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Stimulated emission and absorption of a relativistic electron in crossed electrostatic and mag-
netic fields are studied by quantum-mechanical methods. The case when emission is greater
than absorption is considered. An expression is deduced for the intensity of the stimulated

radiation.

INTEREST in the theory and practice of quantum-
mechanical generators and amplifiers whose work-
ing media are not atoms or molecules but electron
beams controlled by electric and magnetic fields
has increased recently.[17¢]

Indeed, an electron executing a finite motion in
electromagnetic fields should have discrete energy
levels. It is important to note that in all cases of
practical interest, such a ‘‘macroatom’’ is a qua-
siclassical system, whose energy levels are equi-
distant accurate to terms proportional to h. There-
fore when radiation of definite frequency interacts
with the external field, the electron can absorb a
quantum and go over to a higher energy level, or,
to the contrary, give up part of its energy and go
over to lower levels.

The really observable quantity is the total power
radiated (or absorbed) by the electron as a result
of the two processes. AR ] condition$ are produced,
by suitable choice of the correspon/ing field con-
figuration, whereby the probabilities of the transi-
tions to the lower levels are higher than the proba-
bilities of the transitions to the higher levels, then
emission prevails over absorption and the system
works like a maser or a laser.

In this paper we examine the radiation of a rel-
ativistic electron in light of quantum theory, and
show that in the fields used in the analysis of the
operation of the mag’netron[sl the electron is capa-
ble of amplifying external radiation over a wide
range of frequencies.

To this end we investigate plane motion of an
electron (charge e;) in a homogeneous magnetic
field H (directed along the z axis) with a vector
potential

A = {—']yH, /»zH, 0}
and in an electrostatic field with potential

o=arr/2, =22+ a>0.

1)

@)

To find the wave function of the electron we
shall use the Klein equation, since inclusion of the
spin properties of the electrons results in an in-
significant contribution to the intensity of the radi-
ation:

(ihd | 3t + eop)2p = (mo2c* + c2p?) P,

where p = —ifiV + e;c A, and m, and e_ = —e,
are the mass and charge of the electron.
We seek the solution of (3) in the form

3

1 iEt

= ——eXxp {il(p — ———}R r), (4)
v V2 h )
where E is the total energy and ! the orbital num-
ber. The function R satisfies the equation

s, 1, E2 — mg2ct ;2
e L)
4aE eg2a? e
—_— 2 —_— 2 _— _
v (1 eoHZ)r ]R o V=54 ©

which has no exact solution. By regarding the term
on the right side of (5) as a perturbation (the con-
ditions necessary for this purpose are given later),
we obtain the eigenfunctions in the zeroth approxi-
mation:

R(r) = (2yimoc?/Enp) W I (vir?). (6)

Here

vi2 = y*(1 — 4aE° [ ecH?) > 0,
n=2s + |l| m=0,1, 2,...) is the principal quan-
tum number, s (equal to 0, 1, 2, ...) is the radial

quantum number, Ils(x) is a function connected
with the Laguerre polynomials by the relation

Li(z) = V (s—:_’l)—' e=s222LJ (z). (6a)

To determine the eigenvalues of the energy we
obtain the equation
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E2 = mq?ct + el chl + el ch (1 — 4aE | eoH?) 2 (n + 1),
(7)

from which we get
Enz = Enlo —_ 1/2’1(9 —_ 91) (n + 1),
= [mo?c* + elHchi(n + 1 + 1)]%,
Q=¢c/|E,, Q= Q(1— 4aE,L/eH?)".
The condition for applicability of the zeroth ap-
proximation is the inequality

(7a)

ep?a?

) Wt iz | <|En2 — Eni?)|.
Let us calculate the frequency and intensity of
radiation produced by transition of an electron
from the ground state n, I to a state n’ =n — v,
I’ =1 —v;. The radiation frequency is determined
from the energy-momentum conservation law

ne

homi = En— Enn, p; = —hon c1cosB,  (8)

where p, is the momentum along the z axis. In
the vicinity of very large quantum numbers we can
put (confining ourselves only to terms proportional
to h)

Enp=FEn— 1/2"1(9\71 + inn)- (9)

From (9) we see that in a small section of the
quasiclassical part of the spectrum the energy
levels are equidistant. From (8) and (9) we obtain
finally

St = 2(Qvi + Qva). (10)

In the nonrelativistic case, formula (10) was
derived by P. L. Kapitza with the aid of the classi-
cal averaging method.!8) Great interest is attached
to the conditions under which

n'’__

VI = —Vn = Vg, On = 0 = VE0E’, 0g"=1/,(Q—Q);
(11)

Vi=Vn=vH, O = op=vHor’, o= 12(Q 4 Q).
(12)

In the interaction between an electron and a
plane electromagnetic wave (frequencies w, elec-
tric field intensity E,, polarization A) with a wave
vector k(6, ¢'), the probability of the induced tran-
sitions nl — n’l’ per unit time is determined by
the expression

Wi (o, %, A) = 2x (eo/moh',u))le;‘ ,.l| gml (@) uxr, (13)
T
(" — )24’

where 7 is the lifetime of the initial state, which
does not depend on the quantum numbers n, Z,n’,
or [,

(14)

gni’ (0) =

M = (e () ¥, 42 (15)
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is the matrix element, &, is the polarization vec-
tor, and uy ) the spectral density of the external
radiation in the frequency interval dw and in the
solid-angle interval do with polarization A. The
coefficient preceding EK’ a in the right side of (13)
is the well known Einstein differential coeffi-
cient, %]

To calculate the probability of the induced ab-
sorption (transitions n, I — n”, 1”) it is necessary
to make in (15) the substitutions n,l’— n”, I” and
n’, I’ —n, 1, and go over from the matrix element
M, to its adjoint. The matrix elements (15) are
calculated in the Appendix.

Assuming that the electron is first in a state
with quantum numbers n and 1, let us consider
the system of levels Ep~ j# > Ep 7 > Ep/, ll the
distances between which are equal to vaE, that
is
" =1+ vg,

l’=l—VE.

n” =n—vg,
n =n-+vg (16)
We write down further an expression for the
total power va(w, K, A) absorbed by the electron

in the frequency and angle intervals dw and do:

17)

Py (0,%,4) = hon W' — hom Wa'.
Substituting in (17) the values of the probabili-
ties of the transitions and taking formulas (A.15—
A.22), (11), and (16) into account, we obtain the
power absorbed in the interaction of an electron
with an unpolarized electromagnetic wave:

_ ne.? ((OEO)aVE T
P,y (o, %)= 0" QB0 T (0 — veor'): + 1, Uy
2 d 2
{4»‘3 (n—z>/2) - (—(—1— 1 (nE—z)/z ) ]

vE?cos20
+i;——[(1(n—z)/2) —(I(n—t)/z—vE) ]} ni2)?,  (18)

where
_ w2hAsin?d
T2,

®2sin20
— T

For further analysis of formula (18), let us es-
timate the quantum numbers. The solution of the
classical equations of motion has in our approxi-
mation the form

X = Rocos (0x’ + ax) + rocos(0e’ + ag), (19)

Y = Rosin(ou% + ax) 4+ rosin (0’ + ag). (20)

Comparing the expressions for the energy and
momentum obtained by the quantum and classical
theories, we get approximately
(n+14+1)ke

n—1l41)hc
eoH ! )

(
2 — b —
Ro = el

(21)
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We note that Ry > ry, when I >0, and Ry <1
when 1< 0. The values of Ry and r;, are deter-
mined by initial conditions. For example, if an
electron with energy E, moved along a circle of
radius d with frequency w prior to turning on the
electric field, then

(22)

For a =1.6 x 10* V/em?, H=1.6 x 10° G, E’
=50 MeV, and d = 10 cm we get Ag = 27c/wg
=1800 vg' em, Ry =10.3 cm, 1y = 0.3 cm,

(n +1)/2= 108 and (n-1)/2 = 10!,

Since the quantum numbers are quite large, we
can use the asymptotic formulas (A.13) and (A.14),
taking into account the fact that |x|< 1. Expres-
sion (18) takes the form

4rey?c(0g®)Pve® Tu
P, = *
£ (0, %) 0*Q E, T (0 —vgog)? + 1/,
2 d
x[(1— —;];—2) + cos? B] Jog (Mo) Eﬁ;""E (Mo)»
roo sin

0 =

p (23)

In the nonrelativistic case the maximum power
is emitted in the case of dipole transitions with

Vg = 1[3]
_ mep® (0’  14-cos®0
Pi - 0)2917”1: (O)—OJEO)Z —|-1/4_1:2 Uy, (24)
It follows from (23) and (24) that PVE < 0, which

corresponds to negative resonant absorption.

We have thus demonstrated in the approximation
(9), which leads to an equidistant spectrum of the
levels, the possibility of amplification of external
radiation at the frequency VEwOE. It is important
to note that the intensity of the radiation does not
contain Planck’s constant, thus pointing to a classi-
cal nature of the effect. We can show similarly
that at the frequency vaH, only resonant absorp-
tion is possible.

In the case when a < 0 (cylindrical oscillator
in a magnetic field), resonant absorption will be
observed at frequencies that are multiples of
(24 + 9)/2 and (94 — Q)/2.

However, inclusion of terms proportional to 1
in (9) leads to unequal spacing of the levels. In
this case the corresponding calculation shows that
at the frequencies w close to resonance an exter-
nal radiation can be amplified (see also L 2]) and
that Planck’s constant does not enter in the final
expression for the radiation intensity.

The author thanks A. A. Sokolov and I. M. Ter-
nov for a useful discussion.
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APPENDIX

The function Ils(x) satisfies the equation

It=0(A.1
4x 4 ] 0¢ )

b2

We present below several relations which are use-
ful in the calculations:

VoI = Vs + L+ 1 I+ —ys 124, (A.2)

VoIl = Vs + LIt —¥s + 113, A.3)

d l 1 s +l+ 1
(E—m—g =V @

d l 1 s+l

d l H
(‘E;‘?; 3 )= V‘I - (A6

d 1 1 s+1 7t
(e —g)=V s wn

From (A.4)—(A.7) it follows that

Vs i4 11+ 'ﬂl (A.8)
Vs FLF AT 4 s+ 11 = 7“1, (A.9)
Vs+us’:1—v?1.iti=2v§d—’, (A.10)
AL T = ’V—x’u, (A.11)
I (z) = (—) Lo (). (A.12)

For small values of x the following relation-
ships are valid

lim IJ(z) =1, (Y2(n + 1)z), n=2s+1, (A.13)
. 19/ GEDT
lim 7 (2) = - |/ == (A.14)

When investigating the polarization of the radi-
ation we should substitute in (14) in lieu of a, the
values corresponding to two linear or two circular
polarizations.

For the o-component of the linear polarization

(E; lies in the xy plane) we have
Ms=1iM_. (A.15)

For the o-components of the linear polarization
(E; parallel to the vector k x Eg)

My = 1/5cos 0M;+ — sin OM,. (A.16)
For right-hand (m = 1) and left-hand (m =-1)
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circular polarizations we have respectively
My = (Ms+ imMz) [¥2.

In formulas (A.15)—(A.17) we used the following
notation

(A.17)

M:t = S\p;’l'e—im (e—'icp'p+ + eicp'p.) ,q,m dsx’ (A. 18)

M. =\ vy e pp, %, b, =p,xip, (A.19)
_ —2ihimyc? ¥z
-VYiE B

— 1] d . r
X[ v v 82 @) — AR (2)
xT

(n—1/2—(n'—1"/2

d
+—v) %I (12

(nH)/2~(nr+/2
(2) I(nrtir2 (x)] )

(A.20)

—_ ihmocz [ (n+l_ n'+l, )
= GaEEy | VT3 maL

—(v—v:)(f—g—l— nlz_l"l'x)]

M,

(n=D/2~(ne—1/2 |\ (nD)/2~(nr41/2
X Ininyz (@) Inianz - T (), (A.21)

o D22 | ()22
M, = —ihpin—in2 () I (neyiye (%), (A.22)
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Where the functions Ils are defined by relations
(6a). Expressions (A.20)—(A.22) are valid for both
positive and negative values of [.
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