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Temperature Green’s functions that are correct in the small-density limit, expressed in terms
of many-particle scattering amplitudes, are found for a system of Fermi particles that can form
pair bound states in vacuum. It is shown that the system behaves as a Bose gas whose particles
(bound states) form a condensate at low temperatures.

l. THE purpose of this investigation was to obtain,
within the limit of low densities, an exact solution
of the following model problem of many-particle
theory:

We consider a system of Fermi particles that
interact via a short-range pair potential. It is as-
sumed that a particle pair with opposite spins has
one bound s-state (in vacuum). In order for the
density of such a system to be low, it is necessary,
as will be shown later, to assume that the chemi-
cal potential is negative. In this case there is no
Fermi sphere (the radius kp of which is usually
defined by the equation k%F/ 2m = A).

These singularities distinguish such a system
from the model of Fermi gas of repelling particles,
investigated in detail by Galitskii t by quantum
field theory methods, as well as from different
superconductivity models,“] where the principal
role is played by attraction between particles near
the Fermi surface. It is natural to expect the
Fermi system under consideration to behave like a
Bose gas of molecules—bound states, and, especi-
ally at sufficiently low temperature, the bound
pairs may form a Bose condensate.

The calculations presented below confirm these
assumptions. In Sec. 2 we present a preliminary
calculation for T =0, using a well known varia-
tional principle[?‘] based on the Bogolyubov trans-
formation. In Sec. 3 we calculate for T =0 ex-
pressions for the single-particle Green’s functions
(normal and anomalous); these expressions are
accurate within the limit of low densities. The
answer is expressed in terms of functions describ-
ing the scattering of 2, 3, and 4 particles in vacu-
um. In Sec. 4, finally, we obtain the Green’s func-
tions for the region of temperatures that are com-
parable with the phase-transition temperature.

2. The Hamiltonian of the system is v

H = H—\N =) (B—\)crcxs

k, s
. + +
+ v 2 kaktck1+ckz—ck3—ck4+
k+ko=k+k,
— + +
+ (4V) ! 2 (Wklkc - Wklka) Ck;sCk,5Ck 35Ckas-
s, kitko=Kka+ky

(2.1)
Here s = * is the spin index, and Uy and Wy are
the short-range potentials of interaction between
particles with opposite and identical spins. We as-
sume that the potential Uy has one bound s-state in
vacuum, that is, there exists a normalized solution
of the Schrodinger equation

(2k2 - EO)‘PK + V_‘ 2 Ukkl(Pkl == 0’
ki

VS g = 1.
k

(2.2)
(2.2a)

In (2.2), E; (Ej <0) is the bound-state energy and
¢k is a spherically-symmetrical eigenfunction
with the normalization indicated in (2.2a). We also
assume that the Schrodinger equation with potential
W) does not have any eigenfunctions (antisymmet-
rical because of the statistics requirement).

The question arises: What should be the chemi-
cal potential A in order for the density p to be
small, that is, for the interaction radius r; to be
small compared with the mean distance between
particles p'l/3 ? An answer to this question is ob-
tained with the aid of a variational calculation'?!

DWe use a system of units with#i = k = 2m = 1, where i
and k are Planck’s and Boltzmann’s constants and m is the
particle mass.
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based on the well known Bogolyubov transforma-
tion

u® + v =

Let us consider the mean value (H' )= 2, of
the operator H’ over the vacuum for the opera-
tors bikg. The requirement that @, be extremal
with respect to the parameters uyp and vk of the
transformation (2.3) leads, as is well known,[” to
the equation

Cks = Uxbys + svxbT_y—s, (2.3)

Zukvk |Vlk2 —A +(2V)_1 2 (WO - Wkkl)vklz]

ky

+ (us2 — v32) VO Uy g0k, = 20,05 Fy
k;

+(uk2— UkZ)Gk= 0. (2'4)

This equation reduces in first approximation (as-
suming that |vi|< 1) to the Schrddinger equation
for the function uyvy, so that

ugy ~ Cofpk, 20 &~ Eg < 0. (2'5)

We now rewrite (2.4) in the form

(2k2 — Eo) uyvx + V-1 D) Usac Vi, = (H — Eo) uyx
kl

= (2A — Eo) uxvx — ux vk V“Z (Wo— Wiy,) Uk2
ky

+ ‘ZUKZV—‘ ZlUkk‘uk,Uk,.
ky

(2.6)

We first replace vy = ugvi in (2.6) by its first ap-
proximation Cy¢k. Multiplying (2.6) by ¢i and
summing over k, we obtain an equation for the de-
termination of Cy:
0 = (20 — E¢) Co— Ce*V=2 D) (Wo— Wi,) 9’2

Kk,

+2C*V2 D) 13Uk, P,y

kk;

(2.7)

which has, besides the solution Cy = 0, also the
nontrivial solution

Co* = apAA = (A — E,/2) [V—i >\ (2K — Eo) @it
k

-1
+@7) S (Wo— W won? |

kk,

(2.8)

where on going from (2.7) to (2.8) the potential
Ukk, is eliminated with the aid of the Schrodinger
equation for ¢y.

The formulas for the density and for the pres-
sure

p= 2V Zlvkz = 2C()2V"i 2 (sz = 2002 = 2aoA7\4,
k k

A
p=—/V={ pdr=a(an),

Eo/2

(2.9)
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show that the stability condition (py; * 0) requires
that a; be positive, and a nontrivial solution ex-
ists only when AA > 0. This solution describes a
state of the system, in which the macroseopic
number of bound pairs with zero momentum forms
a Bose condensate.

The low-density requirement (ry <p -1/ 3) leads
to the inequality

|AL [ Ep| = 02 <& 1 (2.10)

by virtue of (2.9) and to the relations ry~ |Eq|™1/2
and aj ~ lEoll/z.

The condition (2.10) is necessary also for good
convergence of the successive approximations
when solving (2.6). Thus, the chemical potential A,
as already noted, should be negative (but larger
than E;/2 if a nontrivial solution exists). The pa-
rameter 6 defined in (2.10) will be the parameter
with respect to which the expansion is carried out
in the perturbation theory developed . slow.

3. An exact solution can be obtained in low-
density limit by considering the temperature
Green’s functions and using diagram perturbation
theory[3] in their calculation. It must be taken
into account that, besides the normal Green’s
function (3.1), there can also appear the anoma-
lous function (3.1a).

Gk, 5,7 — 1) = —Texs(t) cxst (1) D,

Gi (k7 T — Ti) = — Texs (T) C—x—s (TL) >’

(3.1)

(3.1a)
where cpg(T) = eH'T ckse'H'T, and (...) denotes
averaging over the grand ensemble. The possi--
bility of appearance of anomalous functions is de-
duced from the result of the preliminary calcula-
tion in Sec. 2, where (nonvanishing) averages of
the type {cqC_k_g) actually did arise. As always,
it is more convenient to deal with the Fourier co-
efficients G(p) and Gy(p) of the functions (3.1) and
(3.1a) (p = (k,wp), wp = (2n + 1)7T). We present
the required expressions (3.2) for the functions
G(p) and Gy(p) in terms of irreducible self-energy
parts[“ satisfying the Dyson equations (Fig. 1):

G(p) = l[ion+ K —2r+ A(—p)1Z-(p),
Gi(p) = B(p)Z~*(p),
Z(p) = (ion + k2 — A+ A(—Dp))

X (ion — k2 + A — A(p)) — B2(p). (3.2)

In Fig. 1 each heavy line terminating in arrows
corresponds to a Green’s function (normal if the
arrows have the same direction and anomalous if
opposite). When there are no arrows in the dia-
grams it is understood that summation takes
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FIG. 1

place over all possible arrangements of the ar-
rows at the beginning and end of each line. The
vertices in the diagrams of Fig. 1 correspond to
the factors V-lUk1k4 and V-I(Wklk4 = Wkyks )s
while circles with four arrows correspond to ir-
reducible vertex parts.

Assume now {(and to the end of this section) that
T = 0. In this case we must replace iw, by E, and
the sum over the frequencies TZ must be under-
stood as the integral along the imaginary axis
(2ri)™! [ qE.

To estimate the order of the Green’s functions
let us consider the functions obtained by the vari-
ational method (if after substituting (2.3) and re-
ducing to the normal form with respect to opera-
tors big and bﬂs we retain in H’ only the quad-
ratic form in the operators b and b*)

G (p) = (ion + Fx) [ (i0n)? — ex?] !
= ux?(iv, — &x) ! + 2 (ion + &),

Gyoy(p) = Gx[ (ion)? — &?]~t = mvk|[ (fon — k)

— (lon +ex)t], &= F24 G2 (3.3)
Assuming that the complete Green’s functions
are of the same order of magnitude as the func-
tions (3.3), we arrive at the conclusion that the
anomalous functions Gy(p) introduce a smallness
order 6 (since ugvyg ~ 6), and closed loops made
up of normal lines introduce a smallness of the
order 62%. The latter is the result of the fact that,
when integrating over the energy in the closed
loop, the contribution of the principal term in the
product of the Green’s functions, that is, II [u2i
X (Ej — ei)"1] vanishes, since all the poleslof this
expression are located on one side of the imagi-
nary axis, and the contribution of the remaining
terms contains at least one function v¥~ 6% It is
clear from these estimates that A(p) ~ 6* and
B(p) ~ 6, the main contribution to B(p) coming
from diagram by of Fig. 1, while the remaining
diagrams have an order 03. Therefore the ap-
proximate equation for B(p) is

B(p) = by(k) = TV~ Y, Uxx,G1(p1)

kin,

~ TV 2 Ukx,bi (ki) [ (ion,)2 — (k2 — 1) 2]

k;,

= V-1 D) Usic, b1 (ki) (2k2 — 24) 1,

k,

(3.4)

and its solution and the anomalous function Gy(p)
are expressed in first approximation in terms of
the eigenfunction of the bound state

A Eo[2, bi(k) & —C 2k — E)) g = —Cox,
Gi(p) = —CouZo'(p) = —Coy [ (i) — (k> — E, [ 2)2]-1.
(3.5)

Expression (2.9) for the density and for the
pressure remain in force if C; is replaced by the
constant C which enters in (3.5), and a; is re-
placed by the constant a defined below. In fact,
substituting the Green’s function on the imaginary
axis
GkE) = (E+ K —r+A(—p))Z(p)

~ (E—k+L—A(p)~t+ B (p)

X(E— R+ — A(p)E + K —

+A(—p) = (E—F+21—A(P))!

+ Cfqu2(E — k2 + Eo [ 2)2(E + k2 — Eo [ 2) !

into the formula for the density (€ — +0) we ob-
tain

p =2Vt Y (2mi)~ { G (k, E)dE
k

(3.6)

. By \~2
~ 202V X 2 (2rci)~1 (E — k24 -;-)
k

Eo -1
><(E+kz——2) dE =202V~ D g2 =2C% (3.7)
k

Since, as will be shown later, A(p) = A(k, E) has
in first approximation no singularities in the left
E half-plane, the first term in (3.6) makes no con-
tribution to the integral with respect to E.

Taking into account the foregoing remarks con-
cerning the estimate of the normal and anomalous
Green’s functions, we pick out the diagrams that
make the main contribution to A(p) and B(p)

(Fig. 2). For A(p) these will be all the diagrams
with one loop or two anomalous lines, and to cal-
culate B(p)—the addition to by(k)—it is necessary
to take into account all the diagrams with three
anomalous lines or one anomalous line and one
loop.

In Fig. 2 the circles with s incoming and s
outgoing arrows denote the functions ts(kj, Ej)

(s =2, 3, 4), which represent the contributions
from all the connected diagrams of the indicated
structure without the loops and anomalous ele-
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ments. In calculating these functions, the Green’s
functions represented by their internal lines can
be replaced by the zeroth-approximation functions
(E-K+M)1a (E-K +Ey/2) = Gylp).

The functions tg are the amplitudes for scat-
tering of s particles in vacuum, in terms of which
the self-energy parts of A(p) and B(p) are ex-
pressed in the low-density limit (see (3.8)). Two
types of functions t; are encountered: t,yj, de-
scribing the scattering of particles with opposite
spin and expressed in terms of a paired t-matrix
(see (4.1)) with potential Uy, and tyw- —antisym-
metrical combination of t matrices with potential
W for the case of particles with identical spin.
The function t; describes the scattering of three
particles, not all of which have identical spin, and
t4 the scattering of four particles of which two have
the same and two have opposite spins.

If we close the incoming and outgoing arrows of
the diagrams for tg by means of normal and anom-
alous lines, as was done in Fig. 2, then each anom-
alous function gives a factor C by virtue of (3.5),
and the normal one gives a factor C2. The reason
for the latter is that in the expansion (3.6) the first
term, assuming that A(k, E) has no singularities
in the left E half-plane, makes no contribution
when the contour is closed in the left half-plane,
while the second contains just C2.

As a result we obtain for A(p) and B(p) = B(p)
—by(k) the expressions

A(p)=Cha(p)=—C* [TV"‘ N (tav (Ps Pi; Py PY)
y 41
+ taw_(Ps D1 Py P1)) Go® (Py) Go (— P1) @ 2

+ T2 D) t3(p, Pr» — P1; Py P2y — P2)

P1, P2

X H GO (pg) GO (— p,) Flski:|1
i=1
B(p)=C%(p)=—C [TV X (Itw (pr, Ps P, PO
D1y P2
3
+ | taw_ (Py, P25 Py Ps) 12) H Go (Pi) Go(— Pi) ’(kai
i=1

+ 2T ) t3 (P, Pas — P2i Prs Py — P) Go*(P1)

P1; P2

X Gy (— P1)Go(P2) Go(— p2) 9,20, 2 + (T2 1 2V7)
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X 2 td(ph"'plv Pz,—pzi Pa—Pm P,—P)

D1, P2y Ps

3
x 1 Go(2) Go(—P) By, - (3.8)

i=1
The first approximation (3.8) for A(k, E), as can
be readily verified, has indeed no singularities in
the left E half-plane, as assumed above.
To determine C we write out the equation

bi (k) = TV 3\ Usix (bs (ka) + €0 (p1) ) 274 (p1), (8.9)

»n
and add to its both sides the same term, in the
form

bi(k) + V1 D Usae, (2K — Eo) = by (k1)

k,

=TV 2 Usx, b1 (ka)[Z* (p1) — Zo~*(p1)]

b4
+ C3 TV Uy, (p1) 2~ (ps).
P

We replace by(ks) on the right side of (3.10) by its
first approximation, multiply by ¢}, and sum over
k, after which the left side vanishes. Recognizing
that

Z-(p1) — Zo~ (p1) = Coou,2Zo2(py)
+ (A(p) — AN Zi 4 (p1) Go(ps) — (A(—p1) — AL)
X Zy(p1) Go(—p1), (3.11)

we obtain an equation for the determination of C:

c[—2@n TV 292, (p) Go (p)
¥4

(3.10)

e (v TR () + 20V N9 () 27 ()
% Gy (p) — TV‘lzp} 30 (0) Z5 ()] = 0. (3.12)
Using the equalities

rv= }p] 0201 (P) Go (P) =1,

TVt N GZ2p) =V D @R — Eg) 9 b, (3.13)
P k

we write the nontrivial solution (3.12) in the form
C*=aAd = Ad [V_l D) (2k* — Eg) g, 8
k
+ TV 29,2 (p) 27 () Go ()
P
I g\~ -1
— A% @z )] (3.14)
P

We note that the first terms in the expression (2.8)
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for a; 1, obtained by the variational method, coin-
cide with those in (3.14) for a1,

In the Appendix we obtain a different formula
for a~t:

a! = CAHT AHATH 1A+ Y = {BHy 'B*,,
A=Vh 2$k@+c.k'_, B = AH, 1A,
k

Hy = H — (E, | 2)N. (3.15)

Here (...), denotes the average over the vacuum
|0) (cks|0) =0). From (3.15), as shown in the Ap-
pendix, it follows that alis positive if there are
no three- or four-particle bound states.

4. We now consider the system at temperatures
of the order of the temperature of the phase transi-
tion connected with the vanishing of the condensate.
In this region, in addition to the condition for the
applicability of the gas approximation pl/ S« 1, we
should have p~ T3/2, that is, the thermal length
is of the order of the mean distance between par-
ticles.

When T #0 the integrals with respect to E are
replaced by integrals around the imaginary axis
with weight (eBE + 1)™! = np(E). Temperature
corrections are due essentially to functions having
singularities near the imaginary axis at Re E ~ T.
Such a function is ty(j, which in first approxima-
tion is equal to the t-matrix

(k=k+k =k +k, E=E+E,=E;4E,),
defined by the equation

t (ky, key 2) = Uk, — V1 D) Ugyxo (252 — 2) 7 £ (ks, ko z).
ko (4.1)

Since t(k;, ky; z) has a pole at z = E; (with resi-
due 51{1 (zkz), toy has a pole at E = k%2; this pole
makes a contribution to the temperature correc-
tions at k ~ T2, 1t is clear from the foregoing
that when T # 0 it is necessary to add diagrams
(Fig. 3) which make a contribution from the poles
of tyy near the imaginary axis, and find the tem-
perature corrections to the diagrams which have
already been taken into account for T = 0. The
corrections to the diagrams aj and bj for the
self-energy parts will be denoted by 6a; and 0b;
(and the new diagrams of Fig. 3 by Aa; and Ab;).

LN (¥
VBT 4 (GO + (0

FIG. 3
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For example, a contribution to 8a, is made by the
pole of the function tyy;, and also by the fact that
the residue of G(k, E) in the left E half-plane dif-
fers from the residue at T =0 by a certain factor
(which we denote by (1 + @)).

The expressions for Aa;, Abj, 6a;, and Ob;
are given by the formulas

day = aay — DPgy2Go(—p), Aag = (D[ C)2as,
Aby = 2(D | C)%by, 6bs = (a4 (D/C)2)bs

— (D?/ C) k[ (a2(p) + 25(p)) Go(p)
+ (a2(—p) + as(—p))Go(—p)], Abi = 2(D[C)3by,

D2 = V-1 ) [exp(Bh2/2) — 17t = (2n) 5 (3/2) T (4.2)
k

The expression for the residue of the function G(p)
with corrections (4.2) differs from the correspond-
ing expression at T =0 by a factor (1 + (D/C)%,
so that o = (D/C)%.

When determining C from (3.9)—(3.12), the role
of the temperature corrections reduces, as can be
readily shown, to a replacement of c? by
C%(1 + 2a) = C? + 2D? in the left side of (3.14). As
a result we obtain for the density py = 2C? of the
condensate and for the total density p, which dif-
fers from 2C* by a factor (1 + a), the expressions

po = 2C% = 2(aAh — 2(2x) ~*1L(32) T7) = 2aA,

0 =2C2(1 4 a) = 2(aAh — (2m) =55 (3}s) T). (4.3)

It is clear from (4.3) that the condensate exists
when A >0, and the equation A =0 gives the line
of the phase transition in the (A, T) plane.

In the absence of condensate (A < 0) we obtain
for the self-energy part of A(p) (B(p) = 0) and for
the density p the expressions

A(p) = D*(a(p) — ex*Go(—P)),
p = 2D? = 2(2m) =4 (3f2) T,

(4.4)

where a(p) is defined in (3.8).

The results show that the Fermi system under
consideration actually behaves like a Bose gas
whose particles (bound states) form a condensate
at sufficiently low temperatures. The thermody-
namic functions (in particular, expressions (4.3)
and (4.4) for the density) and the equation of the
phase-transition curve coincide with the corre-
sponding function of a Bose gas,[ 5) and the quan-
tity (3.5) then plays the role of the parameter t,
(t-matrix at zero energy), describing the collision
of two Bose particles.

The author is grateful to L. D. Faddeev for val-
uable advice and continuous interest in the work.
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APPENDIX

To prove (3.15) let us consider the vacuum
mean of the four operators Af(tj) = exp (iHyt;)
X A exp (—iHgt;)

G(t;) =4 H(—)XTAR) A (L) AT () AT (8) 0. (A1)

We can obtain a diagram expansion for this func-
tion by setting in correspondence to the lines in
vertices of the two types the usual expressions for
Gy (p), V'1Uk1k and v“(wkik .~ Wik,), with

p = k, E), and Aby setting in correspondence to the
operators A*(A) the vertices with two outgoing
(incoming) lines. If in G(tj) we confine ourselves
to the contribution of the connected diagrams (we
denoted by Gg(tj)), then we obtain for the quantity

3
g={G [Taw—u (A.2)

the diagrams of Fig. 4.

FIG. 4

Comparing with expression (3.14) for a™! (in
which we must substitute a(p) and b(p) from (3.8)),
we verify that al= g. On the other hand, a con-
tribution to g is made only by the integral over
the region (ty, t;> t3, ty) (or the integral over
(ty > ty >ty > ty) multiplied by 4). Integrating, we
obtain the required result
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o 3
a—l = g = (_i)S g H d(ti —_ ti+1)
0 i=t
X giHot14 giHoli—t) 4 giHo(ts—t2) 4 +eiHoltits) 4 +o—iHots )
={AH JAHA+H— A+, (A.3)

The vector B*)) = A'Hy'A*)) in (A.3) is a four-
particle vector, since A" produces a pair of parti-
cles, and H, conserves the number of particles.
The central operator H(_)l in Eq. (A.3) acts on the
four-particle sector, where H; is equal to

H - (Ey/2)N = H — 2E,. If there are no three or
four-particle bound states, then the spectrum of H
begins from 2E; (double the energy of the two-
particle state), and therefore H,, together with
Ho'l, is positive definite, and the expression for a~
in the right side of (A.3) is positive.
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