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The perturbation theory”:l developed for two-time temperature Green’s functions is used to
calculate the paramagnetic relaxation function and complex transverse magnetic susceptibility.

Use of the Dyson—Dembinski[G’ &

representation for spin operators is found to be essential in

this case. Near resonance, the expression obtained for the susceptibility in not very small sta-
tionary fields is the same as given by the phenomenological theory.ts]

1. WE consider a system described by a Hamil-
tonian # if isolated or under a time-independent
action. Application of an alternating external ac-
tion F(t), represented in the Hamiltonian by a
term ﬁ’(t) = —AF(t), causes the mean value B(t)
of a quantity B pertaining to the system to deviate
from its equilibrium value B;. In an approxima-
tion linear in F(t), this deviation is given by the
formula®!]
+o0
AB(t)=B(t)— By = \dt'Gaa(t—t)F(t'), (1)
-00
where Gpa(t—t’) is a retarded two-time Green’s
function defined in the following manner:

Gpa(t—t) =0 —t')X[B@®), AM)], (2

B(t) = exp (it} B exp {—it}, (3)
[
0= {, (20 (4)

(') denotes averaging over the Gibbs statistical
operator with Hamiltonian x.

It follows from (1) that the susceptibility XBA(W)
defined by the relation

AB(0) = xp4(0)F(0), (5)

where AB(w) and F(w) are the Fourier compo-
nents of the quantities AB(t) and F(t), coincides
with the Fourier component of the Green’s func-
tion:
+o0
154(0) = Gpa(0)= { dteio! Gpa(2). (6)

At high temperatures it is sufficient to retain
only the linear term in the expansion of Gga(t — t)
in powers B?ft’, where § =1/kT. In this approxi-
mation we have

Gonlt =)= 1B 8ot =)+ 8t — )x3a(0); (1)

we use here the notation
8pa (—1)=10(t—t) B (1) At')0,
%a (0) = B<B A%, < ...5%=Sp(...)/Sp(1).
The susceptibility xpA(w) is connected with the

Fourier component gga(w) of the function
gBA(t —t’) by the relation

x84 (0) = Bogra(®) + x54(0). (9)

It can be shown'?] that the relaxation of the

quantity AB(t), that is, its change in the case when

F(t) = 0(—t)etF, e— 40

can be expressed in terms of the susceptibility in
the following fashion:

Fde

e—iot

i

27

AB(t) = — [Xpa (©) — %yp (@)]. (10)

®

2. We now consider a solid dielectric paramag-
net with pure spin magnetism under conditions
when the spin system can be regarded as isolated
from the lattice (see, for example, [3]). The sys-
tem referred to in Sec. 1 is an aggregate of N
spins localized at the crystal lattice points and
coupled with one another by dipole-dipole interac-
tion. The system is in a magnetic field consisting
of a constant field H parallel to the z axis, and an
alternating field h(t) parallel to the x axis. The
Hamiltonian describing the ‘‘natural’’ motion of
the system is written in the form

~ a 1 PUNPN A LA
PH=—oL 80+ > D A5 (8280 — 88, (11)
i 71

Here
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S'Ji- :2_1/2 (ij:i:lSJT’), SJO = S-jl,
Aj; =0, Ay=+vy2ry3(1 —3cos?0y),

§j are the spin operators, rj; is the distance be-
tween the j-th and /-th spins, 651 is the angle be-
tween the z axis and a line joining the j-th and
l-th spins, wy, =vH, and vy is the gyromagnetic
ratio. As usual,’* we take into account only the
secular part of the dipole-dipole interaction. The
alternating external action is written in the form:

# ()= —1 N8, (12)
Our problem is to find the component X yx(w) of
the magnetic susceptibility tensor in the case of
high temperatures. Putting in (9)

B=4 =128 =N G + 3,
i V25
we find that to solve our problem we must calcu-
late the Fourier component of the function

2
Gxx(t) = Yg D {g—+(r;—r;t)—c.c.},
24

g—+(r; —1; 1) = 0 () <S5 () 8o (13)

3. We go over to the Dyson-Dembinski repre-
sentation! » 1 for the spin operators, that is, we
make everywhere the substitution

Sj+ — “/‘ga;’ (1 — aj+aj/2s), Sj— —> V‘;a_’h

N

' 0 Lot
S$®— —s 4 ajtay;

(14)

here the operators aj and aj+ obey the commuta-
tion relations

[aj, at] = 63,  |aj, ] = [a;*, at] = 0. (15)

The operation of taking the trace in g+(rj —-r7; t)
must in this case be modified as follows:

Sp...— N E(a]...|u), |[u)y=]] |u)), En = HEuj, (16)
u j )

where Iuj) is a complete orthonormal system of
eigenstates of the operator aj+ aj and

1
Euj={0

where s is the spin. It is convenient, further, to
expand the operators aj (here I is used for brev-
ity in lieu of r}) in a Fourier series

1

, 1 .
a = qu} elllagy, aq= I/N g e~idlg,,

0<<u; <<2s

17
uj > 25" ( )

(18)

In the terms of the operator agy, the Hamiltonian %
and the function g,(rj —ry; t) are represented in
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the form
H=— qu(lq'mq +4iN 2 T (@192 | qsqu)
q q,9:9:9,
X A(qq + 92 — 93 — q5) aq,taq,taq,aq,, (19)
where
wq = or + s(4o+244q), (20)

' (q192| gsqs)
= 1/Z[A(n—tx: + A'-Ix—lh + qu—q; + qu—q. +Aqa + Aq«)',

(21)
Aq = 2 e‘iq'Af, Af = .1_ Z eiquq, (22)
f N q
f stands for Ty -1 (see (11))
_ 1 =0,
Ald)=1, (0’ (23)
g (rj—r;t) = % 2 eti-baag],, (24)
cq
with
. . L1 o, +
(agl, = i0(t) aq (t) oDy g™ = 7 ?euua, (1 ~a§;|>’
(25)
G o= SEu(ul...|u) /2 E.(uln).  (26)

4. The calculation of the Fourier component
(agly, of the function (aq|t will be carried out in
accordance with the well known scheme. " The
system of coupled equations for (aqlaJ has in our
case the form

(0 + 0q)<eq |0 = —<aqua®s

T 2_%7 DL (g | @2q1—d2+9)<@q, " 0a.0q+q,-a: o (27)

(0—0q,+0q,+0arq,—q,){2q,T8q.2q+q,-a. |0

1
= —aq,"aq.09, 499,041 ~sN DT (q1+ 93 — quda | Gaq1)
LEL

+
X <aq1+q a—q4Qq 4+aq saq:a(l+(| 1—4d, l O]

1

+ —Z—A/ZF (993 | Gug2 + 93 — 94)

q:4,
XKaq,taq, g, g, +q,~0.0q+q,~q. |
1 i
+ — DIT(q+ 41 — G203 | G + G — G2 + gz — q1)

2N =
LEL )

X<aq,taq,aq, aq,Qq+q,~q.+a.—a: | 0,
Defining in accordance with {7 the mass operator
M(q; w) by means of the relation
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1
M(q; ﬁ))<aq|m=ﬁ2 I'(q41]| 929 + 91 — @)

99

X{aq, eq,8q1q,~q.] o, (29)
we represent the function (aq|, in the form
<aqaq+>b
0= — . 30
@alo o+ oq — M(q; 0) (%0)
Near resonance w = —wq We can put M(q; w)

= M(Q; —w)= Mq. Calculating Mg by perturbation
theory[” accurate to the second approximation in-
clusive, we obtain

Mq == S(Ao-!"%Aq\

/
/
/

+S(S +1) S T'(q9:| 99 + @1 — 42) I'(q 4 41 — 9202 | q:9)
2N Oq4q,—q, — Oq — Oq, + Og, + ie
(31)
or, separating the real and imaginary parts
Mq —— S(Ao + 1/2/1(1) + dq — l'Tq_i, (32)
where
s(s+1)
= — - P
da 2NV
o wlan|eata—ae)lata— 402 | 0:9) (33)
. ;_J b
Oq1q,—q, — Oq — Oq, | Oq,
q,92
s(s+1
Tt = T(ZTL Z T(qqi| g+ q — @) T(q+ @
q.9:
— Q2| (1q) 8 (0q+q,~q, =~ Oq — Oq, + Oq.). (34)

In our case (unlike in [”) the correlation func-
tions can be calculated exactly. However, since we
have in mind a large system, which corresponds to
the transition to the limit as N—« when N/V
= const (V is the volume of the system), with the
usual transition from summation to integration

i dq. ..,
. (2m)3 S

the terms which vanish in this transition have not
been written out in Mq. In other words, the result
has the same form as if we were to use Wick’s
theorem for the mean values. (%’

5. Thus we obtain for the component xxx(w) of
the magnetic susceptibility tensor near resonance
(disregarding the resonance shift characterized by
the quantity d;)

® 1 1
Xo—{ ._-+ P
2lo+tortit™t o— oL+ it

e (@) = 30— 1 ()

where

T=1, Yo= NBy*s(s+1)/3, (36)
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or, separating the real and imaginary parts,

Xxx(m) = Xxx/(m) + iXxx”((D)7 (37)

s (o2 — 0?) (1 + o’?) 4 20
Xex' (©) = %o Tk (0rf — 0%) 2 + doie? , (38)
[1-F (o024 o)1 0t (39)

Xxx”((’)) = Xo M+ ((DLZ — 0)2)172]2 + 4wt? )

Formula (10) is an expression for the relaxation
of the magnetic moment:

AM.(t) = yoh cos wrte-tl, (40)

from which we see that 7 is the relaxation time.

Comparison of formulas (38) and (39) with the
results of the phenomenological theory[‘” shows
that for not too small constant fields the corre-
sponding results coincide, if the relaxation time
Tg of the phenomenological theory is identified
with a quantity 7 which does not depend on the
constant field.

6. It is obviously of interest to calculate the re-
laxation time 7 for concrete crystals. To carry
out such a calculation it is necessary to put q = 0
in (34), take the limiting transition from summa-
tion to integration, substitute in it the values of I
and w from (21) and (20), write out the values for
the given crystal, and carry out the integration.
We present the result for the case of a primitive
cubic lattice in the nearest-neighbor approxima-
tion. By choosing as the coordinate axis the sym-
metry axis of the crystal we obtain for 7

= [ (s + 1)v*/a’],

where a is the lattice constant and J is a number
of the order of unity.

The author thanks I. G. Shaposhnikov for sug-
gesting the topic and for a discussion.
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