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A new method is proposed for calculating the nonlinear polarizability tensor of crystals
eijl(kw', k’w’, k”w"”) which defines third-order nonlinear optical processes in the exciton spec-
tral range. The main difference between the present method and the previous methods is that
in the determination of the tensor €ijl real electromagnetic waves are employed in the medium
for the zero approximation states. As is well known, the properties of such waves (the disper-
sion law, polarization) differ significantly from those of the approximate models, such as Cou-
lomb excitons and transverse photons. A relation is established between the tensor €jj; and the
cubic anharmonicity coefficients in a normal wave system, and it is demonstrated that the ex-
pression for €jj; found in this paper goes over into that found by other authors if the refractive
indices of all the normal waves are assumed to be close to unity (or the tensor €;; is assumed
to be a unit tensor). The method which is presented can also be used for calculating the non-

linear polarizability tensor €jj;m, etc.
1. INTRODUCTION

IN investigating the propagation of long-wave
electromagnetic radiation in material media it is
usual to use the phenomenological Maxwell equa-
tions augmented by the so-called material equa-
tions. The latter are (for instance, in the case of
nonmagnetic media) understood to be relations
which connect the electrical induction vector D
and the electric field intensity vector E. Generally
speaking, these relations are both nonlocal and
nonlinear. The presence of nonlocality in these re-
lations leads to the necessity of taking into account
the so-called spatial dispersion of the dielectric
permittivity tensor (see, for example, [“). At the
same time the presence of a nonlinearity leads to
interaction of light waves in the crystal with each
other and gives rise to nonlinear optical effects
(see, for example, surveys [27%7),

The relation between the vectors D and E can
up to and including® terms quadratic in the field
be written in the form:

t
Di(r,ty= (ar §ar g —v, t—v)E;(v,¥)
11 t
+ §ar §arr S av Sarepe—rv,r—r7 e —v,1—1")

—00  —00

DOnly third-order nonlinear optical processes can be consid-
ered in this approximation. We confine ourselves to this case.
It is readily seen, however, that higher-order processes can be
considered in analogous fashion.

X E;(r',t') Ei(x”, t"). (1)

Here account has been taken of the causality prin-
ciple by virtue of which the induction at the instant
t is determined only by the field E(r,t) in the
past and present, i.e., at the times t’/, and t” < t.
In addition, it has been taken into account in (1) that
for spatially homogeneous media, whose proper-
ties are in addition unchangeable in time, the ker-
nels of the integral relation (1) depend only on the
differences r —r/, r—r”, t—t’, and t —t”.

If one goes over to the Fourier representation

D(r, t) = { dk { do D (K, o) eitkr-on,

E(r,t)= {dk { do E(k, o)eitron @)

relation (1) takes the form:?’

Di(k, 0) =ei;(0, k) Ej(k, o)+ ein(ko, K'o’, K"a")
X E;(k’, o)Ei(k”, ©")8(0 — 0’ — @”)
X 8(k — k' — k") do’do"”dk'dk"". (3)

Here eij(w, k) is the dielectric permittivity tensor
with account of spatial dispersion (see [”), where-
as €jj; is the nonlinear polarizability tensor. It is
readily seen that this tensor remains unchanged
when its arguments k’w’ and k”w” are inter-
changed with simultaneous replacement of the
subscripts j =1 (see also [6]).

2)If we retain in (1) along with terms quadratic in the field E
also cubic terms, then a term with the tensor €5jim will appear
in (3), etc.
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The explicit form of the tensors €ij and €1
can only be obtained in the framework of a micro-
scopic theory. In particular, the tensor eij(w,k)
can, if one is not interested in the long-wavelength
absorption edge (see [1,71y pe found in a calcula-
tion of the polarizability of the crystal in the
framework of perturbation theory in the approxi-
mation linear in the field E. If one chooses as the
perturbing field the entire macroscopic field
E(r,t), then one must use as the states of the un-
perturbed problem states whose wave functions
and energies are found without allowance for or in
the absence of the field indicated above.!!s % 9!

If, on the other hand, only the transverse part
of the macroscopic field appears as the perturbing
field, then one must use as the states of the zeroth
approximation the states of the Coulomb problem,
i.e., of the problem corresponding in the case of a
crystal to a complete account of the Coulomb in-
teraction of the charges. However, the tensor found
in this way €ilj(w, k) + eij(w, k) and is a nonanalytic
function of the wave vector k.t

In the available literature the nonlinear polariz-
ability tensor €jj; is calculated by means of a pro-
cedure which is a direct generalization of the
above procedure of calculating the tensors €ij (w, k)
(see [111y ang eilj(w, k) (see [12:131)  The perturba-
tion here is the same macroscopic field, and only
the polarizability is calculated more exactly—
exact up to and including second-order terms in
the perturbation.

Nonlinear optical effects in crystals can also be
considered without resorting to the use of the phe-
nomenological Maxwell equations and the tensor
€jji. Such an approach was presented for the exci-
ton region of the spectrum by Ovander.'*) 1t con-
sists in considering the total Hamiltonian of the
crystal (charges + electromagnetic field) exact up
to and including third-order terms in the Bose am-
plitudes of the excitons and photons, and the non-
linear effects appear in this approach because of
the presence of anharmonicity in the system under
consideration. If, on the other hand, one neglects
this anharmonicity, i.e., one omits the cubic terms,
then the Hamiltonian of the system (charge + field)
can be diagonalized exactly.

As it turns out,[” the corresponding long-
wavelength normal oscillations satisfy the linear
phenomenological Maxwell equations, i.e., they
represent normal electromagnetic waves in a me-
dium. Their properties (for example, the disper-
sion law) in the spectral region of interest to us
differ essentially both from the properties of the
excitons of the Coulomb problem and also from the
properties of waves in vacuum. This fact is not
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strange, because in the approximation quadratic in
the Bose operators a considerable part of the in-
teraction between the Coulomb subsystem and the
field of the transverse photons has already been
taken into account [this part of the interaction
leads to the circumstance that the tensor eij(w, k)
# 0jj]. The remaining part of this interaction giv-
ing rise to the anharmonicity terms leads to the
interaction of normal waves with each other, i.e.,
to the appearance of nonlinear optical effects.
Since the presence in relations (1) and (3) of terms
nonlinear in the field E leads to the same effects,
it is clear that there is a direct connection between
the tensors of the nonlinearity polarizability and
the anharmonicity coefficients, so that the tensor
€jji is determined by the cubic anharmonicity and
the tensor €jjim by the fourth-order anharmonic-
ity, etc.

In the papers mentioned above no account
was taken in calculating the nonlinear polarizability
tensor of the fact that the tensor €jj(w, k) — 613'
leads, generally speaking, to a considerable rear-
rangement of the spectrum of normal oscillations;
this rearrangement is particularly appreciable in
the neighborhood of intense exciton absorption
lines, and also outside absorption lines in crystals
with a large dielectric constant. Therefore the
method of calculation used in [11713] , Which corre-
sponds to the approximation of weak interaction
between radiation and matter, is entirely applica-
ble to gases, but for crystals it is generally speak-
ing very crude.

In connection with this we obtained in this paper
the nonlinear polarizability tensor €jj; for the ex-
citon region of the spectrum by another method. In
this method the interaction between the charged
particles of the crystal and the radiation field ex-
isting in the crystal is not assumed to be weak,
and the magnitude of the tensor of the nonlinear
effects turns out to be proportional to the corre-
sponding anharmonicity coefficients. An analogous
method of calculating the linear polarizability ten-
sor has already been employed previously in f141

[11-13]

2. GENERAL EXPRESSION FOR THE NON-
LINEAR POLARIZABILITY TENSOR

Dzyaloshinskii and Pitaevskii have shown' %]

(see also [161) that the dielectric permittivity ten-
sor €jj (w, k) can be expressed in terms of the cor-
responding Fourier component of the retarded
Green’s function

IL; (vt, ') = ——i<[fv?,~(r, t), Ej(r’, 10 —1¢), (@)

where E(r, t) is the electric field intensity opera-
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tor at the point r at the instant t, 4(t) =0 W{leAn
t <0 and 6(t) = 1 when t >0. The symbol ([AB])
denotes the statistical average of the commutator
of the two operators:

[AB] = AB — B4,
<[AB]> = Sp{exp[ (F—H) | kT][AB]},

where H is the total Hamiltonian of the system
(charges + field), F is the free energy of the sys-
tem, and T its temperature.

Generalizing, one can also obtain an analogous
formula for the nonlinear polarizability tensor
€iji.- Indeed, let us substitute relation (3) in Max-
well’s equations for the case of a nonmagnetic po-
larizable medium. We obtain then for plane waves
(the density of external charges is assumed to be
zero, since the density of external currents
jext # 0):

[k26” ik —28“(mk)] 2k, ©)

2
_ c_":‘ S Bijl(k(o, k,(l),, kl/mll) 'Ej (k', O)I)El(k”, ml/)

X d(k—k —k")8(v — o' — 0”)do’do”dk’'dk”
= ibnc20j e (k, ©). (5)
If we introduce the notation
Aii(k, @) = k28i; — kik; — c20%4; (0, k), (6)

then the solution of Eq. (5) for E(k, w) can be set
up in the form of an expansion of powers of
jeXtk, w) as follows:

E(k,0) =E®(k,0) + EA(k, o) + - )
B (k, @) =4nioc—Bm (k, @) jnt (k, 0), (®)

En®(k, 0) = — (4"“’) Amit (K, ©)

X S ajjljz(kmy k,().),, k”(,o”) (.0, ” Ajlll (k/ml)

XAzt (K, 0) 3 (K, 0) it (K7, 07) 8 (k— K — K”)
X8 (0@ — o — 0”)dk’dk"do’de”. )

Let us use a gauge with a zero scalar potential.
Then

E(k, 0) = iocA (k, 0), (10)

and Egs. (8) and (9) make it possible to find with-
out difficulty the parts of the vector potential lin-
ear and quadratic in jeXt. Employing (8), (9), and
(10), we find that the Fourier component of the
vector potential can, in analogy with (7), be ex-

pressed in the form of a sum
Ak, 0) = AN(k, 0) + A (k, o) + (11)

Here AV is proportional to the first power of

Sext (t) =

887
j®%t. On the other hand, the expression for A?’
is of the form
APk, 0)= 21% § Timn (ko, K", Kooy et (K ')
>< jnext (k”(,l)’l) G(k o k/ —_— k//) 6((0 —_ m, —_— (o,/)
X dk’dk"” dw’'dw”, (12)

Timn (kmv k'(z)', k"ﬁ)") = (43‘[/02) 30)(0’0)”Alp—i (kﬁ))
X Aqmm1 (k,ﬁ)’) At (k”co”) €pgqr (km, k'(t)', k"w"). (13)

The vector potential of the field in the medium
produced by extraneous currents and given by (11)
can also be found by another method. Namely, de-
noting the operators in the presence of external
fields with a superscript ext and retaining for the
operators in the absence of an external field the
notation without the superscript, we have

_&eﬂ (l', t) = Sext™ (?) AA'(r’ t) Sext (2),
A (r,t)= P (r) e—ilh

(14)
(15)

In (15) A is the total Hamiltonian of the crystal
which includes the radiation field in the absence of
external currents and charges, and A(r) is the
vector potential operator at the point r of the me-
dium in the Schrodinger representation.

In relation (14)

P ]
Sewt(t,— ) = Trexp{ = = § Ha ()}, (16)

Het (2) =——%Sj""’“ (v, t')A(r, t') dr, (17)
where Ty denotes the sign of the operator ordering
tr} Elme It is assumed that jeXt(r t— —0)— 0 (see
6
)-

The average value of the operator (14), under-
stood in the sense of statistical averaging, can be
expanded in a series of powers of a weak external
current jeXt and one can thus obtain independent
expressions for the Am, A(Z), etc., which appear
in relation (11).

In particular, the term of the expansion of
(A®Xt(r, t)) quadratic in the external current is of
the following form:

t

AP (x, 1) = 51 2Sahr dr”{s Sdt dt’ (A (r', )

t
X Ap(r, 0) du (e, )y Jol (6, €)1 (0, 07y — Y a
v -
>< dt” <
g

X An (', 8) Ai(r, 03 150 0, ) 1200 )]

In further calculations of the value of (18) one must
take into account that the functions of the form

(0, 8) A (2", t) An (2", ) 4 An(x",2")

(18)
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(xt, v't', vty = (A (x, 1) Am (v', ') A (2", ") (19)

(plmn

in the case of a homogeneous medium under con-
sideration depend under stationary external condi-
tions only on the difference of their arguments,
i.e.,

q)lmu (l‘t, r,t,’ rI/tll) = q)lmn (r - r/, l.‘/ — r//’ t — t/, t/ - tll),

so that their expansions in a Fourier series are
of the form
Qumn (72, XE, 1) = S Qimn (v, kovs)
X exp{iky(r — ¢} 4 iko (t —1¥”) — ivy (t — ¥')
— ivy (¢’ — t”) } dkydkedvidva. (20)
The functions ¢, are not gauge invariant.
However, since

03

—_— ,EEW(PIT"“ (I‘t, l"t,, l‘”t”) — ‘plmn (l‘t, rltl, l'”t”) ,

where
Pimn (rt, r't', r”t”) = <El (r, t) E'm (l", t')En (r", t”) >
= 'lplmn (l' _ l',, l" - l'”, ! — t” t, - t”)v

it follows that

(21

Yimn (K1vi, Kove) = ic™3vva (Vs — V1) Quma (Kivy, kova).
Consequently, in accordance with (20),

i S Pimn (kyvy, kove)

. VY ey =
Pumn (<8, X, ) Y wiva(vi — va)

x exp{iki(r — r') 4 iko (v — 2”) — vy (t — 1)

bl ivz(t' - t”) }dkjdkzd'vid'\’z. (22)

Utilizing this relation one can go over in (18) to
the Fourier representation and one can determine
Ak, w). At the same time one must take into
account that since the external currents jeXt(r, t)
— 0 for t — —w, the integrals over the time

t
S exp {iwt’} dt’

—c0

must be understood in the sense

t ¢
S exp{iot’}dt’ = S exp{iowt’ 4 8¢’} d¢’,

—oo —00

where 6 — +0.

Comparison of the expression for A(ZZ)(k, w),
which can be obtained on the basis of (18), with
(12) allows one, in view of the arbitrariness of the
function jeXt(r, t), to express the tensor
Timnl(wk, w’kK’, w”’k”) in terms of the Fourier

components of the Green function i1 - This com-
parison shows that the tensor?’

Timn (ko, K'0”, k”0”) = [amm (—K, k”; 0" + i8, —0” — i8)
+ Gnm (—K", K'; @” 4 i8, —0” — i8)]
+ [ammn (k, K7; —0 — i8, —@” — i8) + amm(k, k'; —0
— 8, —&’ —i8)] + [anm(—Kk", —k; 0” + i8, @ 4 i8)

-+ amnl(_k,7 "“k; o’ + i(sa o -+ 16) ]7 (23)
where, by definition,
Im)7
Aimn (ky k/; o, ml) = (ﬁzﬂ;)
S dvy dv Yimn (kvy, k/\’z), . (23a)
vive(va— V1) (Vi+ @) (v2+ ')

At the same time, in accordance with (13), the
tensor
con(ko, Ko/, K'0") = ( £ 2 (@) Ami () Ay (K70")
TC PN

[ODTONO)
XT prn (K, K 0, K" 60”).

(24)

Relation (24) in conjunction with relation (23)
makes it possible to express the tensor of nonlin-
ear effects in terms of Y7y n(kw, K'w’) and compo-
nents of the tensor eij(w,k) [see (6)]. However, a
calculation of all these quantities can be carried
out only within the framework of a specific model
of a crystal. Below we shall assume the tensor
€jj(w, k) to be known and we shall calculate only
the quantities P7mn(kw, kK'w’).

3. CALCULATION OF THE TENSOR ¢jj; FOR
THE EXCITON REGION OF THE SPECTRUM

In order to find the Green’s function (21), one
must know the explicit expression for the total
Hamiltonian of the crystal (electromagnetic field
+ charges), as well as the explicit expression for
the electric field intensity operator. The expres-
sion for the Hamiltonian of the crystal in the exci-
ton region of the spectrum with account of the ra-
diation field has been obtained in '4171. it can be
written in the following form:

B = H,+ A,

where
Hy= D) &p(k) &+ (k)& (K),
k, p
H= D {a(pipz0s; ki, ke, ki + ko) &, (Ky)
k,, ks, p1, P2, 03

3)Expression (23) satisfies the symmetry requirement Timn
(ko, k05 k"0) = T, onko, k kv ).
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X &p, (ka) Ep,t (kg 4 ko) =+ B (p1p2ps; ky, ke, kg + ko)
X &, (ki) &, (ko) &oo (—ks — k) 4+ h. c. }.

Here k is the wave vector, p the number of the
branch of the normal electromagnetic wave (the
real exciton) in the crystal, gp (k) is the energy of
the corresponding elementary excitation, and «
and B are the coefficients of cubic anharmonicity;
explicit expressions for these are given in L4l

The electric field intensity operator E(r,t) in
the medium can in the Heisenberg representation
be written in the following form:

E(r,1)= D {E(k, p)e™ & (k, 1)+ E* (k, p) e~ &5+ (k, 2)}.
k,
’ (26)

A method of calculating the quantities E(k,p) ap-
pearing in (26) is indicated in (141 Here we shall
merely note that each of these quantities, being
proportional to the amplitude of the normal elec-
tromagnetic wave with a wave vector k and fre-
quency w = nle (k) [see (25)], satisfies the linear
field equations [see also (6)]:
A‘ij ((1), k)EJ (k7 p)

= [k26ij — kikj — 0320_281'3' ((0, k) ]Ej (k, p) =0.

(25)

(27)

In accordance with the choice of the represen-
tation the operator ¢ p(k, t) is determined by the
relation

Eo(k, t) = exp(illt | h)Ey(k)exp(—iHt [ h).

If we take no account of the anharmonicity, i.e., if

we assume A = 0, then
& (k, 1) = exp[—iQ(p, k) £]%, (K), (28)
Q(p, k) =118, (k), (29)

so that the operator of the electric field intensity

E(r,t)=Eo(r,t) = X {E(k, p) & (k) exp{i[kr — Q(p, k) ]}

k, p
+ E*(k, p) &* (k) exp{—ifkr — Q(p, k) ]}

In this approximation the 7y, as well as the ten-
sor €jj; vanish. The vanishing of ¢;,, is con-
nected with the fact the averages of products of
any three operators belonging to the set £ p(k),
g;(k'), etc. vanish.

With allowance for anharmonicity

Yimn (l‘t, l'lt/, l‘”t”) — <El (l‘, t)Em)(l"', t/) Er. (l‘”, t”) S
= (8-1(t, —00)EP(r, ) S (t, ') En0 (v, £') S (¢, 1)
XEA',,"(I‘”, t")S(t", —o0) >,

(30)

(31)

where in the approximation linear with respect to
the anharmonicity (namely in the approximation in
which we shall carry out the calculations below)

889

.t A ;
S(t,to) = T exp{—-;; § fn(yar =1 — = Beyar,
to

to

(32)
The operator ﬁIII(t') appearing in (32) is de-
termined by the relation
H™ (t) = exp (it ) ) A" exp (— iHot /B),  (33)

Therefore, making use of (25), we find [see also
(28)] that

AUty = D) {a(pip20s; ki, ke, ki + ko) &, (Ky, £) &, (ka, 2)
ky, ko, p1
P2 03

X Eoot (ks + ko, £) + B (p1p2p3; ki, ke, —ki — ko) &, (ky, 2)
X Ep, (K2, 1) Ep, (—ky — ks, £) + h. c.}. (34)

Relations (30), (32), and (34) make it possible to
obtain the values of the quantities of interest to us
Yimnkw, kw, k”w”) by means of simple calcula-
tions. Here one must bear in mind that terms in
Al [see (25) and (34)] which contain coefficients
of the form a(pypyp3; Ky, 0, ky) or a(pypyps; O,
ky, ky) need not be taken into account, because they
are either proportional to the filling numbers of
the normal waves, or are linear in the Bose ampli-
tudes gp(k). Terms linear in §{,(k) can be included
in the zeroth-approximation Hamiltonian. On the
other hand, as regards terms proportional to the
filling numbers, they give in the calculation of the
quantities (¢ p1(k1’ t) & Pz(kz’ t’) ¢ pa(k"’ t”)) a negli-

gible contribution and will not be taken into ac-
count below, since in the region of the spectrum of
normal oscillations hw > kT. The same circum-
stance allows one to carry out the subsequent cal-
culations under the assumption that the tempera-
ture T = 0.9

If the values of the quantities ¢}, obtained by
the method indicated above are substituted in the
formula (23a), then we obtain

4
Qumn (K, k’; o, ﬁ)‘,) = 2 al(:l)n (k, K'; o, (‘),) ’
=t

(35)

where

a,(,i,zn-(k, k’; o, o)

— 12_“(1’_)2 S Ey(k, p1) Em (k" — K, p3) En (—K/, ps)
kR = Qe k) + Q (2, K — k) + Q(ps, — K)
B* (p1p2ps; k, k' — k, — k')
Q(p1, k) + Q(p2, k" — k)

4) Effects connected with the participation of phonons (for

example, Raman scattering) are not considered here for the
sake of simplicity.
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Q- (p1, k) Q7 (pz, k' — k)

(36a)
[0 + Q(ps, k) {o” + Q(ps, k) + Q(p2, K’ — k)]’
V2
a(lzrzm (k7 k,; 0, 0),) == _‘1%"< E—)

S E’ (—k,01)En’ (k — K, p2) En* (K, p3)
e Q(py, — k) + Q(p2, k — k) + Q(ps, k')
B (p1p2p3; —k, k — k', k')
Q(ps, k') + Q(p2, k — k)
Q-1 (ps, k') Q1 (ps, k — k')

X To T Q(pn k—K) + Q(ps, K) 1[0’ + Qo5 K)]
(36b)

, 4 V\2
alam),.(k,k;a),m’) =_7j£(,h_)

3 Ei(k, p1) Em (K — K, p2) E5" (K, p3)
opps 201, K)+ Q (2, K" — k) — Q(ps, k')
a” (p1p2ps; k, k" — k, k')
Q(ph k)[(y) + 9(911 k)]
y { Q7 (02, K — K)[Q(p1, k) + Q (p2, K’ — k) [

o’ + Q(piv k)+ Q(.OZ! k' — k)

Q7 (ps, K')[Q (o1, k) — Q (s, k’)]“}
o + Q(ps, k') ’

+ (36¢c)

V2

am(k, K5 0, o) = —%(—ﬂ
Z El(k1 pi)Em' (k - k’y pz)En"(k', 93)

Q(ps1, k) — Q(p2, k — k) — Q(p3, k')

10203
a(pspzpy; k', k — K, k)
Q (s, k/)[(‘), + Q(ps, kl)]

x{ 2 (p1, K)[Q (03, k') — 2 (p1, k) I
o + Q(py, k)

Q' (p2, k= K')[Q(p2, k — k') + Q(p5, K') |
Q] + Q(p31 k/) + Q(pzv k— k,)

Expressions (23), (24), (35), and (36) complete
the solution of the posed problem of the calculation
of the tensor of the nonlinear polarizability in the
exciton region of the spectrum. However, in order
to compare the results of this work with the results
of previous papers we shall continue the discussion
of the formula for €ij1 (kw, k'w’, k”w") obtained
above.

: } . (36d)

4, THE CASE OF LIMITINGLY WEAK EXCITON-
PHOTON INTERACTION. DISCUSSION OF
RESULTS

We note that the expression obtained above for
€jj; is general in the sense that it contains terms
responsible not only for the formation of a sum or
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difference light wave (with w = w; + w; and

w = wy — wy ), but also, for example, the phenom-
enon of such a two-photon absorption in which the
newly produced wave is again longitudinal. There-
fore, for comparison with previous calculations of
€jji (see [11-131) " sptained to describe third-order
effects in which all participating waves are light
waves, we omit below in the expression for aj,,,
terms in the sum over p;, py, and p3 in which
even a single one of the normal waves is longitu-
dinal.

Furthermore, before we go over in the expres-
sion for €ij1 to some approximations, we analyze
the question of how the interaction between the
charges and the radiation field enters into this ex-
pression. With this in mind, we introduce a formal
small parameter 6, to which the interaction opera-
tor of the light radiation with the charges of the
crystal is proportional. This parameter enters in
the expression for €jj; in two ways. First of all
the quantities @ and B are proportional to this
parameter. In addition, the tensor €jj(w, k) and
the energies gp(k) and the vectors E(k, p) depend
on this parameter. For 6 — 0 the quantities «
and B vanish, and 37 (w, k), é"p(k), and E(k, p)
remain finite [eij(w, k) goes over for 6 — 0 to
6ij, and é’p(k) and E(k, p) go over into the cor-
responding quantities for the Coulomb excitons and
transverse photons].

We shall show that the expression we obtained
for €jj; goes over for 6 — 0 in the lowest approx-
imation in 6 into an expression known in the liter-
ature (see, for example, “1'13]). Indeed (see [4]),
for 6 — 0 the quantities « turn out to be propor-
tional to 62, whereas the coefficients g are pro-
portional to 6% Therefore for 6 — 0 terms with
B can be omitted. Retaining terms with o, we let
6 — 0 in all other quantities. For the transverse
waves we then have the following relations:

Ai;(Q,K)Ej(k,p)  [(K— 0?/c?)di; — kikj;]E;j(k, p)
o + Q(p, k) o+ Q(p, k)

= —c2[o F Q(p, k)]E; (k, p). (37)

In addition, the transverse-wave spectrum it-
self also undergoes changes when 6 — 0. When ac-
count is taken of the retarded interaction (i.e., for
0 # 0) a whole set of states p, for which the am-
plitude of the electric field intensity E(k, p) con-
tains a nonzero transverse component, corre-
sponds to a given arbitrary value of the wave vec-
tor k. If, on the other hand, 6 — 0, then the en-
tire aggregate of normal waves splits into the
waves of the Coulomb problem [for which the vec-
tor E(k, w) is either longitudinal or vanishes] and
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transverse photons in vacuum. Since two states of
the transverse photons (with energy hkc and dif-
ferent polarization) correspond to a given Kk, only
two terms remain in formulas (36) in each sum
over p when 6 — 0.

For the purpose of further simplification we
will assume that the frequencies w, w’, and w”
appearing in (24) are not arbitrary, but are con-
nected with k, k’, and k” by the dispersion equa-
tion w = ck which is valid for transverse photons.
In this case the right-hand part of relation (37)
vanishes when the upper sign is taken and differs
from zero when the lower sign is taken. With these
approximations the tensor €jj; takes on the follow-
ing form:

&ijl (kﬁ), k'(y)', k”(l)”)

_ AmiN  (0]p|K) (| ps ki) O1pi kp)”
" Voo'o” e B (K)— ho")[E%Y (k) — ho] U

(38)

where N is the number of unit cells in the crystal,
V is its volume, (0|Bj|k’u;) etc., are the matrix
elements of the j-th projection of the electron mo-
mentum operator of the unit cell, and Cgoul(k) is
the energy of the Coulomb exciton. Comparing this
relation with (23) from 13! we see that they coin-
cide fully [for details about Eq. (38), see ti3ly,

In obtaining Eq. (38) use was made of the ex-
pressions for a(pqpgps3; Ky Kaks) cited by Ovan-
der;'4 we did, however, omit terms correspond-
ing to an account of anharmonicity in the Coulomb
subsystem. As has been shown in [“, these terms
are particularly important in the vicinity of reso-
nances (frequencies of the Coulomb excitons“]),
where the normal electromagnetic waves are to a
large extent mechanical.” However, this is not the
only circumstance which renders relations (38)
unsuitable near resonance. In this region of fre-
quencies the quantities a(pipyp3; kikyk3) ob-
tained in [4 by a consistent separation of anhar-
monicity terms have no singularities, since even
in finding the spectrum of elementary excitations
corresponding to the operator H; [see (25)] there
is no intersection of branches of exciton and trans-
verse photon frequencies because of the account of
the exciton-photon interaction. However, in order
to obtain (38) this effect too has to be ignored.

Thus the expressions for €jj; which were ob-
tained in [11-13] correspond to very crude approx-

5)As is shown in [?], Sec. 8, for frequencies close to the reso-

nance point the energy of the normal oscillations is a mixture of
comparable fractions of mechanical and radiation energy.
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imations. They are in particular unsuitable both
in the vicinity of exciton absorption bands and also
outside the absorption bands if the tensor €ij(w)
must not be replaced by 6ij- In this region of the
spectrum the normal waves differ appreciably both
from states of the Coulomb excitons and from
states of transverse photons in vacuum. This dif-
ference can be ignored in those cases when the in-
dex of refraction of all waves is close to unity
(n — 1 <1). The expressions for €jji obtained in
L1713 oorrespond precisely to this approximation
which is only valid in the case of gases.

In conclusion the authors express their grati-
tude to V. L. Ginzburg and L. P. Pitaevskil for a
discussion of the work.
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