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The problem of symmetry breakdown within the Wightman axiomatic scheme is considered on 
the basis _of the previously introduced[ 61 concept of a system of dynamic equations of a theory. 
Two possible types of symmetry breakdown are considered. The results of the previous pa­
per[61 are used for the analysis of the possibility of both types of symmetry breakdown. 

1. INTRODUCTION 

LET a set of dynamical equations be given (i.e., a 
set of equations for the field operators) and con­
sider the problem of determining a given field the­
ory in terms of the system of dynamical equations. 
First to arise, of course, are the questions of ex­
istence and uniqueness of the solution. 

Usually the equations obeyed by the field opera­
tors are derived from a Lagrangian, and their so­
lutions are sought by means of the perturbation 
method. The existence and uniqueness of the solu­
tion are tacitly assumed. A consequence of the 
uniqueness of the solution is, among others, the 
fact that the symmetry of the solution is the same 
as the symmetry of the equations. Along with this 
usual scheme there have also appeared models in 
which the solutions of the dynamical equations are 
not found by means of perturbation theory and are 
not unique. [ 1• 21 In particular, the theory of super­
conductivity is constructed in just this manner. [ 31 

A direct consequence of the non-uniqueness of 
the solution of the system of dynamical equations 
is the possibility of symmetry breakdown, i.e., of 
a situation in which the symmetry group of the so­
lution does not coincide with the symmetry group 
of the dynamical equations. An arbitrary transfor­
mation from the symmetry group of the dynamical 
equations must, of course, transform a solution 
into a solution but need not necessarily transform 
each such solution into itself, as long as the solu­
tion is not unique. Therefore the symmetry group 
of the solution may be narrower than the symme­
try group of the dynamical equations. 

Indeed, parity is violated in this manner in the 
Goldstone model, [ 1l 'Y 5-invariance is violated in 
Nambu's model, [ 21 and gauge invariance is vio­
lated in the theory of superconductivity. [31 

In the present paper the problem of symmetry 
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breakdown will be considered in the framework of 
the Wightman axiomatic scheme. 

2. TWO TYPES OF SYMMETRY BREAKDOWN 

Symmetry breakdown is one of the consequences 
of the non-uniqueness of the relation between the 
dynamics of a theory and the theory itself. There­
fore it is necessary first to give a precise defini­
tion of the meaning of these concepts. 

In the Wightman scheme a theory is considered 
given if the Wightman functional W (a positive lin­
ear functional on the fundamental algebra A, satis­
fying additional conditions which are physically 
motivated) is given.[ 41 It has been shown[ 4, 51 that 
all physically relevant quantities can be construc­
ted in terms of this functional. 

Since a given positive linear functional over an 
algebra A defines a representation R(A) of A up 
to unitary equivalence, one may consider that a 
physical theory is determined by giving a definite 
representation of the algebra A. 

The concept of a family of dynamical equations 
in a theory of the Wightman type has been defined 
previously. [ 61 Such a family is determined by the 
kernel M of a given representation of the algebra 
A. The kernel of a representation is the set of all 
g E A such that a(g) = 0 (here g is an element of 
A, a(g) its representer in R(A)). Two represen­
tations with identical kernels are algebraically 
isomorphic, but the corresponding physical theo­
ries may differ (the theories coincide only if the 
representations are unitarily equivalent1> ). 

l)This statement is at variance with the concept of phys­
ical equivalence used by Haag and Kastler (J ourn. Math. 
Phys. 5, 848 (1964)) where the requirement of physical 
equivalence coincides with the concept of "weak equiva­
lence" introduced by Fell (translator's note). 
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The consideration of any symmetry within the 
Wightman framework starts with the introduction 
of a group of automorphisms ff of the algebra A. 
Invariance of the dynamics under the group is the 
invariance of the kernel M with respect to the 
group of automorphisms ff of A. For the invari­
ance of M it is necessary and sufficient that for 
any g E M, T E ff the action of the automorphism 
T on the element g should leave that element in­
side the kernel M. 

On the other hand, invariance of the theory with 
respect to the given symmetry means that the cor­
responding Wightman functional is invariant, i.e., 
W(g7 ) = W(g), where g7 is the result of the action 
of T E f) on gE A. 

It is easy to see that the invariance of a theory 
implies the invariance of its kernel, but that the 
opposite is not generally true. The situation in 
which the dynamics is invariant under a symmetry 
whereas the functional is not, is called breakdown 
of symmetry. 

Two types of symmetry breakdown are possible 
in principle. 

The first type is trivial and corresponds to the 
case when the kernel is not sufficiently large, i.e., 
the case where the set of dynamical equations is 
incomplete. Mathematically this manifests itself 
in the reducibility of the representation with the 
given kernel. Let us consider an example. 

On the basis of any theory with a dynamics 
which is not invariant under a given symmetry, 
one can construct a theory in which this symmetry 
manifests itself as a broken symmetry. Let us 
consider for simplicity, the case of a group ff with 
a finite number of elements T i ... T n; T i = 1. Let 
W be an irreducible functional, for which the dy­
namics is non-invariant under this symmetry. We 
now construct n functionals W i in the following 
manner: Wi(g7 .) = W(g). Since ff is a group of 

. 1 
automorph1sms of the *-algebra A we have 

(g+gh = (g+kg, = g,+.g, 

and consequently each Wi will be a positive func­
tional over A. It is easy to show that the kernel 
Mi of the representation defined by the functional 
Wi is obtained from M by the action of the auto­
morphism Ti: Mi = {g7 .: gEM}. Neither of the 

1 
kernels Mi is invariant with respect to the group 
ff. 

We now construct the reducible functional 
n n 

W=~ p;W;, p;>O, ~ p; = 1. 
i=i i=i 

This functional represents a theory with symme­
try breakdown of the first kind. 

Indeed, the kernel M of the functional W is the 
intersection of all kernels Mi and is therefore in­
variant under the group ff, whereas the functional 
itself is not invariant under this symmetry, except 
in the case Pi = P2 = •.• = Pn· 

In this case the symmetry breakdown is caused 
by the fact that the kernel M is not sufficiently 
large, i.e., the family of dynamical equations a( g) 
= 0, g E M is not sufficient to determine an irre­
ducible theory. In order to specify an irreducible 
solution, for instance W i• this family of dynamical 
equations must be completed, extending the kernel 
M to Mi. It is therefore clear that a symmetry 
breakdown of the first kind is always accompanied 
by vacuum degeneracy. 

The second and more interesting type of sym­
metry breakdown corresponds to the case where 
there are two or more irreducible functionals hav­
ing the same kernel M which is invariant with re­
spect to the symmetry 9". If to a given set of dy­
namical equations, i.e., to a given kernel M there 
would correspond a single functional W, this func­
tional would automatically be invariant under the 
symmetry ff. Indeed, since M is invariant under 
the symmetry tr, the kernel Mi of the functional 
Wi (Wi (g}) = W(g)) coincides with M, and, since 
by assumption there is only one functional corre­
sponding to M, we have Wi = W. 

If however there are several different irreduci­
ble functionals corresponding to a given kernel, 
then there appears the possibility of symmetry 
breakdown. In this case the symmetry breakdown 
is a consequence of the dynamics itself, and not 
simply due to the incompleteness of the set of dy­
namical equations. This breakdown cannot be re­
moved by simple adjunction of additional dynamical 
equations. Such a symmetry breakdown is not nec­
essarily accompanied by vacuum degeneracy, since 
a theory with such a breakdown may be irreducible. 

3. THE POSSIBILITY OF SYMMETRY BREAK­
DOWN 

It follows from the considerations of the pre­
ceding section that symmetry breakdown of the 
first kind is a quite frequent phenomenon. More 
precisely: to any theory which does not possess a 
symmetry (i.e., for which the kernel is not invari­
ant under this symmetry) one can associate a whole 
class of reducible theories for which this symme­
try appears as a broken one (symmetry breakdown 
of the first kind). The only exception in this class 
is a reducible theory possessing the symmetry 
completely (the case Pi = P2 = ••• = Pn)· 

Let us now consider symmetry breakdown of 
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the second kind. The possibility of this breakdown 
is not so obvious as for the first kind. In order for 
such a breakdown to be possible it is necessary 
that there exist at least two different irreducible 
theories with the same kernel. 

From this point of view, the selection of the 
initial algebra A, on which the Wightman func­
tional is defined, plays an essential role. Let us 
assume that the Wightman functional is well de­
fined also as a functional over the algebra A' 
which contains the algebra A. Then two irreduci­
ble functionals which have the same kernel when 
considered as functionals over A may possess 
different kernels when considered as functionals 
over the algebra A'. It is clear from here that 
by enlarging the initial algebra the possibility of 
symmetry breakdown of the second kind becomes 
less likely. 

The author[ 6l has constructed one of the possi­
ble extensions of the algebra A and has shown 
that the kernel of an irreducible functional (over 
the extended algebra) determines the extension 
uniquely. Consequently, if one selects as the ini­
tial algebra this extension, there is no room for 
symmetry breakdown of the second type. 

Consideration of the extended algebra also sim­
plifies the study of symmetry breakdown of the 
first type. One can show in this case, that the ex­
ample of symmetry breakdown given in the pre­
ceding section represents a quite general symme­
try breakdown scheme for a group with a finite 
number of elements. More precisely, we prove the 
following proposition. 

Let W be a functional consisting of a finite num­
ber of irreducible functionals and representing a 
theory with symmetry breakdown of the first type. 

Then together with each irreducible W a appearing 
in the decomposition of W, it will contain also the 
functionals W a, i(g) = Wa (gi1 ). 

We denote by M, Ma, Ma, i the kernels of the 
functionals W, W 0'• W a, i· As usual, we construct 
the functional 

n 

- "' Wa= "'-! p;Wa,i. 
i=1 

Since M C Ma and M is invariant with respect to 
the group 9", the kernel Ma = n M a i of the func-- . 
tional Wa contains M. According to theorem 2 
of [61 it follows that W 0' is composed of the same 
irreducible functionals as W. Consequently, all 
functionals W a, i must enter into the decomposi­
tion of W. 

It should be remembered that the preceding 
statement and the conclusion that symmetry break­
down of the second type is impossible are valid 
only if one starts from the extended algebra. For 
the usual algebra both these questions remain 
open. 
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