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A method is proposed for calculating the energy state density of a disordered linear chain. 
Use of the method reduces the calculation of the state density near singularities of the func
tion N ( E ) to a solution by the WKB method of an ordinary differential equation of the 
Schrodinger type. Asymptotic formulas for N (E), describing the behavior of N (E) near 
the true band edge or near a point corresponding to the edge of the band of an ideal ordered 
chain are obtained for various types of disordered chains (these lJOints are singularities of 
the function N ( E ) ) . 

1. INTRODUCTION 

THE problem of calculating the energy spectrum 
of a linear chain reduces in many cases to a de
termination of the distribution density of the roots 
of the system of equations 

Ex; = I;;-1Xj-1 + I;;HXi+f + l;x;. (1) 

For a disordered chain the quantities Ijj +1 and 
Jj (the "exchange integrals") are random quanti
ties with a known distribution function 
W ( ... Ijj +1 .•• ; ••• Jj ... ). In the limit, when the 
number of lattice points n tends to infinity, the 
distribution density N (E) of the roots of (1), co
incides with its mean value and can therefore be 
written as 

N(E) = ~ < ~b(E -Em)). (2) 
m 

The physical meaning of the quantities Ijj 1 and Jj 
depends on the concrete problem. Thus, in the 
approximation of ''strongly bound'' electrons the 
quantities Ijj +1 are the overlap integrals and N (E) 
is the electron energy-state density in the chain. 
For a linear chain consisting of concentrated 
masses mj coupled by elastic forces with coupling 
constants kjj +1, the values of Ijj 1 are 

1;;+1 = -k;;+t/l'm;m;+~ Ji = (km1 + kjj-1) /mi. 

In this case E is equal to the square of the fre
quency and N (E) gives the frequency spectrum of 
the natural oscillations of the chain. 

The problem of the spectrum of a disordered 
linear chain was considered by Dyson[1J, whore
duced the determination of N ( E ) to a solution of 
a certain integral equation and obtained an exact 
solution for the case when the "exchange inte
grals'' are independent and have a Poisson distri-

bution. For a weakly disordered chain near the 
point corresponding to the edge of the band of an 
ideal periodic chain, the asymptotic expression 
obtained by us for the energy-state density (for 
independent "exchange" integrals) coincide with 
the corresponding expression of Dyson's paper. It 
turns out here that, for many types of distribution 
functions, N ( E ) does not depend on the concrete 
form of the distribution function, and is deter
mined only by the magnitude of the dispersion. 

Disordered systems such as solid solutions 
were considered in a general formulation, that in
cludes both the one-dimensional and the three
dimensional case, by I. Lifshitz [2, 3]. In [3], in 
particular, he investigated the asymptotic behav
ior of the state density of a disordered chain near 
the true boundary of the band. Application of the 
relations obtained by us to a similar case lead to 
an expression for N (E), whose differential part 
coincides with the corresponding expression in [3]. 

The pre-exponential factor was not obtained in l 3J. 

2. FUNDAMENTAL RELATIONS 

Let us turn to expression (2) for N (E) and 
rewrite it in a more convenient form 

N(E) =~1m<~ 1 ) =_!_1m( Sp-~ ). (3) 
nn m E-Em nn E-H 

"' The operator H contained in this expression has 
matrix elements H·· = J· and H· · 1 =I-· 1 • Em is JJ J ,.JJ JJ ' 
the eigenvalue of the operator H. It is assumed, 
in addition, that the quantity E has a small imag
inary increment E = E -: io. After expanding in 
powers of the operator H we obtain 

1 OC) 1 A 

N(E)=-Im~ ~.-((Hv)ii>· 
nn Ev+1 

j V=O 

( 4) 

768 
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For a spatially homogeneous chain, the quantity 
( ( :Hv )jj) does not depend Aon the nup.ber of the 
lattice point j, so that ( ( Hv )jj) ( ( Hv ) 00 ), where 
the index 0 denotes the lattice point of the chain 
arbitrarily defined as initial. We thus obtain for 
N ( E) a ''macroscopic'' expression in which the 
limit as n - oo is taken explicitly: 

1 ~ 1 h 

N(E) = -hn LJ-E 1 \ (Hv)oo>. 
Jt v+ 

v 

(5) 

It must be borne in mind that the series defining 
N ( E ) is a real function in the region where it 
converges. This region therefore lies entirely 
outside the band (in this region N ( E ) = 0). To 
determine the density of the states inside the band 
it is necessary to continue analytically this series 
inside the band, as will actually be done in what 
follows. 

Let us consider the quantity (:Hv )00, which is 
the diagonal lllatrix element of the v-the power of 
the operator H, equal to 

Hjj' = ljj-16j-1 j' + ljj+16H1 j' + J/jii'· (6) 

Expression (6) enables us to set the operator H in 
correspondence with a ''particle'' that has equal 
probability of being displaced during each step by 
one lattice point to the right, or to the left, or 
else of remaining in the same point. The factors 
Ijj +1, Ijj- 1, and Jj correspond respectively to 

right, left, and zero displacements. After v steps 
the "particle" must return to the initial zeroth 
lattice point. It is obvious that the number of dis
placements of the ''particle'' to the right and to 
the left should be equal. 

We denote by nj the number of displacements 
to the right between points j - 1 and j, and by 
lj the number of stoppings at the point j. Then 
the contribution to N ( E ) from each trajectory 
with both nj and lj fixed ( I:j ( 2nj + lj ) = v) will 

m· Z· 
be equal to njj ~~ 1 J( 

Let us calculate the number of trajectories with 
specified nj and lj, and consider to this end an 
arbitrary point j > 0. Entering this point from 
left are 2nj segments of trajectories, and from 
the right 2nj +1 segments. In addition, at the point 
j there are lj stoppings of the 'particle' which 
can be visualized as points on the trajectories. By 
counting the number of methods by which the 'left' 
and 'right' segments can be interconnected we get 
for this quantity 

P ( ) ( ni + ni+t - 1 ) nini+1 = . 
ni+1 

The number of ways Q ( Zjnjnj +1) in which one can 

distribute the points on the trajectories is 
n· n· + 1-1 

( J z~ ). For the point j = 0 the corresponding 
J n +n 1 

expressions turn out to be equal to ( 1n - ) and 
n +n 1 

( 1z - 1 ). When j < 0 we obtain for P and Q 
0 

analogous expressions with j replaced by -j. 
Thus, the total number of trajectories with speci
fied nj and l j will be 

P(n_1nt)Q(lon1n-t) II P(ninJ+1)P(n-in-i-d 
i 

X Q ( lininJ+t) Q ( LJILJn-J_1). 

Summing the contributions from all trajectories, 
we obtain 

(Hv)oo = ~ JoloQ(lon1n-t}P(n1n-t} 
2n;+I;=V 

2nj 
X II IJ-1//;P (ninJ+1) Q (linini+1). 

In this expression the product is assumed to be 
distributed symmetrically at the negative values 
of j. 

(7) 

Substituting ( fiV )00 from (7) in the expression 
for N (E) (5) we obtain 

X ( ~ t P(ninH1)Q(lininH1)). (8) 

In (8) the summation over the values of nj and lj 
is carried out independently over all positive in
teger nj and l j. The summation over l j can be 
carried out with 

~ ( lo )lo ( lo )-(nt+n_t+1) 
.;..,; Q(lon1n-1) -E = 1-- . 
k • E 

After summation we obtain for N ( E ) the following 
expression: 

Further calculations depend essentially on the 
character of the correlation between the different 
J.lj- 1j· We consider first the simplest case of in
dependent J.lj _1j. This is equivalent to assuming 
that the Jj are constant and the Ij_ 1j are inde
pendent. (This case corresponds, in Dyson's 
terminology [1 J, to a chain of type I.) A physical 
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realization of this case is the spectrum of the 
electrons in a chain of identical atoms under the 
following assumptions: 

1. The electron spectrum is calculated in the 
"strongly-bound" electron approximation. 

2. The distances between the atoms U·j +1 are 
independent random quantities. (This will make 
the quantities J.Ljj + 1 likewise independent.) 

3. The fluctuations of Jj can be neglected 
(this holds, for example, in the case of sharply 
delineated potential wells produced by each atom). 
The mean value of Jj can then be included in the 
energy E. 

An examination of this simple case is also use
ful for the calculation of N (E) in the presence of 
correlation between the J.Ljj +1. 

3. ENERGY SPECTRUM FOR INDEPENDENT 

1-'jj +1 

For independent 1-Ljj +1 expression (9) for N (E) 
can be written in the form 

1 
N(E) = nE Im ~ .... P(n-2n_t)(J.L2n-•) 

(n;) 

(10) 

We denote by f ( nj ) the function obtained after 
summing the segment of the product in (10) over 
all ni ( i < j ) and multiplying the obtained sum by 
(J.L2nj). By carrying out subsequently one more 
summation we should obtain, after multiplication 
by J.L2nj-1, the value of f(nj-d· This allows us to 
write for f ( k) the equation 

00 

f(k) = (J.L2h) ~ P(k, j)f(i). 
j=O 

The expression (10) for N (E), taking (11) into 
account, assumes the form 

(11) 

N(E) = - 1- Im ~ (J.L2h+2)-t f(k)f(k + 1). (12) 
nE h=O 

Equations (11) and (12) give the sought analytic 
continuation of the quantities f ( k, E ) and N ( E ) 
inside the band. 

To solve (11) it is necessary to normalize the 
function f ( k). To this end we note that the quan
tity f ( nj ) gives the contribution from all the tra
jectories going to the right of the j-th lattice point 
for fixed nj. For nj = 0 we have 

{ 0, n;+t =I= 0 } 
p (0, n;+t) = 1 . - 0 , n1+t-

Thus, for nj = 0 we obtain nj+ 1 = nj+ 2 = ... = 0. 
Therefore the contribution from such a trajectory 
is equal to unity, i.e., f ( 0) = 1. By way of an ex-

ample let us find the solution of (11) for an ideal 
periodic chain. In this case ( J.L2k) = J.L~k. and (11) 
becomes 

f(k) = J.Lo2h ;~o ( k +: -1 )t(i). (13) 

We seek a solution of this equation in the form 
f ( k) = Ak. Substituting in (13), we obtain an equa
tion for A: 

(14) 

From this equation we obtain A= %< 1 + ·h - 4J.L~). 
Substituting this value of A in (12) we get 

1 00 

N (E) = nE Im ~ J.L-;;<2h+2lJ..2h+t 
h=O 

= { (nE)-1(4J.Lo2- 1)-'t., 
0, (15) 

For a disordered chain, Eq. (11) is useful in 
two respects. First, this equation can be used for 
a numerical determination of f ( k ), after which 
N (E) can be obtained from (12). Second, rela
tions (11) and (12) yield the asymptotic behavior 
of N ( E ) near the edge of the band. To this end 
we note that in the case of an ideal chain the f ( k) 
has near the edge of the band ( J.L~ r:::; Y4 ) is of the 
form f ( k) r:::; 2- k. Inasmuch, as on the other hand, 
N ( E ) has a singularity near the edge of the band, 
we should expect the main contribution to N ( E ) to 
be made in this region by the large values of k. 
Thus, to determine the asymptotic behavior of 
N ( E ) near the edge of the band, it is natural to 
seek a solution for f ( k) with k » 1 in the form 
f ( k) = 2- ke cp(k). It can be shown that when the 
conditions 

1Jl1 (k)~1; ljl11 ~(j)1, 1/k; k~1 (16) 

are satisfied, the sum in the right side of (11) can 
be calculated approximately and in this case it 
equals 2k exp{ cp + k( cp'2 + cp")}. 

We introduce 
J.L2Eg Ei 

e = ln-- = ln--J2 E2 • 

where Eg is the limiting value of the energy in 
the band ( Eg = 21M, IM is the maximum possible 
value of the random quantity Ijj' ). (Near the edge 
of the band E r:::; Eg; E « 1. ) We then have for 
cp ( k) the following equation: 

1Jl'2 + IJl" = -e + V (k) = -'-p2(k), (17) 

where we put V ( k) = -k- 1 ln ( ( I/IM )2k). Trans
forming to a new function u ( k) = e cp(k), we ob
tain for u ( k ) 

u" + (e- V(k))u = 0. (18) 
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The concrete form of the function V ( k) with 
k » 1, as can be seen from definition of V ( k), 
depends on the behavior of the distribution func
tion W (I) in the region I ~ IM. Here, however, 
V(k) > 0 and V(k)- 0 as k- oo, and therefore 
when E « 1 Eq. (18) has a turning point k0, de
fined by the equation 

V(ko) = e, (19) 

so that near the turning point we can put V ( k) 
= E - F 0 ~, where ~ = k - k 0• 

Thus, we seek a solution of (18) in three sepa
rate regions: 

A A 

u1=Cdpl-''•exp{ ~ IP!dk}+Ci'IPI-''•exp{- ~ IPldk}; 
~ ~ 

(20) 

ll. 161 ~ e/ Fo,...., ko: 

Un = czif, H<1l(2/a(Fo63) ''•] + C{,'fH<2l(2/a(Fo63) ''•] 
1/a f 1/a 

(21) 

( Hu3 m ( x) and Hu 3 !2l ( x) are Hankel functions of 
index Y 3 ); 

III. 161 ~ Fo-''•, 6 > 0: 
A A 

um = Cap-''• exp{ i ~ p dk }+ C3'p-''• exp{ -i ~ p dk}. 
ko ko 

(22) 

When the condition F 0k~ » 1 is satisfied, the 
solutions written out above can be joined together 
in the intermediate regions. Since F 0 ~ E/k0, this 
condition is equivalent to k0 » E-1/2• On the other 
hand, as shown by analysis, the conditions (16) will 
be satisfied when k0 « E- 2• We shall therefore 
assume from now on that k0 satisfies the condi
tions 

(23) 

These conditions impose limitations on the mo
ments of the distribution function W (I), but these 
are satisfied by a rather extensive class of distri
bution functions. 

To determine the coefficients C1, C!, C2, C~, 
C3, and C3 we proceed as follows. In the third 
region p ( k) "" IE as k - oo, so that asymptot
ically um ( k) takes the form 

(24) 

Since the quantity E, by definition, has a negative 
imaginary increment (-io ), the quantity 
E = -2 In ( E/Eg) we have a positive imaginary in
crement ( +io ). Retaining only the term which is 
bounded at infinity, we should put C3 = 0. Joining 

the solutions together, we obtain 

C2' = 0, Ca = enii4C1, c2 = Yn I 3 e21li/lC1, Ct' = 1/2iC1. 

The coefficient C1 must be determined from the 
normalization condition u ( 0) = 1. This raises 
certain difficulties, since we have obtained the 
solutions under the condition k » 1. We can state, 
however, that when k = a "" 1 the quantity u (a) 
= A will also be of the order of unity. Therefore 
C1 can be determined only accurate to a numerical 
factor of the order of unity. We then obtain 

Aa Aa 

S(a) = ~ IPldk = ~ (V(k)- e)'l•dk. (25) 
a a 

Substituting in (12) for N (E) the quantities 
f(k) = 2-ku( k) and (J.L2k) = 2-2k exp [k( E- V(k))] 
and replacing the sum with an integral, we get 

2 00 

N(E)~ nE Im~ex;p{k[V(k)-e]}u2 (k)dk. (26) 
a 

Analysis shows that when E-1/2 « k0 « E- 2 the 
main contribution to the integral is given by the 
region k < k0• We then obtain for N ( E ) 

Aa dk 
N(E) = A2e-2B(a) ~ ek(V(k)-e) • (27) 

a fV(k)-e 

Formula (27) will give the correct value for N (E) 
if the values of the integral and of S ( a) do not 
depend, asymptotically when E « 1, on the value 
of a when a "" 1. This means that the main con
tribution to N ( E ) is made by the values of u ( k) 
with k » 1, as was actually proposed in all the 
preceding derivations. 

Let us consider several examples. 
1. The distribution function W (I) near the 

boundary I "" IM is 

W(/) ,...., (JM -l)tz-1, u > 0. 

For V ( k) with k » 1 we obtain 

V(k) ~ (a/k) Ink. 

Substituting (29) in (27) we obtain for E « 1 

(28) 

(29) 

N (e),...., exp {- n~ In~}. (30) 
Ye e 

2. The function W (I) has for I ""IM the form 

W(I) ~ c6(1- /M), c < 1. (31) 

In this case for V ( k) with k » 1 we obtain 

V(k) ~ k-iln c-1. (32) 

For N ( E) we obtain after calculation 

N(e),..., e-'l•exp{ ;s Inc}. (33) 
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It is of interest to consider the case c ~ 1, that is, 
q == ln c- 1 « 1, since this makes it possible to 
trace the transition of the relation (33) for N ( E) 
to the known expression N ( E) ~ E- 1/ 2 which is 
valid for an ideal chain. 

To this end we turn again to (18). An analysis 
of this equation shows that when E « q2, that is, 
in the direct vicinity of the band edge, the solution 
can be obtained in analogy with the preceding case 
and leads to the following expression for N ( E): 

N(e) ,..., q2e-''•exp {-nq /Vs}. (34) 

When q2 « E « 1, the solution of (18) is of the 
form u ( k) R:J A exp {i..; E k} for all values of k 
that contributed to N (E). For N (E) we obtain in 
this case 

(35) 

Expressions (34) and (35) for N (E) go over into 
each other in the region E ~ q2. In this region N (E) 

has a maximum, the value of which 

Nmax......, 1/ q, (36) 

We now consider the case of a weakly dis
ordered chain. It turns out that in this case it is 
possible to estimate the behavior of N ( E ) near 
the point E0 = 2 (I). If W (I) is symmetrical 
about the point I == 10, then (I) = 10, and E 0 de
termines the limit of the band of the ideal chain. 

We put Tl = ( I - 10 )/10• We can then write for 
< 12k) 

(37) 

If the distribution function W ( 71) is equal to 
zero outside some interval I 71 I > TIM or decreases 
sufficiently rapidly as 71 -co and is sufficiently 
narrow, so that 712 = u 2 « 1, then we have for 
1 « k « 1/u 

(38) 

We note that when u « 1 the formulated condi
tions are satisfied by a rather large class of func
tions. This class may include, for example, func
tions that have at 71 = 0 not a maximum but a 
minimum, for example, the function 

(39) 

We put Eo= ln ( Eo/E~ ). For E ~ E0 we have 
Eo R:J 2 ( E - E 0 )/E 0, so that I Eo I « 1. Substituting 
( 38) in ( 18) we obtain in the region 1 « k « 1/ u 
the following equation for u ( k ): 

u"+ (-eo+ 2kcr2) z~ = 0. ( 40) 

A solution of (40), bounded as k- co, is 

u(k) = C(k- k0)'I•IJ<,~ (2/a(2cr2(k- k0) 3)'"], (41) 

Where k0 = E0/2rr 2. Since we should have u(a) 
= A ~ 1 when k == a ~ 1, we get 

C =A fya- k0 H\~! [2/ 3 (2cr2(a- k0) 3) ''•]}-1 (42) 

In order for the region 1 « k « 1/ u to give 
the main contribution to expression (26) for N (E), 
it is necessary to satisfy at Eo > 0 the condition 
Eo « a. This condition is perfectly natural, since 
the true edge of the band ( E =21M), near which 
the behavior of N ( E ) is described by the relations 
already obtained (formulas (30), (33)-(36)), may 
be situated at Eo ~ u. If the foregoing condition is 
satisfied, we obtain for N ( E ) 

2 00 

N(E)~ nEim~ exp{k(e0 -2kcr2)}u2(k)dk, (43) 
a 

where the function u ( k) is determined by rela
tions (41) and (42). 

Calculation of N ( E ) by means of ( 43) leads to 
the following results. 

1. In the region between the old and new band 
edges, defined by the conditions Eo » o and u 413 

« Eo « a, we have 
eo { 2 eo''• } N(eo),..., -exp ---- . 
cr2 3 cr2 (44) 

The quantity N ( Eo) defined by this formula coin
cides with the corresponding expression for N ( E ) 
obtained by Dyson [1] for a near-Gaussian distri
bution W ( I). Actually, however, it turns out that 
relation ( 44) holds true near the old edge of the 
band for a rather large class of distribution func
tions with sufficiently small dispersion. 

2. In the region Eo < 0, a 413 « I Eo I « 1 in
side the old band, we have 

N(eo) ......, leol-'''· (45) 

In this region N ( Eo) has the same form as for an 
ideal ordered chain. Thus, the weak disorder leads 
to deformation of the state density in the region 
I Eo I :>., a413. 

3. In the region IE I « u 413, the value of 
N(E0) is 

N(eo) ......, crt•, (46) 

that is, the state density has a maximum in this 
region. 

We note that regardless of the value of u, 
formulas (30) and (33)-(36) remain in force near 
the true edge of the band, i.e., at E ~21M, so 
that the expression should go over into one of 
these formulas. The particular formula with which 
the expression is actually joined depends on the 
behavior of the distribution function W (I) at I ~ IM. 
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The curves in the figure show the behavior of 
N ( E) near the edge of the energy band. 

Figure a pertains to the case of a strongly dis
ordered lattice. It is possible in this case to esti
mate the asymptotic behavior of N ( E ) only in the 
direct vicinity of the true edge of the band (formu
las (30) or (33)). 

Figure b shows the character of the asymptotic 
behavior of N (E) in accord with formulas (34), 
(35), and (36). This case, as will be seen from the 
results of the next section, may be encountered, 
for example, when an impurity having the largest 
"exchange integral" is present in the chain with a 
concentration close to unity. 

Figure c pertains to the case of a weak dis
ordered chain. Then the behavior of the function 
N (E) near the point E = 2A0-the band edge of an 
ideal chain-is described for formulas (44), (45), 
and (46), while near the part E =21M-the true 
band edge-by formulas (30) or (33). 

4. ENERGY SPECTRUM IN THE PRESENCE OF 
QUANTITIES 1Ljj+1 

If the quantities J.ljj +1 are correlated, then the 
2nj + 1 

( llj J.Ljj + 1 ) does not break up into a product of the 

quantities ( J.Lr·}i1). Therefore the corresponding 
recurrence relations will contain variables that 
pertain to different points of the chain. We con
sider the simplest case, when the quantity P.jj +1 

is a function of two independent random quantities 
t'j and ~j+ 1 , pertaining to neighboring points, that 
is, J.Ljj+ 1 = J.L( t'jt'j+1 ). This means that the corre
lation extends only over the nearest neighboring 
values of J.L. 

We denote by W ( l; ) the distribution functions 
of the quantities t'j· We carry out in (9) summa
tion over all nj with the j > i and averaging over 
all the t'j with j > i, and denote the resultant 
function by lJ! ( ni, l; i). Carrying out one more 
summation over ni and averaging over t'i, we 
should obtain the function lJ! ( ni-1• t'i-d· We 

therefore have for lJ! ( n, l;) the following equation 

'¥ (n, ~) = ~ ~ d~'W (~')[11 (~, ~') )2n' P (n, n') '¥ (n', ~'). ( 47) 
n' 

Expression (9) for N (E) then takes the form 

N(E)=__!_Im ~ ~ ~ d~d~'W(~)W(~')[!l(~.~')]2n 
n "=o 

x [E -Jml-1 'l'(n, ~') 'l'(n + 1, ~). (48) 

Let us consider with the aid of formulas (47) 
and (48) the following examples: 

1. The chain is made up of atoms of two sorts, 
A and B, with respective concentrations c and 
1-c. Let the probability of the presence of an atom 
of a given sort at a given point be independent of 
the atoms situated in neighboring points. Let us 
consider the deformation of the electron spectrum 
in such a chain due to the admixture of the atoms 
of sort B. In the "strong coupling" approximation 
the dynamics of such a chain is described by Eq. 
(1). The quantities J.L( l;', t') will be equal to 

!l(A,A) = IIAAI I I.E --hi, !l(A,B) = Jll(B,B) = 0. 

2. As a second example we consider the spec
trum of the natural oscillations in a chain made up 
of concentrated masses mA (with concentration 
c) and mB (concentration 1-c), coupled by 
elastic forces with identical elastic constants k. 
(This case corresponds to chain of type II in 
Dyson's terminology[1J.) The quantities 
J.L ( ?; , l;' ) for this case will be equal to 

!l2(A, A) = k2 I (EmA- 2k)2, 

112 (B, B) = k2 I (EmB- 2k) 2, 

11 (A, B) = k2 I (Em A - 2k) (EmB - 2k), 

where E = w2• 

We see that in both examples the quantity 
J.L(l;', t') can be factored, J.L2 (l;', t') = J.L(t)J.L(t'). 
In the first example 

!l(A) = IIAAI I IE- hi, J.Ai(B) = 0, 

and in the second 

For further calculations it is convenient to in
troduce the function 

Using ( 4 7), we can obtain for F ( n) the equation 
10 

F(n)= ~ (!ln+n')P(n,n')F(n'). (50) 
n'=O 
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For the examples under consideration ( J.Ln+n ) is 
equal to 

(!J.n+n') = C[!J.(A)]n+n' + (1- c) [!J.(B)]n+n'. (51) 

Assume for concreteness that J.L (A) > J.L (B). Then 
for n, n 1 » 1 we have ( J.Ln+n 1

) f'::i CJ.Ln+n 1
• Putting 

f(n) = [!.t(A)]nF(n), 

we obtain for f ( n) the equation 

f(n) = c [!1 (A) ]2n ~ P (n, n1 )f(n1 ). (52' 
n' 

For N ( E ) we have after suitable substitutions 

N (E)-;::::, 1 Im ~ [!1 (A) ]-<2n+2l f(n) f(n + 1). (53) 
n(E- !A) n 

Since (52) and (53) coincide with the corresponding 
expressions (11) and (12) obtained for independent 
J.Ljj + 1, the behavior of N ( E ) near the edge of the 
band is described by the already obtained relations 
for W (I) f'::i co (I - IM ), that is, by formulas 
(33)-(36). We note that expression (33) for N( E), 
which gives the density of states near the true 
edge of the band of a linear chain in the presence 

of impurities, coincides with the corresponding 
results of I. Lifshitz [ 3] apart from the pre-expo
nential factor. 

It is likewise easy to consider a case when 
J.L ( t, t 1 ) does not break up into a product, so that 
we have three quantities J.L(A, A), J.L(A, B), and 
J.L ( B, B). We were unable, however, to find a 
physical model equivalent to this case. 

In conclusion, I consider it my duty to express 
sincere gratitude to G. E. Z il 'berman for continu
ous interest in the work and useful discussions. I 
am most grateful to I. M. Lifshitz for a useful 
discussion of the present results. 
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