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Formulas are derived for the initial amplitude and shape of the free induction signal (FIS). 
Usual conditions for magnetic resonance are assumed, and the time-dependent wave equation 
solution for the interaction of two coupled spins in fields of arbitrary intensity is employed. 
The temperature dependence of the signal is taken into account. It is demonstrated that be­
cause of the relaxation terms, decay of the FIS is of an oscillatory nature. The signal ampli­
tude contains oscillations with a frequency proportional to the interaction constant of the 
coupled-spin pair. It is shown that the shape of the FIS depends on the temperature T. Near 
T = 0 decay of the FIS becomes weaker. The results of the theory are considered for the 
case of Nda;- pairs in lanthanum ethyl sulfate (LaES). 

1. INTRODUCTION 

IN magnetic resonance one frequently has to con­
sider the interaction of groups of two or more 
spins with the magnetic field. This interaction dif­
fers from the interaction of single spins with the 
magnetic field. 

Recently there has been much emphasis on the 
study of exchange pairs, by which it has been pos­
sible to explain a number of phenomena in maser 
theory. The spin-lattice relaxation of exchange 
pairs at low temperatures explains a number of 
phenomena that contradict the Kronig-Van Vleck 
theory, e.g., the strong dependence of the spin­
lattice relaxation time T 1 on the concentration of 
paramagnetic particles, the weal<: dependence of 
T1 on magnetic field, and the anomalous depend­
ence of T1 on temperature. 

Of considerable interest are exchange pairs 
with an exchange interaction comparable to the 
Zeeman energy. The study of the EPR spectra of 
such exchange pairs makes it possible to determine 
the exchange interaction with high accuracy. Such 
pairs can interact with the single spins relatively 
well. 

In this paper we shall consider pairs of two 
spins s = 1f2. The interaction between the spins is 
comparable to the interaction of one spin with the 
magnetic field. The Schrodinger equation is solved 
for a spin system consisting of the pair of inter­
acting spins and acted upon by a pulsed field. For­
mulas are obtained for the decay of the free induc­
tion signal ( FIS). The source of the decay is the 
dipole-dipole interaction of the pairs with each 
other and with single spins. 
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The decay of the signal contains oscillations 
due to the aforementioned dipole-dipole interac­
tions, and, in addition, "beats" appear, as a re­
sult of the pairing of spins. The decay owing to 
the interaction of the pairs among themselves (see 
Fig. 2) differs from the decay due to the interaction 
of the pairs with single spins (see Fig. 3), firstly 
in that the first decay is slower and secondly in 
that as the temperature T- 0, it weakens. The 
curve in Fig. 3 changes insignificantly with tem­
perature. 

The calculation we have carried out in the case 
of the dipole pairs of Nd3;- in lanthanum ethyl sul­
fate (LaES) shows the possibility of experimentally 
observing an electron spin echo in this substance. 
Along with the steady-state methods of studying 
EPR, the pulse method allows one to study the ex­
change pairs in ruby, exchange pairs of NiH in 
ZnSiF6 • 6H20, and in other substances. [ 11 

In Sec. 2 of this paper we give a general mathe­
matical solution of the problem based on the evo­
lution operator method. In contrast to the work of 
Lowe and Norberg, [21 in which the problem of 
finding the evolution operator was solved exactly 
for nuclei with spin I = 1/ 2, in our work we give an 
exact solution of the problem of two interacting 
spins, s = 1/ 2, with temperature dependence taken 
into account. 

2. SOLUTION OF THE SCHRODINGER 
EQUATION 

Two coupled spins K and J with coupling en­
ergy 
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(all and a 1 are the interaction constants) are situ­
ated in a constant field H 0 directed along Oz 
(axis of quantization) and in a field H1 rotating 
about Oz with angular velocity w. The time­
independent part of the spin Hamiltonian is 

ito= ooo/z + oookKz + a 11 Kz1"z + 1/2a.J:. (K)_+JtJ+); 

ooo; = y;Ho, OOok = y,.Ho; 

here 'Yj a~d 'Yk ~re the gyromagnetic ratios for 
the spins J and K, respectively. The time­
dependent part of the spin Hamiltonian 

itt (t) = 1/2 (ootiJ: + CiltkK+) e-'"'1 + 1/2 (oot/_ + CiltkK_) eimt 

(W1j = YjH1, w1k = '}'kH1), which is associated with 
the field rotating in the xy plane, can be made in­
dependent of time by transforming to a coordinate 
system rotating about Oz with angular velocity w: 

3ft'= exp [ili-1Fzoot] it1 exp [- ili-1F:eoot] 

=oot):x: + CiltkK:x;, Fz = Kz + Jz. 

The solution of the wave equation ili-18¢ ;at 
= (it0 + ie1 )l/J is described by the function l/J(t) 
= L(t)¢(0), where L(t) is the system evolution 
operator: 

L (t) = exp [- ili-1Fzoot] exp [ -i/i.-1 (fiCo+ itt'- ooF.) t]. 
(1) 

Let us consider the simplest system, that of two 
coupled spins K and J for which k = 1/ 2 and 
j = 1f2. Let F be the total angular momentum of 
the pair of spins J and K. If the interaction be­
tween the spins of the pair is comparable to the 
Zeeman part if 0, the energy levels must be con­
sidered in the representation of the coupled 
spins. [ 31 The energy level diagram for the pair 
is given in Fig. 1. We symbolize the energy of the 
levels (1, 1), (0, 0), (1, 0), and (1, -1) respectively 
by 

Et = liJ..t, E2 = li~, Es = liJ...a, E, = liJ...,, 

where 

At= 1/2(ooo; + OOok + 1/2ooFII), 
J...2 = 1/2[- ( ooo2+ooF.L2) ''•- 1/2ooFII], 
A.a= 1/2[(ooo2+ooF.L2)''•- 1/2ooFII], 
~ = 1/2 ( -ooo; - Cilok + 1/2wFII), 
Wo = ffiOj- Wok, WF11 = au/i, WF.L = a.L/i• 

We shall consider transitions between levels 1, 
3, and 4. Then the evolution operator L(t) in the 
coupled-spin representation is found by diagonal­
izing a third-order matrix extracted from the 
fourth-order matrix of (ie0 +if6- wFz) (see [31 ): 

Lu 0 LIS L1, 

L (t) = 
0 L22 0 0 

La1 0 Laa La, ' 
L,t 0 L,a Lu 

F=l 

F=O------o. 0 

FIG. 1. Energy level diagram for a pair (energy vertical, 
magnetic field horizontal). 

where 

Lu=bcadad 2, ~=1, Laa=cail~d 2, 
L,, = b-1cadvd 2, Lta = bcaiai~t. 

Lu = bca;a;y/, Lat = ca;a/~;, 
L34 = ca;~;yt, Lu = b-1ca;a/yi, LiS = b-1ca;~;·y; 

(the symbol for summation over i is omitted; 
i = 1, 2, 3); 

b = e-irotr", c = e-ill.,t, ai = e-icr;t, 

O't,a = 1/2(6 ± (62 + ;;;t2)'"], a,= {j = Wta- w, w = 1/2wu; 

[ {j - O'i 1 + cos TJ ]-'/• ai= 1+ _ + , 
1/sWt2(1-cOSTJ) 1-COSTJ 

{j- CJi 
~i = -ai _ , 

1 /4'}"2 wt( 1 - cos TJ) ''• 
Vi= ai( 1 + cOSTJ 

1- COST] 

;; = 2yH1• 

3. INITIAL AMPLrrUDE OF THE FREE 
INDUCTION SIGNAL 

)"'. 

Let a pulse of an alternating magnetic field of 
frequency w = 1/ 2 w14 act on a system consisting of 
c2N pairs of coupled spins from time t = 0 to 
t =to (c is the concentration of single spins, N the 
number of lattice sites). The duration of the pulse 
to must satisfy the condition to« 7', where 7' is 
the spin-spin relaxation time. Let us assume that 
the spin-lattice interactions are negligible. We 
take: 1) spins J" and K identical ('Yk = 'Yj = y), 
2) c;:;~ » <'> 2• 

In the time interval (0, to) the change of state of 
the system is described by the evolution operator 
L(t) according to Eq. (1). The average value of the 
physical quantity Q characterizing the non-equi­
librium of the system is calculated from the well­
known formula 

(2) 

where Po is the equilibrium density matrix. 
In Eq. (2) all quantities are chosen in the 

coupled-spin representation. For the average value 
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of the transverse components of the magnetic mo­
ment of the spin system at time t = to. we have the 
following expression: 

<~-tx(to)x + j.ty(to)y) 

. (J)tto flto 
= ~-t(O) (xsin rot0 - ycos roto)sm-2-cos-2-, 

!.!. (0) = ylic2N (R4- R1); (3) 

Ra is a diagonal element of the equilibrium den­
sity matrix of the pair p0, a = 1, 2, 3, 4: 

Ra. = exp(-Ea./kT){ Sp [ L; exp(-Ea./kT) ]}-1
• 

a. 

The initial amplitude reaches a maximum if the 
duration of the pulse to satisfies the condition 
w1to /2 = 7r/2. If spin-spin interactions are neglected 
after the pulse generator is turned off, we have the 
following expression for the average value of the 
transverse components (it is assumed that the con­
dition w1to/2 = 7r/2 is fulfilled): 

<J.tx (t) x + Jly (t)y) = 1-1 (O) (x sin rot- y cos rot) cos 6t'. ( 4) 

The time t varies from t = 0 to t-oo; t' = t- 1:o· 
It is seen from Eq. ( 4) that in the absence of inter­
actions in the xy plane, one will observe a preces­
sion of the transverse components of the magnetic 
moment with constant amplitude, i.e., there is no 
decay of the signal. 

4. DECAY OF THE FREE INDUCTION SIGNAL 

In the further behavior of the system, let us al­
low a dipole-dipole interaction between pairs of 
coupled spins if{k and~a.n interaction between the 
pair and a single spin .o/t ~ L: 

.ieik = A;~op~p~ + Bik (F,_i .F..!'+ j?_ifr/), je2iz = -;pzfr/S/, 

where 

Aik = (g/1~)2rj~ (1- 3cos2 8i~<), 

Bil< = (gJ.~) 2rj: (1- 3 cos2 eik), 

Ai1 = gllg11~2i'j[(1 - 3 cos2 ejz). 
Here 8jk is the angle between Ho and _!he radius 
vector rjk joining the pairs j and k; 8j l is the 
angle between Ho and the radius vector rH join­
ing the pair j with a single spin l; g and g are 
the g factors of the pair and the single spin, re­
spectively. 

We shall apply the following formula for the 
calculation of the mean value: 

<Q (t)) = Sp {rot-l (to) t-1 (t') QL (t') t (to)}, 

where 

i (t') = exp [- ~ ~ Je0it' ]exp [- ~ ~ (if{k + .i£~ 1 ) t'] 
j i. k,l 

(Je~ = §e0), and L(to) is given by Eq. (1) 
In expanding :L-1(t')QL(t') in series form we 

shall take into account 1) the first four terms of 
the expansion and 2) two-particle interactions. 
Two-particle interactions between spins are im­
portant, for example, when the concentration of 
paramagnetic ions in the crystalline lattice is 
small. 

Using the conditions enumerated above, we ob­
tained the following expression for the average 
value of the x component of the magnetic moment 
of the spin system: 

(J.tx(t)) = ~-t(O) [f1(t') sin rot+ fz(t') cos rot] 

+ ~t (0) J (t') sin rot; 

here 

ft (t') = Qzn (t') cos 6!' + Qzn+1 (t') sin 6!', 

(5) 

fz(t') = -6;;;1-1(R4- R1) [Pan(t') cos {)t' + Pan+t(t') sin l'lt'], 

J(t') = Qzn (t') COS l'lt', 

( t') 2 1 
Qzn (t') = 1-2!2(< v2)1, o+< va>o;-t) 

(t') 4 1 
+~2(<v4)t,o+<v4)o,-1)- ... 

( t') 2 { 
= 1-2! (2Bi") 2(R1+R3+R4) 

+ [(Aii•)2-Ai"(2Bi")] R1 + 2:3 + R4} 

+ (~~ 4 { (2Bi") 4 (R1 + R3 + R4) 

+ [(Aik)4 + 6(Aik)2(2Bi")2 

- 2(Ai")3(2Bik)- 2Ai"(2Bih)a] Rt + ~3 +R4} + ... , 

f (t')3 1 
Qzn+t (t ) = - 3!""""2 (< V3>o. -1- < va)1, o) + ... 

... =- (~~ 3 r 3 (Ai") 2 (2Bi") Rt + '2: 3 + R4] + ... , 

Pan(t') =- (t')a 2Ai"(2Bi") 
2! 

+ (~~ 4 [Ai"(2Bi") 3 + (Ai")3(2Bi")]- ... , 

Pan+t (t') = :~ (2Bik) 

- (~~ 3 [(2Bi")a + 3(Ai")2(2Bi")] + ... 

(t')2 (t')' 
Qzn(t')= 1-"2!<va>•h,-Vz +4!<v4)V,,-'/z 

= _ (.t')2 ( ;r;z )a (t')' ( ;r;z )' _ 
1 2! 2 + 4! 2 ° 0

• 
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(the signs of summation over j (:F k) and j (:F l) 

are omitted),(vn)1,0• (vn)o, -1> (vn)1/2, -1/2 are 
the reduced moments of the n-th order for the 
corresponding transitions. 

The average value of the y component of the 
magnetic moment of the spin system (p.y(t)) is ob­
tained from (5) with the following replacement: 

sin wt cos {it'+-+ -cos wt cos lit', 

sin wt sin lit'+-+ cos wt sin {it'. 

As is seen from the above, only spin-spin inter­
actions were taken into account in calculating the 
FIS decay. However, for sufficiently strong ex­
change, modulation of the anisotropic exchange in­
teraction by lattice vibrations can produce a sig­
nificant spin-phonon interaction for the spins of a 
pair. 

We shall estimate the spin-lattice relaxation 
time T1 for pairs of Cr3+ in ruby. [ 41 For this we 
make use of the three-reservoir model of Bloem­
bergen and Wang[ 51 and Morocha's result. [ 61 We 
assume that the contribution of high-frequency 
phonons is small. Then for a magnetic field corre­
sponding to the frequency v = 1010 Hz and for a 
Cr3+ concentration c = 0.1%, Morocha's Eq. (38) 
gives T1 ...., 10-3 sec at T = 2 o K and T1 ...., 10-6 sec 
at T = 300° K. 

Thus, at least at helium temperatures and be­
low, we may neglect spin-lattice relaxation due to 
the indicated spin-phonon interaction mechanism, 
since the spin-spin relaxation time T2 for Cr3+ 

pairs in ruby is much shorter. 

5. TEMPERATURE DEPENDENCE OF THE FIS 

Equation (5) permits us to judge the tempera­
ture dependence of the FIS. The functions f1(t') 
and f 1 (t') vary insignificantly with temperature. 
The quantity f2(t') on the other hand changes 
markedly with temperature. As T - co it vanishes, 
but near T = 0 its contribution, generally speaking, 
is important. However, the shape of the FIS does 
not change noticeably, because of the condition we 
have introduced ( W'I » 6 2). The curve drawn in 
Fig. 2 as a fine line represents the contribution of 
f2(t') to the FIS at T = 2 o K. 

As was mentioned above, the spin-lattice inter­
actions are considered to be negligibly small. If 
they were strong, the sample would have to be in­
vestigated at low temperatures, and, as is clear 
from the preceding discussion, the shape of the 
FIS would then depend on temperature. 

6. FIS IN LaES-Nd3+ 

Consider the pairs of interacting Nd3+ ions in 
LaES containing from 1 to 10% Nd. [ 71 For two 

ft(t'), fz ( t') 
I 

FIG. 2. FIS decay curve of Nd'+ pairs in LaES, due to 
interaction between the pairs; T = 2°K. Curve f,(t') is indi­
cated by the fine line. 

nearest-neighbor identical Nd3+ ions forming a 
dipole pair, the Hamiltonian and energy levels are 
such (see [ 71 , Appendix) that our theory is appli­
cable to this material. We shall assume that the 
concentration of Nd3+ ions is c = 10%, the de 
field H0:::; 1800 G, the ac field H1:::; 170 G, with 
w = %w14 = 9.5 x 109 Hz. The initial amplitude of 
the FIS is a maximum when w1to = rr/2, where the 
pulse duration to :::; 10-9 sec. 

To determine the shape of the FIS it is neces­
sary to know the lattice sums appearing in Eq. (5). 
These have been evaluated with account taken of 
over 99% of all the neighbors of a pair (see [ 81 ). 

The direction of the field H0 is taken along the 
symmetry axis of the internal crystalline electric 
field, and T = 2 o K. The lattice sums have the fol­
lowing values: 

2BJh = -2.72·10-20 erg, (2BJh)2=3.21·10-38 eri, 

(AJh)2 = 1.28·10-36 erg2, Aih(2Bih) = -2.03·10-37 erg2, 
(2Bih)3 = -9.13·10-57erg3,(AJh)2(2Bih) = -5.16·10-55 erg3, 

(2BJh)4 = 2.23·10-7" erg4, (Aih)" = 3.63·10-71 erg4, 

(Aih)3 (2Bih) = - 1.19 ·10-71 erg4, 

(Aih)2(2Bih)2 = 9.18·10-73 erg4, 

Aih(2BJh) 3 = -0.33·10-72 erg4, 

(.J)L) 2 = 2.6 ·10-35 erg2, (.iii') 4 = 2.08 -10-69 erg4 

(signs of summation over j(:F k) and j(:F l) are 
omitted). 

The shape of the FIS at T = 2 o K is shown in 
Figs. 2 and 3. 

The curve in Fig. 2 describes the FIS decay due 
to the dipole-dipole interaction of the pairs with 
each other it ik· This interaction leads to an oscil­
latory character of the decay. Superposed on the 
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f{t') 

_, l 
FIG. 3. FIS decay curve of Nd3+ pairs in LaES, due to in­

teraction between the pairs and single spins; T = 2°K, 

decay associated with the pair-pair relaxation 
mechanism, one sees beats, the frequency of which 
is determined by the interaction of the two spins in 
a pair and equals 5 x 108 Hz. The decay time 
Tpp R:! 8 x 10-7 sec. 

The decay curve in Fig. 3 is determined by the 
dipole-d_ipole interaction of the pairs with single 
spins ifF and also has an oscillatory character. 
The decay contains beats of frequency 5 x 108 Hz. 
The decay time for this relaxation mechanism is 
Tps R:! 9 x 10-8 sec. 

Let us compare the curves in Figs. 2 and 3. 
The pair-single ion relaxation mechanism (Fig. 3) 
provides faster decay. In Eq. (5) the terms in 

f1(t' ), which contain the odd moments, give a con­
tribution to the decay represented by the curve 
f1 (t') in Fig. 2. 

The author thanks U. Kh. Kopvillem for guid­
ance in this work. 
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