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A theory of the bound states of a nonlocal separable potential is developed using the exact ex-
pression for the partial amplitudes of the S matrix. It is shown that the number of bound states
does not exceed the number of ‘‘attractive’’ terms in the potential function, and that the energy
levels depend monotonically on the common coupling constant and on the partial coupling con-
stants characterizing each interaction term. The number of bound states and the position of the

lowest energy level are estimated.
IN a previous paper,[“ an exact expression for
the partial amplitudes of the S matrix was obtained
for the nonrelativistic scattering from a nonlocal
separable potential proposed by Yamaguchi,”] and
its analytic structure in the k plane was investi-
gated. It was shown, in particular, that besides the
poles corresponding to bound states, other singu-
larities are possible in the upper half-plane, which
give rise to cuts along the lines Re K = const; the
poles lie along the positive imaginary axis, as is
to be expected. The aim of the present paper is to
present a detailed analysis of the bound states, to
obtain their possible number for a given interac-
tion and to determine the characteristics of the
energy levels.

We shall follow the notation of the previous
paper;[” the number of terms in the sum over j
in the Schr'édinger equation
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will be called the order of the nonlocal separable
potential. The functions f %(r) are assumed to be
linearly independent (if there is linear dependence,
the correspondlng terms must be reduced). The
function rfJ (r) is absolutely integrable for

r = vy >0, with a possible singularity of the type

O(r—a/z'Hl)’ v >0
at r = 0.

The bound states are connected with the zeroes
of the determinant

Dy(k) = dety [8ij — aiit (k) ];
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Bjl(k)= (4)

(— i)t § kfA(r) i (kry dr.
0
As already mentioned, all zeroes of Dj(k) lie on
the imaginary half-axis k =ip (p > 0).
We shall investigate the equation
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whose solutions for A =1 describe the bound
states. We note that A~! is proportional to the
strength of the mteractmn if we replace every-
where f (r) by A~ 17241 (r), we obtain (5) from (2).
Equation (5) is the characteristic equation for the
(484 § Bi" (q) Bi'(q)

matrix.
).
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First we consider the case where all Bl = and
thus all have the same sign, i.e., the interaction
gives pure attraction or pure repulsion. Then the
matrix (6) is hermitian, and from its elements one
can construct the quadratic form

Qr(z,z; p?) = Zai,-lxi:cj’

dety [7\,(31'1' - (5)

T = (ass (k) =

(6)

(7)

|

a2+ p?’
which has a deflmte sign identical with that of 3.
It follows that all N solutions Aph(p%), n=1,2, ...,
N, of (5) are positive for g =1 and negative for
B = —1. We are, of course, only interested in the
positive solutions. Here (B = 1, attraction)
QT(x,x; pz) decreases monotonically as p2 in-
creases:

Qr(z, z; p?) > Qr(z, z; p?), p*> p*
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Let Ay = Ay = ... = AN be the canonical coeffi-
cients of the quadratic form Qp(x,x; pz). They are
simultaneously the eigenvalues of the matrix T
and the solutions of (5). The latter is an algebraic
equation with continuous functions as coefficients,
so that all An(pz) are also continuous. By the the-
orem on the coefficients of congruent quadratic
forms!®! we have

An(p?) > An(p?), n=1,2,..., N.
Going to the limit p’— p, we obtain
dhn [ dp* < 0. (8)
Eq. (7) immediately leads to
%ziianT (z,z;p*) =0

and hence the limit

lim A (p2) = 0 (9)

p2>oo
also exists.
Let us show that relations equivalent to (8) and
(9) are valid for any choice of Bl. For conven-
ience, we number the £l in the tJollowing way: the
first M numbers are assigned to the terms with
positive sign (Bj = 1), and the following numbers

correspond to ,Bl- = —1. We also change the no-
tation somewhat:

@y, LM
aii (k) = by, M <i,j<<N.

cjj in the intermediate regions. (10)

The equation D;(ip) = 0 is now written in the form

e oo e oG
|E—T|= —-a.M,1 1-—‘.1M,M c.M,M+1 ;'M. N =0 (11)
—CMi1 . - —CM+1, M 14 b.M+1. M .. I{Mu, N
—CnN,1 —‘C'N. M I;N. Ma i+bN, N
(E is the unit matrix). functions o¢j(q,p) such that
posli?tlil\‘fset gif?r?itgZlila(.)r:;tt;.atmiitgl,— 2/{7[:% ;:tlé]rnllsl y 8ij + bi; = §° 0i(4,P) 05 (4,P) 4. (15)

nant of the form (5) can be written as a polynomial

N
2 (= M)A (p2);

m=0

(12)

where Am(pz) is the sum of all principal minors
M,,, of order m of the matrix T. For ,8§ =B the
minors My, have the same sign as g™:

% B () Bl
Moy — (274%) detym [_S,OBISP quB;;Q) dq] )

The determinant on the right-hand side of (13) is a
Gram determinant and, hence, positive. From this
follows that

(13)

|B| = det [8:; + bs;] = 1, (14)

since |B| can be written in the form (12) for A =1
and g = —1.

The fact that |B| is positive can also be estab-
lished in another way. We can always construct

- P+ ¢
Then |B| is a Gram determinant. The functions
oi can be constructed in the following way. Ex-
pression (4) shows that all functions B%(q) have a
definite parity which is identical for functions with
the same I. Let us choose an orthogonal system
of functions uj(q,p) which are normalized with

weight (p* +q%)~! and have the opposite parity of
B! (g). Then one easily sees that

0i(q, p) = Bi*(¢)'+ ui(q, p)

satisfies (15).

In studying the roots of (11) one cannot go
directly to the investigation of the form corre-
sponding to the matrix T, since it is not hermitian.
In order to amend this, we multiply each of the
last N—M columns of the determinant (11) by —1
and consider the equation

(16)

’
N — 11 « « o —Q1, M —C1, M+1 e« «o—C, N
— A —a —c . . —¢C
IA/E__T/I: ayM,1 M, M . M, M+1 M, N :0’ (17)
—CM+1,1 . —CM+, M A —2——bM+1, M+41 « -« o —bM+1,N
’
—CN,1 . —CN, M —bN, M+1 A -—Z—bN,N
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whose solutions coincide for A’ = 1 with the solu-
tions of (11) and, hence, describe the bound states;
but A’ no longer has the meaning of an inverse
coupling constant.

The matrix T’/ is hermitian, and the quadratic
form corresponding to it has the form

Ontezi) = § | 3B r2 3 el

=1 n=M+1

(18)

From this we easily obtain (8). In the following,
however, we shall almost never consider T/ and
the quadratic form Q. Instead, we shall obtain
another matrix in which the attractive part of the
interaction is explicitly separated.

Assummg first that N - M = 2, we multiply (11)

ﬂ+1w \ﬁ+¢

by |B| ! and, using the Sylvester identity for
determmants,[‘” obtain
detar [8:5 — hij] =0, (19)
where
1 ai, j Ci, M+1 Ci, N ‘
hij = 5] eaan, i L4 b, o bua, N |- (20)
CN, j by, M1 14 by~

The matrix H = (hij) will play the role of T for a
purely attractive interaction. Equations (19) and
(20) are also true for N — M = 1. This is easily
seen by extracting the N-th row and column of (11)
in the usual procedure for lowering the order of a
determinant.

We note that on the imaginary axis k = ip

(21)

[aij|? < aiiay,

which follows from the Schwarz inequality. The
same inequality for hjj is obtained from the Syl-
vester identity:

ai, i ai, ; Ci,M+1 + + .+ CiN
aj,i aj, j CiyM+1  « . . CjiN
|B| X |eM41,i €M1,
. . i
: : i B
]
CN,i CN,i

= | B [* (hishj; — | huj ), (22)
for the second determinant on the left-hand side of
(22) is positive since it can be written as a Gram
determinant with the help of (16).
The determinant
ai, i

CM+1,i

) (23)

CN,i
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can also easily be reduced to the form of a Gram

determinant. By the generalized Hadamard in-
(5]

equality for positive definite matrices we then
obtain an estimate for hjj:
hii < ais. (24)

After these remarks, we shall, as before, con-
sider the equation

detar [A8:; — Rij] =0, (25)

whose solutions for A =1 will give the bound
states. Let us write the quadratic form corre-
sponding to the matrix H:

‘P YMH
1 YT‘W+1 _____________

QH: Z hwxlxj = \b’]

i, j=1
N
(26)
Here

o
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—co  j==1

M

d
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—o0 =1

With the help of the generalized Hadamard in-
equality we obtain at once

Oe <P

The quadratic form Qp is positive definite just
like the determinant (23). It follows that all M so-
lutions An(pz) of (25) are positive and we find from
(27)

(27)

lim ()H(x z; p*) = 0.

Let us now show that QH(x x; p%) is a monotoni-
cally decreasing function of p?, which will then
constitute the proof of (8). After some transforma-
tions we find

(28)

00

dQ _ S dq .
7m(p2+ q2)?

dp2

|B|?— Up,q,z); (29)

U(p7 q, x)le12

M 2
B (9) |

N M
Z Bntnl’Ym* 2 lexj }

nm=M-+1

+ Z ZYn,Ym.Bntsl.BllBst

nm s,t

—2|B[Re

j=1

—_ S‘I |B l YnYm. 2 le*Btanmst,

nm sE=n
t£=m

(30)
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where B,, Bymst are the cofactors of the deter-
minant |B|. Let us again use the Sylvester iden-
tity in its simplest form

IB[Bnmst = Bntst - BntBsm- (31)
As a result
M 2
Ulg,p,2)=| B 3 Biz;— 3 Bu¥uBun|  (32)
j=1 n,m
and hence,
dQ | dp? < 0. (33)

Let us introduce the common coupling constant
p for all functions fl(r). For pure attraction we
obtain at once from (7) (8 = 1)

0Qr oA
=T __ 0; — )
P 30 Qr > 30 >0 (34)
For mixed forces, (18) allows us to write
0Q7/ /
Qr o, P o, (35)
dp dp
Let € = p® be the energy of the bound state
A(€,p) = 1. Then
oA 9 OA de oA / o
S T = — = > 0. :
de dp T dp “p | o (36)

The energy levels increase monotonically with in-
creasing coupling constant. An illustration of the
dependence of the solutions of the equation (5) on
p2 shows N curves which approach zero mono-
tonically (see the figure). Each curve can inter-
sect the line A = 1 only once, so that for a purely
attractive nonlocal potential of order N there are
no more than N bound states.

A

For mixed forces, Eq. (25) yields only M
curves }\i(pz), where by (33) and (28),

s

op?
no more than M bound states can exist. Thus the
number of bound states of a nonlocal separable po-

tential cannot exceed the number of ‘‘positive’’
terms in the sum (1).

<0, limA; =0

p2o>oo

Using the known properties of eigenvalues and
the inequality (24), we find

M M

D) hi(pt) = SpH = Dby < Z

i=1 i=1 i=1
N S (37

bt l p? + q? )

~ o1 + 1 S l
The equality sign applies only when M = N. Ex-
pression (37) allows one at once to obtain a crude
estimate of the number of bound states (in addition
to the relation n =< M already found):

® 2g
nl<?x,(0) 2l_1_1§|2311(q da

o~/§8

N S reypeyrezearar
0

in } {rem(ryar|
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’

M
Fi(r)= D) fi(r). (38)
i=1
Moreover, (37) leads to an estimate of the en-
ergy €, = pi of the lowest bound state with the help
of the equation

e [ee]
EIM(POZ)=I, i.e. SJZB ()] . +q _ 212—1

(39)

We note that the estimate (38) is valid only if a
stronger restriction is imposed on the tail of the
function £i(x), viz.,

f = o).

We can further determine the type of motion of
the energy levels of the bound states as the cou-
pling constants of the different interaction terms
for example, p"; and p} are varied (the upper in-
dices indicate whether they belong to the attractive
or repulsive parts of the interaction). We show
that the following inequalities hold for all levels:

de de
api+ =

, — << 0. (40)
9p;~

To find the bound states we must solve the equa-
tion

l—hyy —he —Iag —hy, M
—hayy 1 —hys —hog — hg,

|E—H|=| —h1 —hpa 1—hy, —hy,y | =0
—hy,y —hy,e —hus... l—hywu
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which reduces to the following form by an identity
transformation:

|E—H'|
I —hy h,e hi,3 hy, m
hZ,l 11— hz,z — h2,3 —ho, i
= hs,l "—hs,z 1 —‘hs,a —hs, M = 0.
hM,, '—hM,z “'hM,a--- l—hM,M
(42)

From the matrices H and H’ we construct the
quadratic forms Qg and Qg [cf. (26)]:

QH(%-T)= hyy Ixilz

M M M
+ S huziz + D) izt + D) hizizs”,

(43)
i=2 j=2 i,j=2
Qu: (2, 2) = hy |24]?
M M M
— Z huxixi" — Z hlj.l‘xdlj‘ + 2 hijzi.zj". (4:4:)

=2 j=2 1,j=2

Since both quadratic forms are positive definite,
they can be reduced simultaneously to canonical
form and hence, will simultaneously assume their
extremal values. Let us introduce the vector {xo}
such that

Qu (2’ 2°) = Ai(p?), Qm (2% 2°) = A/ (p?).

If we consider an eigenvalue Aj such that A;(0)
>1, we will have }\i(pz) =1 for some value of the
argument p2. Evidently )\i’(pz) is also equal to
unity for the same value of the argument, for Ai(pz)
= 1 means that (41) is an identity for this value of
p?, and (42) becomes an identity together with (41).
Thus

Qu(®, 2% p*) = Qu- (2 2% p?),

i.e.,

M M
D hajasz 0 ++ D) hyzfad = 0.

j=2

(45)

=2

Introducing the coupling constant pj for fil(r), we
obtain from (43)

00u _, 1, L R .
GoF =l +~2—§] oy + - D) hyziz, . (46)
' j=2 < i=2

o1

Let us take the vector {x’} as the argument of
Q. Then we find from (45) and (46)
oA

p1t— — = hy |22 = 0.

The same result can also be obtained for any
pJ?’(j =1,2,.., M.
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The derivative with respect to py can be ob-
tained by taking the derivative of (25). After some
transformations using (31) we have

_ 004y
" a0y
YM+1 YM+2 cee YN
_ |—BLIZ‘ 1 + barsa, Mu1 bM'+1, Mi2 - - bM.+1, N < 0.
‘ bN—1, M+1 bN—l, M+2 « - - bN~1, N (48)

Equations (47) and (48) together with (36) yield
(40). This result allows us to investigate the ap-
pearance of new levels and the motion of the old
ones.

For a given nonlocal separable potential of
order N with M attractive terms there are
n; < M bound states. Let us add still another
term (with g = 1) and let us raise the value of its
coupling constant p* from zero. All levels of the
system begin to drop monotonically, and as p” is
increased, new bound states will appear (if n; < M);
in the limit, the number of bound states will reach
M + 1. Increasing the partial coupling constants
p~ will raise the energy levels, and the problem
whether the system may in the end have no bound
states at all, requires further investigations.

Our results show that a nonlocal separable po-
tential may be very convenient for many practical
calculations. If the forces acting in the system are
not sufficiently known, as is the case in the theory
of the nucleus, it is most reasonable to test models
which lead to a closed solution of the problem, and
the nonlocal separable potential is just such a
model. This applies in particular to systems with
a limited and known number of bound states. Our
model is the simpler for calculations, the less
levels there are in the system; the position of the
levels is determined by an algebraic equation.
Here the results of Yamaguchi[“ deserve atten-
tion, where the model of a nonlocal separable po-
tential was successfully applied to the study of a
single-level system, the deuteron. This leads us
to hope for good results also in the case of more
complicated systems.

In the course of this investigation I received
invaluable help from Yu. V. Tsekhmistrenko, to
whom I express my sincere gratitude.
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