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A quantum-statistical analysis of the dynamic polarization of nuclei is carried out by taking 
into account diffusion of the nuclear spins as well as the dipole interaction of the electron 
spins. A set of integra-differential equations is obtained for the nuclear Zeeman, electron 
Zeeman, and dipole-dipole reservoir temperatures. Various particular cases are discussed. 

}. WHEN forbidden paramagnetic resonance in a 
solid becomes saturated by a magnetic field per
pendicular to the constant field, the nuclei acquire 
a large polarization. This phenomenon is called 
dynamic nuclear polarization (DNP) and is the most 
powerful method of polarizing nuclei. 

DNP has been the subject of several papers. [ l-31 

In the theoretical analysis[ 3- 51 it is assumed that 
the line width of the electron resonance is due to 
dipole-dipole interaction. If the concentration of 
the paramagnetic impurities is sufficiently large 
or if the experiments are carried out at low tem
peratures, then the line width of the electron reso
nance is indeed due to dipole-dipole interaction. 
The cited papers treat spatially-homogeneous 
cases; thus, no account is taken of the inhomogene
ity of the thermodynamic quantities. However, in 
experiments aimed at obtaining DNP, there are 
many nuclear spins for each paramagnetic spin. 
The nuclear spins located near the impurity greatly 
interact with the spin of the ion and become polar
ized more rapidly than the remote nuclear spins. 
This creates a gradient of the nuclear spin tern
perature and spin diffusion takes place in the DNP 
process. 

An equation for DNP with spin diffusion taken 
into account was derived by Winter[ 6J on the basis 
of simple physical considerations. He disregarded 
the electronic dipole-dipole reservoir. 

In the present paper we present a rigorous 
quantum-statistical analysis with a consistent ac
count of both the electronic dipole-dipole reser
voir and of nuclear spin diffusion. 

If the amplitude of the external alternating field 
is so small that the transition probability due to 
the external field is smaller than the transition 
probability associated with the interaction within 
an individual subsystem, then the entire system 

will be in a quasi-equilibrium state during the 
process of energy absorption from the external 
alternating field. Under these conditions we can 
use the method developed by Z ubarev[ 11 for the 
construction of the nonequilibrium density matrix. 
In this method one constructs local integrals of 
motion with the aid of the conservation laws, and 
these integrals are used in trying to construct the 
statistical operator. 

2. Neglecting the lattice, our system consists of 
three subsystems: the nuclear and electronic Zee
man subsystems and the dipole-dipole reservoir of 
the electronic subsystem. The secular parts of the 
intranuclear and nuclear-electronic dipole-dipole 
interaction are not regarded as subsystems, for 
the sake of simplicity. 

The Hamiltonian of the system is written in the 
form 

H =We~ Snz- Wn ~J;z + Hss + Hn + ..!_.~ (v-z(in)l;+ 
' 2 ' n 1 zn 

+v+z(in)I;-)Snz+ W;i ~ (Sn+eiwt+Sn-e-iwt); (1) 
n 

the first and second terms are, respectively, the 
nuclear and electronic Zeeman energies, the third 
and fourth are the secular parts of the interaction 
of the intraelectronic and intranuclear subsystems, 
respectively, the fifth term is the part of the dipole
dipole interaction between the electron and nucleus 
leading to the effect, and the last term is the inter
action between the electronic subsystem and the 
external alternating field. 

For a thermodynamic analysis it is convenient 
to go over to a rotating coordinate frame in which 
the Hamiltonian (1) does not depend exclusively on 
the time. [ 31 Then the Hamiltonian takes the form 

n 
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+ 00; 1 ~ (Sn+ + S .. -). (2) 
n 

To construct a nonequilibrium density matrix we 
write out, following Zubarev,[ 71 the integrals of 
motion. Inasmuch as inhomogeneities can occur 
only in the intranuclear Zeeman subsystem, we 
must set up density equations for it. These equa
tions are 

fJHr(x) 
fJt +divjr(x)=K1(x), 

fJHs_K 
fit- s, 

fJH88 S --=- Kr(x)dx-K8 &t . 
(3) 

The first equation was obtained by Zubarev and the 
author[Bl1> and the last is the result of the energy 
conservation law, neglecting the change in the en
ergy of interaction between the subsystems 

n 

(4) 

where ji(x} is the flux density, an explicit expres
sion for which is given in I. 

The integrals of motion take the form [ 7] 

0 

Ar (x) = H1 (x)- S e"1 {K1 (x, t)- div h (x, t)} dt, 
-00 

0 

As=Hs- \e•1 K8 (t)dt, 

0 

A88 =Hs8 + Se•1 [SaxK(x, t)+Ks(t) ]at. 
-oo 

(5) 

Therefore, if we assume that a quasiequilibrium 
state is established in the rotating coordinate sys
tem, the density matrix will be of the form 

p = Q-1 exp{- .\ ~r(x)Hr(x)dx- ~8Hs- ~dH88 
0 

+ ~ e"1 dt{~ dx[jr(x,t)V~r(x)+Kr(x,t)(~r-~d)] 
-co 

(6) 

where f3 is the reciprocal temperature. 
When setting up the density matrix, we have ne-

!)Henceforth cited as I. 

glected in the integrals the time dependence of the 
slowly-varying thermodynamic quantities compared 
with the rapidly-varying correlators. In the linear 
approximation with respect to the thermodynamic 
forces we can write with the aid of (6) 

(jr(x)) =D'V~r(x), 

<K!(x)> = Lis(x) ~8 ;:- ~d + SLII(xx') ~r(x~~- ~d dx', 

<Ks> = Lss ~8 - ~~ + \ Lsr (x') ~~ (x')- ~a dx', (7) 
~d • ~d 

where 
~d 0 

La,~= S d'), S eet dt (KaK~(t + i')..) ), 

a, f3 = I, S, and an explicit expression for D' is 
given in I. 

To calculate the correlators La,{:3 in the ex
pression, we shall use perturbation theory with 
respect to the last two terms of (2) (denoted by 
H'). If the remaining part of the Hamiltonian (2) 
is denoted by H0, then Ka can be written in the 
form 

Ka(t) = Ka<0>(t) + Ka<1>(t) + Ka<2>(t) + ... 
Ka<OJ (t) = eiHotKae-iHot, Ka.<n>(t) = i .\fH', Ka<n-1l(t')] dt'. 

0 
(8) 

3. Let us conside-r the case of a strong external 
field, when the Zeeman energy of the spins is much 
larger than the energy of interaction between the 
spins, and let us also assume that f3we < 1, that is, 
that the temperature is high. 

In this situation, the expression for La,f3 be
comes 

0 

La., a = ~d S e"1 <Ka.Ka (t)> dt. (9) 
-co 

We ultimately obtain 

(roe- w)wnl(l + 1) 
Lrs(x)=~d 3 (21 + 1) (W.,(oo+)-W.,(oo-))n1, 

~ LII(xx')f(x')dx' = <On21(1 + 1)nr l(x) 
3(:21 + 1)-r(x) 

<On 1(1+1) + _ 
+3nr (21 + 1) f(x) (W.,(w )+ W,(oo )), 

L (ooe-oo) 2 S(S+1) 
88 = 3(2S + 1) ns~dWo(oo- We} 

(roe- oo) 2 s + 3 (.2S+ 1)·1(1+1)ni (W.,(oo+)+W.,(oo-))dx, 

S , , , 1(1+1)nrSt() L18 (x)f(x)dx =(ooe-oo)oon~d 3 (.21 + 1) X 

(10) 

where wt = w - we ± wn, ns and ni are the num-
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bers of the electronic and nuclear spins (it is as
sumed that the volume is equal to unity), 

W ( ±)= JtWie2S(S+1) ~ IV~~nl 2 g(w±) 
x W 6(2S+1) n Wn 2 

is the probability of the forbidden transition, 

W(w- We} = JtWe!2g(w- We}/ 2 

is the probability of the usual allowed transition, 
T (x) is the direct relaxation time, for which an ex
pression is given in I, f(x) is an arbitrary func
tion, and g(w) is a function characterizing the 
shape of the spectral line. 

Using the local form of the first law of thermo
dynamics, we ultimately obtain with the aid of (7) 

and (10) the sought equations for f3I, f3s and f3d: 

a~I = D~~r(x)- ~r(x)- ~d. 
at T (x) 

- ~ Wx(w")(~r(x)+k~dw" +k~sw.-wJ, (lla) 
k=+ Wn CDn . 

a::= 2aW(w- We) (~s- ~d)+ ~J dx{ 6"Wx(w") 

X (k~r(x) + We-W ~s+ ~d w")\J+Y ~r(x~~ ~d' 
Wn uln T X 

C=(2S+1)/(I+1) Wn nr 

S(S+1)(2I+1) we-W ns 

a= 
(We - W )2 S ( S + 1) ( 2S + 1) n s 

3(2S + 1)SpHd2 

Wn 2f(J + 1) (2S + i)ns 
y = 3(2/ + 1)SpHd2 

6± = aC+y. (llc) 

When account is taken of the spin-lattice relaxa
tion, certain known terms[ 3 J are added to the first 
part of (11). 

We see that Eq. (11), unlike the results of [3, 6], 

constitutes a system of integral-differential equa
tions. They can be simplified only if one can ne
glect in (llb) and (llc) the terms containing the in
teraction with the nuclear subsystem. We have 
here two possibilities. 

A. When the electron line is so narrow that we 
can neglect the usual allowed transitions, then .Bd 
and .Bs are replaced by ,Bz (,Bz is the reciprocal 
temperature of the lattice), and the equation for f3I 
coincides with the equation obtained by Winter, [ 6] 

the only difference being that the time of the spin
lattice relaxation of electrons, which enters the ex
pression for the direct relaxation time, is replaced 
by the spin-spin correlation time. 

B. When account must be taken of allowed tran
sitions, f3d and .Bs are not replaced by {3z and 
comprise the solution of the solutions of the follow
ing equations: 

a~s = -2W(we- w) (~s- ~d)-~( ~s -~ ~~ \.J, at Ts We- (t) 

where Ts is the spin-lattice relaxation time of the 
electrons and y 1 is a numerical factor with an ap
proximate value of two. 

Following Winter, [ 6] we can easily obtain the 
solution of systems (lla) and (12). We present 
only the stationary value of the nuclear spin tem
perature 

~I _ (we/wn) (r-- f+) 
·~- (C1+r-+r+)[i+ ((1+2a2)/2a2 ) W (w,.- w)Ts] 

WeW(we- w)Ts + (13) 
(we- w)[2a2 + W(we- w)T8 (1 + 2a2)]' 

where r± = W(w±)r6, ci = T - 1r 6, and r is the dis
tance from the nucleus to the paramagnetic center. 

The first term of (13) corresponds to the usual 
DNP effect. The maximum increase in polariza
tion is we/wn. The second term is due to the pres
ence of the dipole-dipole reservoir. It is not con
nected with forbidden transitions, and is governed 
by allowed transitions and is equal to zero at the 
resonance point. Physically this is explained by 
the fact that in ordinary electronic resonance, the 
dipole-dipole reservoir cools down if w * we. [ 9 J 

Since the nuclear spins are in equilibrium with the 
dipole-dipole reservoir in our analysis, they will 
also be cooled, of course. The maximum de
crease in the temperature is obtained when 
w = we- /2 t.w and is equal to~ wef3l /t.w, where 
t.w is the width of the electron resonance. When 
t. w < wn, it is clear that the polarization corre
sponding to the second term will prevail over the 
effect connected with the first term. 

Finally, we note that Abragam and Borghini[ 3 J 

also investigated in the homogeneous case an effect 
similar to the second term in (13). However, since 
they did not take into account the nuclear relaxa
tion via the dipole-dipole reservoir, the effect un
der consideration is connected with simultaneous 
saturation of both the allowed and the forbidden 
resonances. Kozhushner[ 5J also considered the 
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case of simultaneous saturation of forbidden and 
allowed resonances. 

4. So far we have not considered the case when 
the expressions containing the interactions with 
the nuclei are neglected in (llb) and (llc). This 
neglect is practically always valid in the equation 
for f3s· As regards ( llc), this may not be the case 
at low temperatures, when the rate of spin-lattice 
relaxation of the electrons is low. Then, even if 
we disregard the forbidden transitions and investi
gate only the relaxation process, we must study, 
unlike the earlier investigations, E 101 a system con
sisting of two integra-differential equations. 

In the present paper we confine ourselves to a 
study of nuclear relaxation in the homogeneous 
case. 2> 

If we take exact account of the spin-lattice in
teraction in the equation for f3I we obtain the fol
lowing system of equations: 

d!31 = _ !31 -!3z + !3a -!)z 
& ~ ~d ' 

(14) 

where 

E1 and Ed are respectively the energy of the nu
clear Zeeman and electronic dipole-dipole sub
systems. 

Equations (14) coincide formally with the equa
tions obtained earlier, E 111 where their general 
solution has been analyzed. 

We present only two particular cases: 

(15) 

and obtain 

which corresponds to the case when the energy is 

2)This question was considered by the author together 
with N. Bendiashvili. 

transferred to the lattice via the dipole-dipole 
reservoir, and f3d does not change in this process, 
since it had time to relax. TId will usually coin
cide with the expression obtained in E 101 for T, 
except that the correlators will contain not Ts, but 
the spin-spin correlation time. 

We note that the analysis carried out by Khut
sishvili[121 is valid under the conditions (15). 

However, at low temperatures, the condition (15) 
may be replaced by the following relations 

Then the relaxation will proceed in two steps and 
the long relaxation time is expressed in the fol
lowing manner: 

(16) 

We see that in spite of the fact that the coupling 
between the nuclear spins and the dipole-dipole 
reservoir is stronger than the coupling with the 
lattice, the relaxation of the nuclei will depend on 
the spin-lattice interaction of the electron spin. If 
we neglect the second term of (16), then we can 
state that the ''bottleneck'' effect exists between 
the dipole-dipole reservoir and the lattice. 

The author is grateful to D. N. Zubarev and 
G. R. Khutsishvili for useful advice and for a dis
cussion of the results, and to B. N. Provotorov 
and M. A. Kozhushner for discussions. 
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