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The kinetic equation is solved and the mobility of carriers in a semiconductor is calculated
with account of a new type of electron-phonon interaction, which is proportional to the applied
field.'!! Other well-known carrier scattering mechanisms are also considered. The latter
are predominant in weak external fields, and this leads to Ohm’s law. In crystals with a very
large dielectric constant (on the order of several thousand) the aforementioned new type of
interaction becomes dominant when the field increases. Consequently the current passes
through a maximum and then begins to decrease.

IN a recent paper[“ one of us has introduced an
electron-phonon coupling arising in an applied
electric field E as a result of dependence of the
dielectric constant € on the deformation of the
medium. In crystals with very large dielectric
constants such a coupling may dominate over the
deformation potential, and even over the piezo-
electric electron-phonon coupling.

In an isotropic medium the dependence of € on
the deformation has the form

1)

where u(r) and u;(r) are the deformation vector
and tensor, g; and gy are numerical coefficients,
and €, is the permittivity of the undeformed me-
dium. If a potential difference with average gra-
dient E is applied to a deformed medium, then the
total electric field effectively acting on the conduc-
tion electron is E — Vg, where ¢ (r) is the poten-
tial of the inhomogeneous field component connected
with the dependence of € on the coordinates, and

is given by”

Ap = — (g1 -+ g2/2) (EV) (Vu) — (EAu)g./2.

In "1 the interaction olr, u] was taken into ac-
count in the theory of amplification and generation
of ultrasonic waves in a crystal. In the present
work, however, it is regarded in calculations of
the mobility, as a carrier scattering mechanism,

gir = €0(0ir — £10:r divu — goutsr),

(2)

Din a inhomogeneously deformed medium, bunching of the
electronic space-charge arises and forms a field E_. This
field has been taken into account in [*] where it had the same
order of magnitude as ch. In the present work, however, we
neglect the field Ep when considering thermal phonons.

alongside the deformation potential and other scat-
tering mechanisms.

Let us consider a simple conduction band with
an isotropic square dependence of the electron
energy & on its quasimomentum k. In the effec-
tive-mass approximation the wave functions of the
conduction electron are

1
147
The probability (per unit time) of electron scatter-
ing due to the interaction ¢ and followed by the
absorption (+) or emission (—) of one acoustic
longitudinal phonon is

we? (g1 + ga)® E?
MNsq

'l')k(r): ez‘kr_ (A)

W%k, q) =

Nq .
Nogy+1

Here k k’ = k + q are the quasimomenta of the
initial and final electron states, q is the wave
vector of the phonon, M is the mass of the crystal
unit cell, N is the number of unit cells in the
basic region of the cyclicity of V, s is the longi-
tudinal sound velocity, Nq” is the number of pho-
nons prior to scattering, and o is the angle be-
tween q and E.

The probability (per second) of scattering by
transverse phonons is obtained from Eq. (3) by
means of the substitution

g1+ g2—g21/2,

Assume that the temperature is not too low and
the average thermal energy of the conduction elec-
tron is much larger than the phonon energy. Then
|k’| ~ |k |, and

X co8? a0 (Bxtq — Ex T 7is | q) { (3)

sy — sy, cos?a—-sin?a.
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0 (Bxrq — B F hisyq) = 8 (Exiq — &)

:h”;—lwé(%icosﬁ>, (4)
where &) =Hhk% 2m*, and ¢ is the angle between
k and q.

Besides the scattering due to the potential ¢,
we take account of scattering due to the deforma-
tion potential and to the interaction with the optical
phonons. It is easy to show that the squared modu-
lus of the matrix element of the scattering by these
three mechanisms simply equals the sum of the
squared moduli of the matrix elements of scatter-
ing by each of the mechanisms separately. This
is because the matrix element of ¢ is real, and
the matrix element of the deformation potential is
pure imaginary; however, the scattering involving
acoustic and optical phonons is alternative. Thus
the scattering probabilities of all three types sim-
ply sum up.

If we write the kinetic equation for a spatially
uniform semiconductor and homogeneous applied
field E, and represent the distribution function by

fk) =1o(&) + hi(k) +..., (Ll (5)

where f; is of zeroth order of smallness and E
and f; are of the first order, then we obtain from
the kinetic equation

eh %(kE).

fir= _‘T(k)m* a& (6)

Here the relaxation time 7(k) is introduced
through the collision term by the equation

(af/at)coll == '_fI/T-

Using Eq. (6) for T7(k) we obtain the integral equa-
tion

=W K)

=3 [1_1(1{') KE J

(k) KE (7)
Here W(k, k’) is the total probability of carrier
scattering by all three mechanisms.

When the scattering angle enters in W(k, k’)
only via the argument of the 6-function, Eq. (7)
has an obvious solution of the type 7 = 7(|k]).

This is the case, for example, in scattering by the

deformation potential and optical vibrations. How-

ever in Eq. (3) the situation is different because of

the factor cos® a, which depends on the scattering

angle; therefore T should depend also on the direc-
tion of k.

We solve the integral equation (7) by an itera-
tion method, substituting the approximate expres-
sion 7(k) in the right-hand side and finding from
it the next approximation for 7(k). By choosing

7 = 7(|k|) as the initial approximation, we obtain
in the next one

1 o
5= W (I K) (1

K’E )
> .

*E (8)

In the future we limit ourselves to this approxima-
tion, but we perform one more iteration to esti-
mate its error. We consider the most adverse
case when the scattering by the potential ¢ pre-
dominates, i.e., the anisotropy of the function 7 (k)
is maximal. The error of the quantity (8) proves
to be alternating and not to exceed 3% in amplitude.

According to (8), from the additivity of W(k, k’)
for the different scattering mechanisms follows
the additivity of the corresponding inverse relaxa-
tion times. For the scattering by the potential ¢
we obtain

1
T (k)

Here 3 is the angle between k and E,

1
=—_Z]—€[3+n—(1—n)00526]. (9)

828y

. 16nﬁys“2a . [ (10)
"= 2@ F e)s,

2

(81t ga) 2 J ’
h2

T kT
v is the density of the material, k; is Boltzmann’s
constant, and T is the temperature of the lattice.
For scattering by the deformation potential
Vq=b divu we have

1/%qa =k /B,
t2y,

B = 2nfiysifa [ b2 (11)

(see, e.g.,

When electrons interact with the optical vibra-
tions of the crystal, polarons are formed, whose
scattering by acoustic vibrations is described by
equations that differ from those given above. How-
ever, this difference is large only in the case of
strongly polar crystals, in which polarons with
strong coupling are formed. We will limit our-
selves in this paper to weakly polar crystals. In
this case!?

1 _ {1/Ck, Moo < kT
T W/, hooS kT

where C and C’ are constants, and w; is the end-
point frequency of the longitudinal optical phonon
branch. If there are only two ions in the unit cell,
then

(12)

Tp

a3hwg?
C — u [OF) 0{.,
2nZ2et

’

Elglwa(ﬁmo)a/z

( ﬁ(l)o
4nZ2etm™'h

xp( ) (13

where p is the reduced mass of the two ions, Ze
is the effective charge of the ion, and a is the lat-
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tice constant (the shortest distance between the
unlike ions).

By adding the inverse relaxation times for the
three scattering mechanisms, we obtain for the
total relaxation time

o Bk
TR 4+ (B/tp)k + F1— Facos? B’

T

B B
Fi=—@3+n), F=—(1—n). (14)
Let us choose (&) in the form of a Maxwell func-
tion

fo = 4n(nae) exp (—oaeck?), Qe = 2 [ 2m*koTe, (15)

where n is the conduction-band electron density,
and Te is the electron temperature,which, gener-
ally speaking, does not coincide with the lattice
temperature T.? Calculating in the usual way the
electroconductivity ¢ and using Egs. (8), (14), and
(15), we obtain

2Be*na,’: ¢

e ) e (= wk) Q) (16)
_ 2n d+1 R (B/ty)k + Fy
Q_Tz<d1nd—_rz), &= et an

Before we consider the general case when all
three scattering mechanisms act simultaneously,
let us consider particular cases in which some of
the mechanisms are inessential.

1. Only the scattering by the potential ¢ and
by the polarization oscillations are significant
(high-temperature case). In the general equations
(16) and (17) we must put B — . Then

- 4Aen do+1 .\
()’q:p—m*(i_n)(nae),b(oﬂd0_1 2), (18
d02:3+n+A/C.

L—n

When dy > 1 the logarithm can be expanded in
powers of do-1. This yields

84e?n
3m" 3+ + A/C) ()
2. Only the deformation-potential scattering is

essential. In the general equations (16) and (17) we
should put A — « and Tp ™. We obtain

Ogpp =~ 00 =

(19)

- (20)

lng

. 4Be2n( Qe )v,

04 = —
am*

2)The field-heated electrons may have a Maxwell distribu-
tion, particularly owing to their Coulomb interaction (H-
theorem). There exists a carrier-density range in which their
Coulomb interaction Maxwellizes f, but it can be ignored in
Eq. (6) for f, [*:*].

Scattering by polarization oscillations in the case
of low temperatures and weakly polar crystals is
often less important than the other scattering
mechanisms, and is therefore not considered here.
It can be analyzed with the aid of Eqgs. (16) and
17).

Returning to the case of simultaneous action of
the three scattering mechanisms (the upper equa-
tion in (12) is used for 'rp), we expand Q (Eq. (17)
in powers of d~!, (F;/F, > 3) to obtain

oo

4e*nA Dy ()

0= _ . ; (21)
(mae)=m™ (3 +n + A/C) .=, (2v+ 1) de®oY

(=1
(v—1)!

X (v — k — 2)av-h — (2v — 3)z¥ — a2V

@y (z) = {Z(—l)h(k—l)!(v—k—i)

h=1

a4 2(v — 1)@+ A (v — 1) (v — 2) 2] e* Bi (—x) }

—U

z=222>0, Ei(~n)=-—{"—a (22)
(8 u

-
For usual values of the crystal parameters it is
sufficient to retain two or three terms in the ex-
pansion (21); ®p(=) = 2.

We have above used the kinetic equation. It is
valid when the Heisenberg uncertainty in the kine-
tic energy h/7 of the carrier is much less than
the kinetic energy kT itself.'® This inequality
is equivalent to requiring that the deBroglie
wavelength of the carrier be much shorter than
the free path. Unfortunately, this inequality is
violated in many real cases. The above results are
therefore applicable only to semiconductors with
comparatively high mobility, or at sufficiently low
temperatures. The applicability range of the the-
ory of scattering by the polarization oscillations
of the lattice is especially limited, because in this
case the free path is often less than the lattice
constant. Therefore it is unjustified to assume that
the optic-phonon field is a small perturbation,
and it is necessary to proceed to the polaron the-
ory. However the mobility calculation in the po-
laron theory is complicated, and the approximations
of different authors lead to different results. In
this case it is better to use experimental data for
the mobility due to the interaction with optical vi-
brations.

With increasing €3E the probability of scatter-
ing by the potential ¢ increases in proportion to
(€0E)2, and for large €,E this scattering mecha-
nism begins to dominate. Then the mobility begins
to decrease approximately like E72, i.e., the
current-voltage characteristic of the semiconduc-
tor begins to fall off. Using the Lorentz-Lorenz
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equation to estimate g;, we obtain gy ~€,/3 when
€y > 1.11) The characteristic begins to fall off
at practicable values of E if the dielectric con-
stant €, is very large (on the order of several
thousand). Substances with such €, are known
(compounds based on barium titanate and lead ti-
tanate, rutile, SbSI, etc.).

As an example, let us consider the case when
the competing scattering mechanisms are the de-
formation potential and the potential ¢, other
mechanisms being inessential. Let T =Tg
=200°K, €; = 2500, b =10 eV, m* equals the
free electron mass, 'ys?l = 2.5 % 102 dyne /em?,
g1~ g~ €/3, s/s; =2, and the conduction elec-
tron density 1015 ¢em™3. The dependence of the cur-
rent density J on the applied field E is then rep-
resented by a curve a in the figure. The maxi-
mum of the curve is at E = 10° V/cm.

This curve was calculated from Eqs. (19)—(22),
assuming C — o, Calculation of the resulting mo-
bility, using Matthiessen’s rule

1 1 1

—=— (23)
u 12%] 220

yields a value which differs by 4-5% (even in the
region of the maximum of the curve). Matthies-
sen’s rule is exact when: 1) the reciprocal relaxa-
tion times are additive, and 2) the ratio of the re-
laxation times does not depend on the wave vec-
tor k. If only the first condition is satisfied, the
rule is valid approximately, with an accuracy that
is the larger, the weaker the k-dependence of the
relaxation-time ratio. To calculate current-
voltage characteristics like those shown in the
figure we can therefore employ Matthiessen’s
rule, using the experimental values of the mobility
due to all the scattering mechanisms which do not
depend upon E, measured at low E. ugp can be
found from Eq. (18) with C — .

At low temperatures the scattering by neutral
impurity atoms may turn out to be dominant. The
corresponding mobility ist®d

7 'Iﬂ-,a A/ cm®
)

N

20

0

L | | Il

3 4
E107V/cm

1 m'ed
_— 7 24
uy 50 Neis - (24)

Here N is the concentration of the neutral im-
purity atoms. If N =0.5 x 101 cm™, T = 4°K,
Te=200°K, €, = 20000, ys) = 2.5 x 10'? dyne /cm?,
g1 = g2 =€¢/3, s)/s| =2, the density of the con-
duction electrons is n = 10!% em™, and m* equals
the free electron mass, then an account of the scat-
tering by neutral impurities and by the potential ¢,
using Matthiessen’s rule, leads to a current-
voltage characteristic represented by curve b on
the figure.”

In conclusion we note that the kinetic equation
is meaningful only if fie/m*u < (3/2)kTg, as men-
tioned above. The solution of this equation under
the assumption f; «<f;, means uE < (BkOTe/m*)i/z;
the expansion (1) is correct if

kT
3ys|2h

2 s
gidiva ~ ﬁ( ) (Bm*koTa) e < 1.

11
Finally, for the competition of the potential ¢ with
other scattering mechanisms, E should not be
small. It is difficult to satisfy simultaneously all
these inequalities, and in the foregoing numerical
examples they are fulfilled without margin. How-
ever, the qualitative character of the relations
shown in the figure (especially, the presence of a
maximum) is subject to no doubt. By using an-
other method to solve the kinetic equation we can
get rid of the second inequality. This will broaden
the applicability range of the theory and improve
the ability to fulfill the other criteria.

3)Equations (15)—(22) are correct for any dependence of
T, on E. Unfortunately, this dependence is known only for a
few particular cases. If the temperature T, rises to a value
such that the carriers begin to generate optical phonons in-
tensely, further increase of Te with increasing E is slowed
down, and T, remains nearly constant to a certain critical
value of E. Such a case was assumed in the calculation of
the curves, each of which corresponds to a fixed T,.
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