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It is shown that interaction of an impurity-center electron with optical oscillations in semi­
conductors can lead to the appearance of local optical oscillations. The condition for splitting 
off of a local optical frequency is that the ene~gy of transition of an electron from the ground 
state to an excited state shall be close to the phonon energy. Optical absorption by an impur-
ity center is studied in the case of such a resonance interaction; it is shown that the appear­
ance of a local optical oscillation results in an additional line in the optical absorption spectrum. 

IN certain semiconductors with a comparatively 
narrow forbidden band (InSb, Ge, etc.), the excita­
tion energy of a number of impurity centers is 
close to the energy of optical phonons. Transition 
of an electron from the ground state to an excited 
state on an impurity atom is usually spoken of as a 
"local exciton." If the energy of this excitation is 
close to the energy of optical phonons, then the 
interaction between them as a result of proximity 
to resonance becomes very appreciable. In the 
presence of such resonance interaction, there can 
occur local excitations of the crystal, constituting 
a superposition of "exciton" and phonon excitations. 
The occurrence of a local exciton-phonon excitation 
implies, in particular, the appearance of discrete 
oscillation frequencies of the lattice, which split off 
from the continuous phonon spectrum, and-under 
certain conditions-the appearance of an additional 
absorption line in the optical spectrum of the crys­
tal. 

We make a number of assumptions to simplify 
the exposition. We shall suppose that the excited 
state (as well as the ground state) of the impurity 
center is nondegenerate. That case occurs, it 
seems, quite rarely. But consideration of the more 
complicated case of degenerate levels leads to no 
essentially new results and only complicates the 
picture. 

Since we are interested in the case quite close 
to resonance, we can restrict ourselves to consid­
eration of a single transition in an impurity center, 
and not take into account the other excited states 
and the continuous spectrum. It is well known that 
the presence of an impurity center in the crystal 
evokes the appearance of local lattice oscillations 

because of the change in interatomic interaction 
and of the difference in mass between the impurity 
and the basic material. [i] For simplicity, we shall 
here disregard this circumstance, although taking 
it into account does not entail great labor. We shall 
also assume that the acoustical oscillations of the 
crystal are separated from the optical by a large 
enough gap so that it is permissible to ignore the 
acoustical branches. This assumption is justified 
in the case in which the splitting-off of the emerg­
ing local exciton-phonon level from the lower edge 
of the optical-oscillation band of the lattice is much 
smaller than the width of the gap between the opti­
cal and acoustic branches. 

The energy operator of the system is 

H = He+ H ph + H;, (1) 

where 

He= ~liw~a~+a~ (2) 
~ 

is the energy operator of an electron on the impur­
ity center, a~ and al-l are the creation and annihila­
tion operators of an electron in state IJ.L) with 
energynww 

Hph = 1/2~(Pr;P-r; + Wr;2qr;q-r;) (3) 
f,j 

is the energy operator of the lattice oscillations, 
Pfj and qfj are the normal momenta and coordinates 
of the lattice oscillations, f and Wfj are the wave 
vector and frequency of the phonons, j is the num­
ber of the oscillation branch, 

H; = 1i ~ c~VIja~+avq,j 
~vfj 

(4) 
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is the energy operator of the electron-phonon inter­
action, (12) 

(5) where 

v-ti2Cfj is the usual matrix element of electron­
phonon interaction, and V is the normalized volume. 

We introduce the retarded Green functions 

D(fj; t; kl) = i8(t)<(qr;(t), q-kl(O)]>, (6) 

(7) 

where L is an arbitrary operator that commutes 
with qfj and Pfj. 

On the assumption that the dispersion of the op­
tical phonons is small and that the transition fre­
quency w 10 is close to the frequency band of the 
phonons, we may leave in the polarization opera­
tor [ 2] only terms with a resonance denominator 
(cf. above). This leads to the following equations 
for the Fourier components of the Green functions: 

_ 2w,o(~o-n,) C~or; ~ C.1or'j'D (f'j'; ro; kl) = f>r, k6i,l, 
W10 - ffi2 r•;• 

(8) 

{1 no-n·~c 2 } - .LJI tor;/ dr;(ro) G(01; to; L) 
- 0)10- 0) fj 

(9) 

{ 1 no-nt ~ 2 } - + .LJ/Ctor;/dr;(ro) G(10;ro,L) 
0)10 to 

r; 

_no-nt~/C ·l2d·( )G(0 1· ·L)-_([a/a0,L]) + .LJ tor3 r3 ro , ro, - + , 
WJO ro r; ffito ul 

(10) 

where 

n0 and n1 are the probabilities of occupancy of the 
ground state and of the excited state, and tiw 10 

= 11 (w 1 - w0) is the excitation energy of the impur­
ity center in the absence of interaction with 
phonons. In the temperature range in which the 
impurity is still not ionized and our results have 
meaning, n1 «no. 

Equation ( 8) has the exact solution 

D (fj; ro; kl) = dr; ( ro) f>f.kf>;, 1 + dr; ( ro) T r;; kl (ro) dkz ( ro ). (11) 

Here we have introduced the scattering amplitude, 
equal to 

F(ro1 ) = -(no-nt)2roto ~I clOii /1 dr;(ro) 
fj 

(13) 

(14) 

The cross section for optical absorption by an 
impurity center is 

cr(ro) = ~:w lim ~ dv .. {G(v!J.; ro + i'l'); L) 
' en ra-++0 .. v 

(15) 

with the operator 

L = ~ d,.,. a,. +a,_, (16) 

""' 
dvJ.L is the matrix element of the dipole moment for 
transition of the impurity center, and n is the re­
fractive index of the crystal. 

We shall consider the case of a nonpolar crys­
tal, in which the optiCal oscillations of the lattice, 
in the dipole approximation, are nonactive. The 
generalization to the case of a polar crystal pre­
sents no difficulty. 

On solving the system of equations (9), taking 
account of (16), and substituting the solution in (15), 
we get 

X { 'I'J + n ~ ~ (~%3 ).,;f> ((ll2 - rorl)} • 
J 

(17) 

We investigate the expressions obtained for 
Tfj;kz(w) and <r(w). As is known, the poles of the 
scattering amplitude determine the frequencies of 
local oscillations of the lattice. The equation for 
the poles of Tfj; kl (w) has the form 

F(z) = z- W~0, (18) 

where z = w2• We designate by Q 1 and Q 2 the lowest 
and highest frequencies in the spectrum of optical 
oscillations of the lattice in the absence of the im-
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purity. On the real axis, the function F(z) decrea­
ses monotonically with increase of z for z < n r and 
for z > n~. We assume that the frequencies rl 1 and 
Q 2 are attained in isolated points of the Brillouin 
zone. Near these extrema, the density of oscilla­
tions is proportional to (w 2 -rl{)112 and (Q~- w 2)112. 
In an investigation of the behavior of F(z) near rl{, 
for example, it can be expressed in the form 

2 • 

__ 0' -~n, dx x'l•p1 (x) 
F(z)- +rl 2 ' X 1-z 

(19) 

where p1(x) > 0 has no singularities and does not 
vanish at x = 0. 

When z-nr- 0 (and when z- Q~ + 0), the func­
tion F(z) approaches a definite finite value, and 
near n{ and n~ it has the respective forms 

when z » Q~, 

\" d3/ 
F(z) ~ z-1 ~ .l (2n)3Arj • 

J 

We go on to the (graphical) investigation of 
equation (18). Three cases are possible: 

(21) 

1) W10 > Qz, 2) W10 < Qt, 3) Q1 < ffi10 < Qz. 

Figure 1 corresponds to the first case, in which 
the transition frequency is higher than the band of 
optical oscillations. Equation (18) can have either 
one or two solutions outside this band. One root 
(we designate it by z2) exists for arbitrary coupling 
constants and for arbitrary w10 > n2; then z2 > Wfo· 
The other root z1 and, consequently, the second 
local oscillation appear only in the case in which 

(22) 

If z1 is near rl 1, so that the expression (20) ap­
plies, 

F(z) 

FIG. 1. 

Investigation of the second case (w 10 < rl1) is 
carried out similarly. 

When the transition frequency w 10 falls inside 
the band of optical phonons, i.e. Qt < Wto < rl2, Eq. 
(18) may have no solution outside the lattice­
oscillation band (cf. Fig. 2, straight line a), may 
have one solution (Fig. 2, straight line b), or may 
have two solutions (Fig. 2, straight line c). The 

a 

c 

z 

FIG. 2. 

conditions for realization of these possibilities are 
the following: 

(24a) 

or 

It is evident that local oscillations with frequency 
z{/2 in the first case (cf. (22)) and local oscillations 
in the third case (cf. (24b) and (24c)) occur only for 
sufficiently large values of the effective coupling 
constant .\fj, which determines the values of F(rlf) 
and F(rl~). This coupling constant (cf. (14)) is pro­
portional to the square of the matrix element of 
electron-phonon interaction. 

We go on now to the investigation of optical ab­
sorption. We consider first absorption of radiation 
whose frequency lies outside the optical-phonon 
band. Since here 

"-, \ d3j ' ... ( 2 2) 0 LJ J (2rt)3 FvfjU W - Wtj = , 
J 

it follows from formula (17) that 

() 8n2do12 (no-nl)w1olwl "( 2 " 1'(.'')) (25) a w = u w - W1o- - ' (JJ- • 
hen 

If Eq. (18) has roots outside the band of optical 
oscillations, then 
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(26) 

We examine the case in which Eq. (18) has only one 
root, near w 10• Then 

cr(co)= 8n2clo12lcolco1o(no-n1) ll(co2-z2) . (27) 
lien 1 +I (aF;az)z,l 

This expression is close to the expression for the 
absorption cross section of an impurity in the ab­
sence of interaction with phonons. The difference 
consists in the fact that the resonance frequency is 
displaced, and the cross section is decreased by a 
factor (1 + I(BF/8z)z2lr1• 

With increase of the coupling constant, an addi­
tional root (z1) appears, and in the absorption spec­
trum there appears a second resonance frequency, 
whose contribution to the cross section is t> 

8n2do12l co I <010(no- n1) 2 (!:.l12- Z1) '/• 
li (0) ll(co2-z~). (28) 

en np1 

From this it is clear that the expression for the 
absorption cross section at frequency z}l2 cannot 
be obtained by means of simple perturbation theory. 

When the frequency of the radiation lies within 
the frequency interval of optical oscillations 
(Qt < w < Q 2), it follows from (17) that 

0' (co) = 8n2do12 l co I <010 ( nu - n1) 
lien 

1 v(co2) 
X n {co2- 00102- F ( co2) ]2 + y2 ( co2) ' (29) 

where 

'Y (co2} = n ~ ~ (f!)s 'Ar;l> (co2 - corl), 

' 
- s _ \ d8f 'Ar; 
F (to ) = 2J P J (2 )s 2 2 • ; n co -cor; 

(30) 

In this frequency interval, there is observed a 
smeared out absorption band, against whose back­
ground there are peaks located approximately at 
the frequencies WA. that are the roots of the equa­
tion 

co,_2- <0102 = F (co,_2). 

These peaks have a width of order 

y(co,_2), 1 _ aF(co,.2) ,-j. 
2co,. aco,_2 

(31) 

(32) 

If we compare the expression for the scattering 

1>We assume that CU10 > 112• 

cross section of optical phonons on an impurity­
which, as is known, is determined by the imaginary 
part of the scattering amplitude T fj; kl -with the 
cross section (17) of absorption of radiation, it is 
easy to notice that both these quantities have the 
same denominator. Thus the resonances of optical 
absorption exactly correspond to the resonances of 
the scattering amplitude of phonons on an impurity. 
This circumstance is not accidental; it is connected 
with the fact that, as a result of the strong reson­
ance interaction of the optical phonons with the 
electrons on an impurity, the crystal excitations 
that occur have a dipole moment and interact with 
light. The absorption of light is then proportional 
to the density of oscillations of the crystal, and this 
quantity has a maximum in the region of resonances 
of the scattering amplitude; this leads also to a 
"splash" in the optical absorption at frequencies 
near WA_. 

If the transition frequency falls inside the fre­
quency band of the phonons, then the resonance 
peak, for sufficiently small coupling constant, is 
simply the peak of impurity absorption, smeared 
out on account of interaction with the phonons. It is 
accompanied by a background, which, sufficiently 
far from the peak (iw 10 - wl » (y(w~0)/2wt0)), is 
described by the expression 

(33) 

In closing, we remark that, because of the as­
sumption that the system is close to resonance, the 
results obtained are valid, strictly speaking, only 
when the split-off frequencies of local oscillation 
lie sufficiently close to the frequency band of the 
optical phonons, i.e., when the dimensionless coup­
ling constant is sufficiently small. 
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