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A four-dimensional formalism is employed to determine the electromagnetic field strength
and the induction produced by arbitrary sources. The field is found in a medium with given
electric and magnetic permeability tensors. The formulas are valid also for a uniformly

moving medium.

1, FOUR-DIMENSIONAL STATEMENT OF THE
PROBLEM

WE shall consider the electric current density
I(r, t) and the electric charge density p(r, t) to be
given. It is required to find the electromagnetic
field, that is, the field intensities E(r,t) and B(r,t)
and the inductions D(r, t) and H(r,t). The three-
dimensional statement of the problem leads to
equations that are difficult to visualize; therefore,
even if one seeks a solution in a medium at rest,
it is more convenient to transform to the four-
dimensional statement of the problem, inasmuch
as the equations are then much clearer.

Since the connection between the inductions
and the field strengths ceases to be an operator
relation only when this connection exists between
the Fourier amplitudes of these quantities, and
since the imaginary character figures prominently
in the Fourier expansion, it becomes inconvenient
to use the four-dimensional Cartesian set of co-
ordinates in which the time coordinate xj = ict also
has an imaginary character. We shall make use

below of the Galilean system of coordinates xl, xz,
3 0

x’, X' = ct, for which the metric tensor has the
form
1.0 0 0
010 0
gx =10 0 1 of* (1.1
0 0 0 —1

The electromagnetic field in a material medium
is described by two antisymmetric 4-tensors of
the second rank: the field strength 4-tensor Fijk
and the induction 4-tensor &jx. In addition to the
field strength 4-tensor Fji, we introduce the 4-

tensor that is its dual:
(1.2)

Fik = 1/25ihersr,

where €lksr are the contravariant components of
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the unitary, completely antisymmetric pseudo 4-
tensor (see, for example, “], Par. 83; [2], Par.
22, and the end of Par. 37), the covariant compo-
nents of which are such that

engo =1, &R = —epqr.

Inasmuch as Fgy is a true 4-tensor then, in ac-
cord with (1.2), Fikjsa pseudo 4-tensor.

The equations of the electromagnetic field in
material media have the following form in the
four-dimensional representation:

oD 4n
= 1.3
P e (1.3)
oF*
—F = (1.9)

[see, for example, 031 par. 33, Egs. (270) and
(271)]. Here I are the contravariant components
of the 4-vector of the current density: Ii, IZ, &
form the 3-vector current density I, P = cp. Equa-
tion (1.4) is satisfied if we set

AN iks

Fik —
oz

) (1.5)
where R1KS is a 4-tensor that is antisymmetric in
all its three indices. It is seen from (1.5) that it
is a pseudotensor. Usually, in place of niks there
is introduced the 4-vector Ay that is dual to it,
with the help of the relation

mihs — SiksrAn

(1.6)

which is the 4-vector potential of the electromag-
netic field. Inasmuch as Riks j5 a pseudo 4-tensor,
then it is seen from (1.6) that A, is a true 4-
vector.

We note that the pseudo 4-tensor ®iks is deter-
mined with an accuracy up to the component
0@iksr/oxT, where @®1KST is an arbitrary, com-
pletely antisymmetric pseudo 4-tensor. Indeed, by
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substituting the pseudo 4-tensor
Niks + ﬁi— @iksr’

on the right hand side of Eq. (1.5) in place of qiks
we obtain the pseudo 4-tensor FiK as before, in-

asmuch as
32

thsr —
O0xs oz © 0

as a consequence of the antisymmetry of @1KST in
the indices s and r.
Setting

@iksr — @eiksr, ( 1. 7)

where ® is a true 4-scalar, one can show that one
can impose a single arbitrary scalar condition on
the components of Riks (and consequently on the
components of Ay also), which can only limit the
arbitrariness in the selection of the 4-scalar @.

For the determination of the 4-vector Ay, one
must use the equation (1.3), and also the connec-
tion of the 4-tensors & ik and Fik. In a disper-
sive medium, this connection has the form

O = 3 F (1.8)
where élksr is a pseudo 4-tensor operator.
The Fourier expansion yields
O (z7) = @it (Is) ehex? Ak, (1.9)
Fit(z) = { it (ko) €ha" ik, (1.10)

where kj, ky, k3 are the components of the wave 3-
vector k, kg =—w/c, w is the frequency. Here
d4km = dkydkydksdk, is the volume element in the
space of the 4-vector kj, L(xP) denotes a function
of all four components of the 4-vector; for exam-
ple,

@ik (zr) = DR (2, 22, 28, 20).
The connection between the Fourier amplitudes

ik — ST (1.8a)

exists not through the operator but through the c-
number, which is a pseudo 4-tensor Slksr

The components of this pseudo 4-tensor in the
fixed medium can be expressed in terms of the
components of the 3-tensors of the dielectric con-
stants €®B and magnetic permeabilities u®B if we

compare the formulas

d* = g%eg, g = pap1bP

(which connect the Fourier amplitudes of the 3-
vectors D and E, H and B) with the formula
(1.8a), in which the components of the 4-tensors
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fsr and @ik must be expressed by the 3-vectors
e, b and d, h (see, for example, 111 " the note on
p. 283; L2l p. 95). As a result, we get

S =0, 8% =1 e,

S%6=0, 8% = 1/se"%qg. (1.11)
Here and below, the Greek indices run through the
values 1, 2, 3 and enumerate the spatial coordi-
nates, while the Latin indices run through the val-
ues 1, 2, 3, 0 and enumerate all the coordinates of
4-gspace. The first 4-tensor permeability was in-
troduced by Tamm. Expanding the 4-vector of the
current density in a Fourier integral also,

Ii(zr) = { ji (k) ehe e, (1.12)
we obtain the following complete set of equations
[in place of (1.3), (1.4), (1.8)] for the Fourier am-
plitudes of the quantities characterizing the field:

QiRky = —i4nji/c, (1.13)
F*kn =0, (1.14)
gk = S P (1.15)

2. SOLUTION OF THE SET OF EQUATIONS OF
ELECTRODYNAMICS FOR THE FOURIER
AMPLITUDES

Equation (1.14) can be satisfied by setting

Fih = iNiksk,, (2.1)

where NiKS g a pseudo 4-tensor which is anti-
symmetric in all three indices and which appears
in the Fourier amplitude of the pseudo 4-tensor
Riks introduced in (1.5). As with R1KS there is an
ambiguity in the definition of Niks, To be precise,
one can add Tiksrk, to Niks without changing Tik
in the process; here the pseudo 4-tensor TiKsT jg
arbitrary and is antisymmetric in all four indices.
This is so because TikSTk k. = 0 as the product
of a symmetric 4-tensor kgky and a 4-tensor that
is antisymmetric in the indices s and r.

One can always set

Tiksr — Teihsr’ (2.2)

where T is a true 4-scalar, just as arbitrary as
TiksT, We introduce the 4-vector ay, which is
dual to the pseudo 4-tensor Niks by means of the

relation
Niks — giksrq,

(2.3)

Inasmuch as one can add Te:iksrkr with the a.rbi—
trary 4-scalar T to Niks without changing TiK in
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the process, one can impose a completely arbi-
trary condition (which only limits our freedom in
the selection of the 4-scalar T) on the component
Niks (and consequently on the component ayr).

The quantities TIKST, T and a, introduced
here are the Fourier amplitudes corresponding to
@1ksT @, and the 4-vector potential A,

Substituting (2.3) in (2.1), forming <p1k with the
help of (1.15), and using (1.13), we get an equation
for the 4-potential

Tira, = —4mji[c, (2.4)
where
T = % esrmnf o — RY™ ok (2.5)
is a true 4-tensor.
Here we have introduced the 4-tensor
R . G et (2.6)

Inasmuch as the following relation, similar to
(1.2), holds between the mutually dual 4-tensors
Fik and fik

Fib = 1 gihsrfy,.

we see, substituting this in (1.15) that the 4-tensor
introduced in (2.6) is the connection between @ik
and fmn:

(2.7)

@it = 1,Rikmnf . (2.8)

The expressions for the components of the 4-tensor
gikmn 3, terms of the components of the electric
and magnetic 3-tensors have the form (in the me-
dium at rest)

Robv0 —(), Robv0 — gaﬁvpv‘)_‘awcr,

(2.9)

Raoﬁv J— 0, RaOBO — —8“5.

We note that, since the 4-tensor RIKMDN jg anti-
symmetric in both the first and the second pair of
its indices, then it follows from the definition of
the 4-tensor T of (2.5) that

kI = Tirk, =0, (2.10)

Hence (and also directly from (1.13) by virtue of
the antisymmetric character of ¢iK)

jiki =0, (2.11)

which expresses the law of conservation of elec-
tric charge in terms of the Fourier amplitudes.

It must be expected from (2.11) that the four
equations (2.4) are not independent, but this in
turn must mean that the determinant ITikI , con-
structed from the components of the 4-tensor Tik,
has the value

| Tit| =0. (2.12)

On the other hand, if we denote by the symbol
\p(g %) the cofactor of the four-dimensional deter-
minant |TTS|, then the formal solution of the set
(2.4) is v

b il

T

Inasmuch as the 4-vector ay differs from zero,
we must also have, if Eq. (2.12) is correct,

e =

ap =

(2.13)

Direct calculations confirm the correctness of Eqs.
(2.12) and (2.13).

Since the expression mentioned above for a is
seen to be indeterminate, of the type 0/0, it is then
seen that it is impossible to solve the set of equa-
tions (2.4) without imposing an additional condition
on the components of the 4-vector aj;. We spoke of
this earlier. We now subject the 4-vector aj to the
condition

Pia; = 0, (2.14)

where P! is a 4-vector which can depend only on

the permittivity and permeability and on the wave

4-vector kij. By virtue of (2.14), regardless of the
nature of 4-vector Qi, we have the identity

QiPrar = 0.

(It is seen from what follows that the solution for
ak does not depend on QL) Combining this identity
with Eq. (2.4), we obtain

(Tir 4 QiP*) ap = —4njt | c. (2.15)
The solution of the set (2.15) is
T8 T8,
'“Ff +Q"P°)

4n JEw (2.16)

ar = —T |Trs+Qrps| ?
where the determinant in the denominator is com-
posed of the four-dimensional matrix TTS + QTPS,
and there is in the numerator the cofactor of this
determinant, corresponding to the element with in-
dices i and k.

Calculations lead to the following expression

4 fiqu quh)
_ — q — : .
ax 2 (ah - (2.17)
where V is a 4-scalar having the form
V= % koRebede gk pRPIM kg gpork RISTT. (2.18)

If we carry out the summation in (2.18) and use the
values of the components from (2.9), then, after
simple but tedious calculations (which are omitted
here), an expression is obtained for the 4-scalar V
(in the medium at rest):
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V = ket | %8|+ ko? (8%nop PP — Te%Bpap—)
kap*fky

T [ueb| - (2.18a)
Here |€aﬁ | and IuaB | are determinants com-

posed respectively of the components of the 3-

tensors €¥F and poB
p* = kpeb*, g% = g®bkg, T = Lk,e2Bkg.  (2.18Db)
For an isotropic medium at rest,
g% = gg®B, B = pgab
therefore,
Rap™t = i— Gapy, DP* = g% = k%, T0 = g2,

Substituting these expressions in (2.18a), we get
for the isotropic, fixed medium,
V = e(eke® — K2/ p)% (2.18c)
The 4-tensor Gji which enters into (2.17) is
expressed in the following fashion:
Gir = Yi&ibrsh 1R ko R ™ e . (2.19)

In the fixed medium, the components Gji are ex-
pressed in terms of the electric and magnetic 3-
tensors

Goo = kap®Pkp [ |no®|,
Gix = ko™ Pind®) + ki p*lax™

— T%t + /3 (Rja PR — Ejltua™ D),
Gjo = "[a ko (kje*Ppap™ — Wja™'p%),
Gox = /g ko [kx*Ppap™ — Pxa™'p*

4+ 2 (p*Pax — g%Max1)]. (2.19a)
In (2.19a), in addition to the notation which appears
in (2.18b), we have

'lpju(e) = 1/28jaﬁeu'y08av86°,

which is the cofactor of the determinant |e%B |
corresponding to the element €8,

As is seen from (2.19), and more explicitly
from (2.19a), the 4-tensor Gji is generally asym-
metric. For an isotropic stationary medium, the
components Gjj take the form

Goo = k?/p2,
k2 €
+ (k028 b ———) gju] , Gmc = Gno = '—koku,
w K
(2.19b)

k]kn
uw

ij:—e[

from which it is seen that in the isotropic medium
the 4-tensor Gji is symmetric.
It follows from (2.17) that in the stationary field

(ky = 0), the Fourier-amplitude of the scalar po-

tential

4m jiGio
c V

(lo=-——

does not depend on the additional condition, since
the component containing the 4-vector P! drops
out. The same thing can be said about the scalar
potential A,.

It is not difficult to establish the fact that the
solution of (2.17) satisfies the condition (2.14). The
4-vector Pl itself plays a purely auxiliary role: by
its means we can avoid the difficulty presented by
the fact that the solution of the set (2.4) leads to
an indeterminacy. In the expression for the 4-
tensors of the field strengths and inductions, as is
pointed out below, P! does not appear, but rather
the expression for the 4-potential Aj found from
Fik, We find the Fourier amplitude of the 4-tensor
Tik if we substitute the expression for a; from
(2.17) in the formula

fik f— iSihsrksd;«,

which is obtained upon substitution of (2.1) into
(2.3). Here the component in a,. which is propor-
tional to k, drops out, since € ikSTk kg =0, and
we get the formula

o 4rc ks kg jn Gy
R — — ]
jr=—iZ ol

(2.20)
Forming ¢lK by means of (2.15) and using the
definition (2.6), we find

(Pm _ L4_ﬂ Riksr [ s]n Gm_

c 14

(2.21)

Equations (2.20) and (2.21) give a solution of the
problem set up for the Fourier amplitudes of the
4-tensors of the field strengths and inductions.

3. FIELD STRENGTHS, INDUCTIONS AND
POTENTIALS

To obtain the field strength 4-tensor P_‘ik, it is
necessary, in accord with (1 1), to multiply both
sides of Eq. (2.20) by elkqx and integrate over
the space of the 4-vector kj. Moreover, if we re-
verse the expansion of (1.12)

j“(ki) In Xm)e ik Aqd[,X-m (31)
Tl
we then obtain
F’ik (.Tp) 4 k
JU
- 6(231;)4 S arxmn (Xm) S Slhsrk Gnr e1kq(x(I—Xq)

ky (3.2)
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where xP is the coordinate of the observation
point and X™ is the source point.

In the same way, we get the following 4-tensor
of the induction from (2.21):

4me
c(2m)%

§ aixmin (xm)

Xm

D (zr) = — (3.3)

L
X Sﬁj}{ihsr kG €1Rq(x3—XQ),
. |4
f
We note that

ik etk (=X — 9 ik (x9-X9),
oxs

Therefore, instead of (3.2), we can write

. ) 0
Fﬂi(xp): Slhsr_a_:;s_
4 Gar ik (xT—x ) ge
§ asxmin (xm) § 220 ethga-x"g k,].

m f

X (3.2a)

On the other hand, substituting (1.6) in (1.5), we
find

[__ 4m
x c(2m)*

. .04,
ih — giksr ____
F € g (3.4)
The components of the 4-tensor Fik that differ
from zero on the basis of (3.4) are expressed in
the form

_ 04, 04, )
o =— gaBY — BV | _—
£ e"PEy = e ( oxv 0x0

Fo0 = B = gafv (3.4a)

0xB

Comparing (3.4) with (3.2a), we find that the 4-
vector potential at the point of observation can be
computed by the formula

4n

A=y

S diXmn (Xm) S %eikq(xq._xq)dkkf.
(3.5)

xm Ry

In the same way, the 4-tensor of the inductions
(3.3) can be written in the form

. (3.6)

where the 4-tensor LiKS is determined by the
formula
4y
Liks (zP) — — diXm]n m
(57) = = gyt | X (X

X‘m

(3.7)

iRsr,
X SR Gnreikq(xq_xq)d“kf.

ky

Formulas (3.4)—(3.7) also give a solution for a
uniformly moving medium.

The application of the general formula (3.5) to
the stationary case of a fixed medium leads to the
expression for the scalar potential:

@ (r) = S [eap™ (2% — X*) (28 — X*)1 7 p (R) dR
R (3.8)

and to the expression for the vector potential:

1
[e%B |72

1 1
Ay(l‘) = 7 u;; Iuﬂal 2

X S [p.;: (a* — X*) (2 — Xv)]-'hI%(R) dR, (3.9)
R

which were obtained previously[ 5,61 by the direct
solution of the stationary field equations.

Thus one can assume that the general formulas
obtained above have withstood one of the possible
tests.

!L. D. Landau and E. M. Lifshitz, Teoriya polya
(Theory of Fields), Fizmatgiz, 1962.

2y, A. Fock, Teoriya prostranstva, vremeni i
tyagoteniya (Theory of Space, Time and Gravitation),
Gostekhizdat, 1955.

3W. Pauli, Teoriya otnositel’nosti (Theory of
Relativity) Russ. transl., Gostekhizdat, 1947.

41. E. Tamm, ZhRFKhO (Journal of the Russian
Physico-chemical Society) 56, 248 (1924).

5A. S. Viglin, Trudy, Ural Polytechnic Institute,
No. 72, 4 (1957).

8 A. S. Viglin, DAN SSSR 96, 457 (1954).

Translated by R. T. Beyer
14



