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A static nonlinear differential equation for the characteristic parameter (gap) A in a super-
fluid Fermi gas at finite temperature is derived by taking into account the motion of the
normal component and the presence of a magnetic field. The behavior of the gap A(r) at
large distances from the vortex line is determined for arbitrary temperatures.

IN an earlier paper by the author and Pitaev-

skii (1] , a nonlinear differential equation was ob-
tained for the characteristic parameter A in a
superfluid Fermi gas at absolute zero temperature.
It was assumed that A varies little in space and in
time. The purpose of the present paper is to ob-
tain a similar equation for finite temperatures.

We shall consider here only the static case, when
A does not depend on the time.

Such an equation was obtained for temperatures
close to the transition temperature (the Ginzburg-
Landau equation) from the microscopic theory first
by Gor *kovl?), and in the general case by Tewort 3]
and Werthamer 4. All these authors have assumed,
however, that the nominal part of the liquid is at
rest. Yet the form of the equations for the case
when v * 0 is of considerable interest in connec-
tion with the question of the Galilean invariance of
the equations. As seen from [1], this question is
very important for a description of the properties
of the system. In particular, without introducing
V,» We cannot ascertain whether the change of A is
connected with the motion of the superfluid part
relative to the normal part or relative to the lat-
tice. We note also that there are discrepancies
between the results of Tewort and Werthamer, so
that the question remains unclear even when v, = 0.

The method which we use is an extension of the
method of the earliest papers (1] o finite tempera-
tures. The most essential difference consists in
the fact that now, in addition to the superfluid veloc-
ity vg, there is a velocity vy of the normal com-
ponent. In order to take v, into account, it is
necessary to add in the Hamiltonian of the system
a term —p - vy, where p is the operator of the total
momentum of the system[5:6J,

It is obvious that in the static case the equation

for A* can be obtained by minimization with res-
pect to A of the thermodynamic potential & ex-
pressed in terms of A and its derivatives with
respect to the coordinates. The expansion of £ with
respect to v and the derivatives of A, accurate to
second-order terms, has in the general case the
form

o= @A +Pa(|al)+a(aP)(Ve)?

+ (Vo')2] +ax(jA[2) (Vo) (Vo©)

+as(|A[») (Vo — Vo) } d°r. (1)

Here Q is the thermodynamic potential of the homo-
geneous system when v, =0, 1 = 2mvy and ¢ = 1n A,
while the coefficients are unknown functions of
A/T, which we determine from the microscopic
theory. As in[ﬂ, in writing out (1) we took account
of the fact that the potential € should be invariant

with respect to the transformation
A—Aei®, A" A’e—ic,

Therefore expression (1) contains derivatives of
In A only.

Equating to zero the functional derivative of
with respect to A at a constant velocity v,, we ob-
tain an expression for A*:

[Q + Pa/]|A]2 — 24, V29 — 0. V2" + af |A[2[ (V)2
— (Vg)2—2(Ve) (V') ] — a2’ |A|2(Vg*)?

— 2a5|A|21Vg" = 0. (2)

The primes denote here derivatives with respect to
|A|2. We put, just as in[13,
A(r) = [Ay + A, (r)] eir (3)

and assume that Zl < ZO. Going over now in the
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usual manner to Fourier components

A" (r) = { A" (k) e LI

(270)?

and substituting (3) in (2), we obtain after lineariza-
tion an equation for A:

{Q + Pay + ¢2[—2a/ + ar'] — 205" (1q) }Ao” = 0

and an equation for Ki(k):

d3k
A(r) = { A(k)erkr R

(5)

Aodi* (k) {Q + | Ao|2Q7 + Bas + |Ao]2a”’]
+ ag| Ao |22 + [—2ay + a2’ — 2a,” | Ao|? + a2” | Ao|?] ¢
+ [4a) — 2a2']kq + 2a5'1k + [—2a3" — 243" | Ao|2]1q}
+ Ao"Ar(K) {Q| Ao|? + 1| Ao|?as” — 2a1| Ao|-2K?
— [2]Ao|%a)” — |Ao|%a2""] g2 — 2| Ao|?as” (1)} = 0. (6)
The coefficients ﬁ, a4, ay, ... are determined from
a comparison of (5) and (6) with similar equations

obtained from the microscopic theory on the basis
of Gor’kov’s equations.

Gor’kov’s equations in the temperature approach,

in the presence of vy, are of the form

a V2
(———+ +pvn+u)G(x ')+ A(z) Ft(z, ')
=6($—$I),
(++5 )
7= T — PV +u) Fr(z, 2')— A*(2)G(z, ') =0, (7)

where 7 is the Matsubara ‘‘time’’ and X = (r, 7).
Eliminating from (7) the function G(x, x’), we obtain

[_%"iv"v+;€+ _IA‘(I)[ TV

+ ;—;—I— p,j'F*‘(x, )+ A(z)Fr(z,2') =8 (x — 2).

Making now the substitution
Ft(z,2') = F*(z,2') exp [—i(g. r + )],
we obtain

(V + iq/2)?

2m

—i(vn, V—I——ig—>+

1
A’ (z)
—iq/2)?

2m

+u] [ +z(vn, V—i—:>

(V -
+ ] P4 (@, #) + K@) Fr (2,2

= d(z— '), (8)

with

A*(z) = |g|F+(z, ).
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We put
Ft(z,2') = Fot (z — &) + Fit(z, )

and linearize (8) with respect to A¥ and F!. As a

result we obtain

([ v ) T ]2
+i( v, V———)+i%/2£+u]
+Rf it ) = {[ =2 =i v+ )
gt
iy v )+ (V_;:L/z)z +u)

—"Ai(x)}ﬁ'oﬂx—x'). (10)
F; (x — x') satisfies equation (8) with 30 in lieu of
A(x). We go over in (8) to the Fourier components
with respect to r, r’ and 7 — 7’. Equation (9) in
terms of Fourier components becomes

Km=lg| 2F (1),

n

(9"

where wp = (2n + 1)7T is the discrete frequency
which arises when F' is expanded in a Fourier
series in T — 7/, Expanding further in powers of
k, g, and 1 up to second-order terms, we get after
calculations similar to those given in{1] an equa-
tion for A% (k):

1 mpy ¢ 1 n\ 7~
[m—z—ﬁ _S 9% (5;—;’) 59

mpo{ 1 UF2k2[ 1 1
—_— - — 2f/ B I —
252 g Tl Ty 2-3 |Ao|?
Lo | |Ao]2pn” [ 2\ 10
+"4 o + 12 +gIA0|f
1 vF2q2[1 pn’ lelzpn”l
— 1/ & 11/ —— T LA L I,
+ 6 |40]*7 ]+ 3 4 p T 4 o |
_vrt(kq) pa 1 pa’ IAoI2 2

R —;[4 ]}Al (k)

mpo{ 1 zkz[ 1 1 |A0|2 on”
— = —|Ao]? —_
g I8l + = 1 A2 12 p

lel f//+|A°|I‘ f///]+vF2q2 IA°l2 p"” —
3 4 p
vr?l Aol? pn”  vRRl2 |Ao]? pn” \~ A
_Fql°lp ul |°Ip}A,(k)~.
3 2 p 3 4 p Ao

(11)
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Here p = mpj/3n? is the total density of the gas,

on ¢ on
—dp=—p g ng
v Og

2
—_ o
fn (2n)3Sp de

—0

is the density of the normal component;

1
eslT 1"
where n is the Fermi distribution function; p, is

the Fermi momentum. Comparing now (11) with
(5) we obtain equations for the coefficients @, aq,

= f%dg, n=

—o0

ay, .
1 mp, 1 n
e T ah),
|g|+ 2m2 S : 26 €
Ur* Pn vp? Pn
—2a, r— 7F s 7F
wWoka =gy W =g
o — VRt pn 2ay _UL[ 1 1 +Pn” E
YT 4 0 AP 3L 127 A2 4 3
+ {IA sz// __{_1 |A0l4f/l/]
6 ' 6 '
az — Upz [__1‘ 1 + p‘n,
leIZ 3 6 leIz 4p
AOI2 pn 2 7 1
+ g b g 1Mol [8ol] (12)

The equation for Zo yields nothing new compared
with (12). Substituting in the second equation of

(12) the expression for a; and a,, we obtain the con-
dition

(13)

1 pn //
% + 1+

It is easy to show that this condition is an identity.
We must stipulate that the form of the functional
Q can be established from the equation for A only
accurate to a factor which does not depend on A.
This factor was already chosen by us in (12) in
such a way as to make Q coincide with A-dependent
part of the thermodynamic potential of the Fermi

IAOIZ]U” =0

1)

Dindeed
P o on oot ¢ d/n
=2(—s=2(""de=—2(—(")cede.
! Seg Sedee Sae<e>§e
0 1A] 11

- |A1?1/€ld & we

_S%d§=__w[%___ 1A lzamp(n )]dg’

that is, p /p = -2| A|*f" Differentiating the obtained identity
with respect to | A |? twice, we obtain (13).

Taking now account of the fact that de = [(&?
obtain
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gas. Indeed, according to the first condition (12)

we can write
D E T

Charging in the last integral the order of integration
and taking into account the fact that d|A|? = 2ede,
we obtain

§=—{8d|A|Z[ | |

mpo
22

1
o=

5 =S|

mpo dg
T o § “2'3‘]

+——2TS In(1 + e-T) dgj

The last term in this formula coincides, as it
should, with the usual formula for the thermody-
namic potential of a gas of elementary excitations.
The coefficients a; and a, are determined from (11)
only accurate to a term that does not depend on A.
It can be determined by noting that as T — 0 we
have a3, a; — 0, for when p, — 0 the potential £

cannot depend on v,. As a result we obtain
- vp? _ vF? Pn
3 3 hp

P_n
4p°

The final expression for & assumes after cer-
tain transformations the form

Q § mpo UF { V * 2 *\ 9
525 9 \g5lt(Ve) (Vo) —(Ve)2—(Ve')]
A P e — o -
33 p[4(V(P 2imv,) (Vo' 4 2imvy,)
— (Vg — 2imv,)2 — (Vo' +2imvn)2]—i NE on’
83 0
< (Vo' + Vo) o 14

The nonlinear static equation for A is now?:

[l AO(T)

+1(A) = 1(8o(D)) | 1A

UFZ _1p
3 4

(V" + 2imv,)?

1 pn” 1 ps[ P |
Al .. SR [ v NS v2 )
3IAI p(V(p + Vo) +6p ¢ =, fp]

1 n
—E!APPT(VZCP*-FVZ(P)}- (15)

2)Equation (15) with v, = 0 does not coincide with the equa-
tion obtained in [7]. This, as already indicated in [!], is prob-
ably connected with the insufficient accuracy of the approxi-
mations made in [7].
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In (15) the quantity Ay(T) is the equilibrium value
of A for a given temperature in the spatially-
homogeneous case, in the absence of a velocity
difference v, — vg.

Equation (15) is, of course, valid only when A
varies little over distances of the order of
£, = VvEp/Ay(0). On the other hand, the velocity vy
should be considered in the equation as a constant.
Indeed, by definition v, should vary little over dis-
tances of the order of the mean free path of the
elementary excitations I. Yet in a superfluid
Fermi gas the inequality I > & is satisfied prac-
tically in the entire range of temperatures. (I is
comparable with & only when (T — T)/T¢
~ (Tc/u)s, that is, in the temperature region where
the usual theory of superconductivity ceases to be
valid because of the increase of the fluctuations at
the transition point (seels], page 308).)

Equation (15), as well as the initial equation (6),
has Galilean invariance, admitting the transforma-
tion group

A (l‘)—> A (l‘) e2im(vr)

with simultaneous substitution v, — v, — v.

Let us now consider on the basis of (15) the
asymptotic behavior of A at large distances from
the axis of a vortex filament. Substituting in (15)
the quantities A = |A|el¥ and v, = 0, and neglecting
the derivatives of |A|, we obtain

vr pn’ 1)
ps 1°

A(r)=A0<1—-—3— (16)
(we recall that (15) is valid only over distances
much larger than £4). As T — T, (16) goes over
into the formula obtained first by Abrikosov8]. As
already noted 1n[ ], when T — 0 terms of order
1/r? vanish, so that |A|? changes only in a higher
order.

The presence of an external magnetic field can
be taken into account in the usual manner, by
making in (14) the substitution

Vp— Vo — 2ieA, Vo* — Vo~ + 2ieA,

in accordance with the requirements of gauge in-
variance (here e is the charge of the gas particle).
As a result we obtain

_ 2 1
Q=Q+%E—~S{m[lx(V(p—ZieA)(V(p*—l—ZieA)
— (Vo — 21eA)? — (V" + 2ieA)?] — i?;—[ (Vo

— 2imv,, — 2ieA) (V¢" 4 2imv, 4 2ieA)
— (Vo — 2imv,, — 2ieA)2 — (Vg +- 2imv, + 2ieA)?]

(V<P+V<p")2}d3r.

1 pn’
—53 [A[2 > (14a)
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Then the equation for A for a transverse potential
gauge (div A = 0) will take the form

e[ -2 ) — o)) | 112

2
- U __1. Pn 2(Vo* + 2imv, + 2ieA)2 —
3 4
.1
(V" + Vo)t 2] vog = vag |
1 pn/
~——3—|A[2 ; (Vch'—{—Vz(p)}- (17)

Of course, we could arrive at the same result by
starting directly from Gor’kov’s equations with ac-
count of the magnetic field.

Varying now (14a) with respect to A, we can use
the well known formula

82 = — { joA®r

to obtain the current density j:

s 0 (Vo' — Vo 4 4ieA) —pn - himv,],  (18)
which when v, = 0 coincides, to an appropriate de-
gree of approximation, with the result of Suhl and
Stephen[ﬂ . In the spatially-homogeneous case,
when vp = 0 equation (18) coincides with the London
equation. Subtracting from (17) the complex-con-
jugate expression, we obtain the current conserva-
tion law

ji=

divj = 0.

Let us see now what form will be taken by the
equation for A at temperatures close to absolute
zero, and at temperatures close to critical. When
T < Tg, so that py < p, we have from (17)

mpo vFp?

2 — Vg*
]'Al 12a2 3 [

This equation coincides with the static part of the
equation obtained in{11. We see that when T = 0 in
our approximation the magnetic field does not enter
in the equation explicitly. However, the expression
for the current does change and consequently also
the connection between A and the superfluid veloc-
ity vg. In a magnetic field, a superfluid current
appears in the superconducting system. At finite
temperatures, the motion of the superfluid part
relative to the normal part leads to a change in A.
This explains the explicit presence of A in (17). At
absolute zero there is no such effect, since the mo-
tion of the superfluid part as a whole cannot change
A, and the magnetic field appears in the equations
only in the higher approximations.

[ 1 mpo 20
- n——
lgl  2n* " |A]

1~V2(p].
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At temperatures close to critical we obtain an
equation of the Ginzburg-Landau type. Indeed, for
| T — Tel < Te

_ 7%(3)

Pn_
=

(19)

where ¢ (x) is the Riemann ¢ -function. The left side
of (17) is equal to
T
Jale

7¢(3) T.—
Alz—
T,

R A
8n2T 2

2m2

Thus, (17) takes the form

6n2T2 [T—T,
{—[V + 2imv, + 2ieA]2+ 723 [ 7

783
— ] A2 } (r) = 0.

When v, = 0 it coincides exactly with the Ginzburg-
Landau equation.

In the absence of a magnetic field (18) goes over
into the equation obtained by Pitaevskil from
phenomenological considerations (101, Expression
(14) was obtained, from the nature of the deriva-
tion, for v, = const. It is natural, however, to as-
sume that it is valid also for variable vy, accurate
to first-order derivatives of v, with respect to the
coordinates. In this case terms containing div vy
appear in the equations. In the right side of (15)
and (17) there is added the expression

(20)

. vaz On

_LG

div vy,

and in the left side of (20) there appears a term

i p -
_— A* div vy,

Ps
These terms ensure the correct form of the con-
tinuity equation for variable vn. We note that there
is no such term in the equations in[10]

In the quasiclassical approximation

A = |A| exp {2i(mvs + €A, 1)},

913

and the thermodynamiec potential takes the form
Q = Q + Yopv@ — opn (Ve — V5)2.

The equation for A reduces to the form

mpo [1 Ao( )
2n2

and the current density has the usual appearance

+ 18— F(AalT) | =5 oa’ (ra — V)%

= ""(psvs + pnVa).

The method proposed here can be generalized
to the nonstationary case, to obtain time-dependent
equations. It is necessary, however, to carry out
here analytic continuation from discrete frequen-
cies to continuous ones.
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