02‘; (’)2)2 + 0)24(03/(90)6 '
It follows from Eq. (33) that the sound absorption
curve for w close to £, has a Lorentzian char-
acter.

If quasilocal states appear for impurity atoms
weakly bound with the atoms of the basic lattice,
then, with account of the relation (21b), one can
note that the condition cw} < Q3 is always satis-
fied. Absorption of ultrasound in this case has the
same character as in the case of the ‘‘weak’’ mass
effect.

In concluding the present section, we note that
the new quasilocal states with resonant frequency
Q* can arise in pairs close to the impurity loca-

(33)
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tions (the distance between impurities is of the
order a < Z)E“]. Such pairs can be considered
as new impurity centers, the concentration of
which is equal to c?. Account of such pairs and
the dispersion necessary in the narrow range of
frequencies close to Q*:

0?%(k) — 02 4 c® (0) + c2Dz(v) = 0,

where ®(w) is the scattering amplitude for a
single impurity, ®,(w) is the scattering ampli-
tude for a pair having a resonant character near
Q*. The resonant character of the scattering by
the pair can be reduced to c®(Q*) « c2®,(Q*); here
the absorption coefficient is proportional to c?.
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