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Interaction of nuclear spins and energy migration over orbital levels via the optical phonon 
virtual field is considered. The mechanism is due to interaction between quadrupole moments 
(nuclei and electron shells) and the electric field gradient of the optical oscillations. For dis
tances l'ij between quadrupoles of the order of the lattice parameters, the cross relaxation 
transition probability depends on rij as 1/rfj; for distances considerably exceeding the lattice 

constant it varies as 1/r1. and 1/r~ .. Numerical estimates show that processes of this type 
l) l] 

are quite effective. 

As a result of the fact that neighboring ionic
crystal particles executing optical oscillations are 
displaced in opposite directions, such oscillations 
are accompanied by appreciable electromagnetic 
fields, and the motion of the atoms in such lattices 
is described by a compatible system made up of the 
equations of elasticity theory and Maxwell's equa
tions [t ,2] The interaction between the multipole 
moment of the particle and these fields can lead to 
a number of interesting phenomena. The influence 
of the interaction between the electric dipole 
moment operator and the electric field of the 
optical oscillation on the energy migration over 
the orbital states of the impurity atoms has been 
discussed previously [3]; the relaxation of the elec
tronic and nuclear spins, due to interaction between 
the magnetic moments and the magnetic field, was 
considered in [4,5]. 

In this article we discuss the influence of the 
interaction between the quadrupole moments (of the 
nuclei and electron shells) and the gradient of the 
electric field of the optical oscillations on the 
cross relaxation transitions in a system of nuclear 
spins and orbital levels of impurity particles. We 
note that the possibility of interaction between 
nuclear quadrupoles via the phonon field is pointed 
out in a paper by Bashkirov and Kopvillem [6]. 

The action of the discussed mechanism can be 
intuitively visualized as follows: the particle i, 
interacting via the quadrupole moment with the 
gradient of the electric field of the optical oscilla
tions, goes over from the excited state to the 
ground state and gives rise to a virtual phonon, 
while the particle j, absorbing this phonon, goes 

over from the ground state to an excited state. 
Since the phonons play in this case the role of vir
tual particles, the entire spectrum of the optical 
oscillations participates in this process, and the 
probabilities of the corresponding processes do not 
depend on the temperature. 

We start our analysis of the mechanism in ques
tion with a derivation of expressions for the electric 
field gradient. We direct the z axis along the ex
ternal magnetic field H. The perturbation Hamil
tonian, describing the interaction between the quad
rupole moment of the nucleus i and the electric 
field of the longitudinal (E 11 ) and transverse (El) 
optical oscillations of the lattice, is written in the 
form of a scalar product of two tensors-the opera
tor of the quadrupole moment of the nucleus, and 
the electric field gradient tensor [7]: 

:Jenuc = ~ (-1)"'QJ.L(VEiii,_L)-J.l, 
J.l 

eQ ~ 
Qo= 2!(21 _ 1) [31z2 -/(I+1)], 

(1) 

Q±l = =F V ~ 2/ (;? _1) [(lx± ily) f.+ lz (f'x ± ily)], 

(2) 

(3) 

where y 00 is a coefficient characterizing the de
gree of polarization of the electron shell of the ion 
in question (the anti-screening parameter), and 

V'E i~' 1 is the gradient of the electric field 
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(El1 , Eh on the ion in question; eQ is the quadru

pole moment of the nucleus, while I, I, Is (s = x, 
y, z) are respectively the spin of the i-th nucleus, 
the spin operator, and the spin projection operator 
of the i-th nucleus. 

In crystals of the NaCl and CsCl type, E 11 and 
El can be determined from the formulas 

Eli II = R 11p (r;); 

3 'V . . 
P(ri) = nB 11 L...J<uq-'l·q0 (aqe'qr; + aq+e-tqr;), 

q 

R =!!:...b[1-!!:...b (a_+ct+]-1 

II 3 3 Va ' 

b = [ 1 _ 4n (a_+ a+) J-1, 
3 Va 

Err=_::: Ze (~- m:.. + m+ )"' , 
3 Va N 2m_m+ ' 

(4) 

where ri is the radius vector of the position of the 
i-th nucleus, q = q0 I ql, a_ and a+ are the polariza
bilities of the negative and positive ions (atoms) of 
the lattice, m_ and m+ are the masses of the nega
tive and positive ions of the lattice, a; and aq are 
the operators of creation and annihilation of a 
normal oscillation with wave vector q, N is the 
number of unit cells in the sample, va is the 
volume of the unit cell, wq is the frequency of the 
phonon with wave vector q, e the elementary charge, 
and Ze the charge of the ion. 

For transverse oscillations of the optical branch 
we have 

Euj_ = ~ Rq.Pq. (ri), 
• 1 1 

q,1 

Rq. = (bq. + 4nj3) [1- (bqi + 4nj3) (a_+ a+) 1-t' 
1 1 Va J 

bqi = 4nwqi2 (c2qi2 -wq/t\ Bj_ = 3B 11 jn, 

Pqi = B j_ wq/''ii (aq/qri + aq/e-iqri), ( 5) 

where Wqij is the frequency corresponding to the 
wave vector q of polarization j, c is the speed of 
light, and ij is the unit polarization vector of the 

normal oscillation, ij 1 q. 

Let us consider the case of pure ionic crystals 
and let us neglect polarization of electron shells 
of the lattice ion (the electron shell of the i-th 

II 1 
nucleus). We can then express ('VE 1i )Jl. for longi-
tudinal oscillations in the form 

(VE!i 11 )o =- ~ ~F11 (q, r;)(qz0) 2 , 

q 

(VEli 11 )±I = ± ;B ~Frr (q, r;)(qx0q2°±iqy0qz0), 

1 
( VE1;11) ± 2 = -=- ~ Frr ( q, r;)[ ( qxo)2- ( qyo) 2 + 2iqxoqyo], (6) 

V6 q 

where qf (Z = x, y, z) is the Z-component of q0 , 

For transverse oscillations 

(VE!i..l)o=- ~F..L(qj, r;}[(ij)zqz0], 

q, j 

( V'E1i..L )±! = ± f 2/J ~ F ..L (qj, r;}[ (ii}x ± i(ij}y] qz0, 

q, j 

(VE!i..L)±2 = VZ/s ~F..L(%, r;) 
q, J 

(2w 2 -+- c2q .2) q ·w -'/, 
F 2 B qj ' l J qj ( iq.r. + -iq.r.) (7) j_ = Jt j_ 2 2 2 aq .e 1 ' - aq. e 1 ' • 

Cqj -Wqj J J 

Further, using the usual formalism of the evolu
tion operator lBJ, we can show that the probability 
per unit time of the process in which the nucleus 
i goes over from the state with magnetic quantum 
number m + 1 to the state with quantum number m 
with creation of a virtual phonon, while nucleus j 
goes over from m to m - 1 with absorption of the 
same phonon, is calculated by means of the follow
ing formulas: 

1. Longitudinal oscillations: 

X r;i2n ( -~ n _ _ 2 [13n(2n + 1)- 6] )]2 
(2n+1)! \ a2 ( · 3) r;}(2n+1) 

X [(I+ m + 1) (I- m) PI [li21 (21- 1) )4; (8) 

32 W;)l(m + 2) = (1- Voo) 4 Fzfl ____ _ 
2na2wrr'rd 

X [ ~ (-1)n ( Jtr;J )2n (5n + 1) ]2 r 2 
L.l J gm+2(w)dw, 
n=D a ( 2n + 1) ! 

[(/ + m + 2) (/ + m + 1) (/- m) (/- m -1)] 
X--- li4 [21(2/ -1)]4 . '(g) 

where a is the lattice constant, rij the distance be
tween particles i and j, m the spin projection on the 
z axis (which is directed along rij), w 11 the end-

point frequency of the longitudinal optical oscilla-
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tions, gm+ J..t(w) the normalized distribution function 
of the state density of the level m + J..t, and V the 
volume of the sample. 

2. Transverse oscillations: 

00 

X Sg!+2(w)dw; (11) 
0 

.L (B.L)' 11 
F1,2= Bi! F1,2; 

/ 1 (a,w.L,rii)= [r;:' cos~ii 

+ __!_3 (\ 9n ffi..L sin ~ii -~cos Cf!ii) 
ru c a 

3 ( W.L2 n 2 W.L2 ) + --2 n - 2- cos ~ii + - 2- sin Cf!ii + 8 -- sin Cf!ii 
r;i c a c2 

:n: ( 6ro.L2 n2 ) 57 W.L 4 
+--- ----- COS(jl;j--lt--COS~;· 

r iia c2 a2 4 c4 3 

9n <il.Ls l. 
+ ----r··sinm·· · 4 cs 'J .,.,J .J' 

fz(a, W.L, r;J) = l r~J3 (sin (jlij +cos ~ii) 

+ __!_2 (\ 9n ffi.L sin ~ii- '!_cos <pii) 
r;; c a 

3ro.L2 27 W.L4 1 
+ --(ncos ~··- 6sin<p··)--n-r .. cos ~·· · 

r· ·r2 'l '' 4 "" '' 'l J ' 

~ .. _ W.Lri; 
'J ___ c_' 

It follows from expressions (8)-(11) that for two 
nuclear spins located at distances on the order of 
the lattice constant, the greatest contribution to the 

probability wi~· 1 is made by terms that are in-

versely proportional to the tenth power of a. For 
more remote neighbors (rij » a) the dependence of 

wi~,l on rij is different. Retaining in the square 

brackets of (8)-(11) only the most essential terms, 
we find that for such rij 

1 1 
Wi.IJ,.L(m + 1) .-.- --, Wi;II..L(m + 2) ""--. (12) 

3 a6r ;} a2r ;j8 

So far we have considered the interaction of 
only two particles. To obtain the total probability 

of the transition of a particle i from m + J..t into m 
with simultaneous transition of any of the particle 
j from m into m + f..t, expressions (8)-(11) must 
be summed over all the particles j, which are in 
the ground state and are removed from i by a dis
tance rij which does not exceed the phonon mean 

free path. It may turn out here that a noticeable 
contribution to 

is made by the terms whose dependence on rij 
differs from (12). 

For order of magnitude estimates of the proba-

bilities w! 1.' 1 , we use the following values of the 
lJ 

parameters: Q = 2 x 10-25 cm2, z = 1, m+ = 6.5 
x 10-23 g, m_ - 5.9 x 10-23 g, a = 3.14 x 10-8 em 
(the parameters of the KCllattice), N = 10·23 (3.14)-1, 
w 1 = 6 x 1013 sec-1, w 11 = 1013 sec-1, f g~(w)dw 
= 10-4 sec, I= 2, m = -1, V = 1 cm3, Y00 ~ 102• 

Substituting them in (8)-(11) we obtain w!1.(m + 1) 
lJ 

~ 102 sec-1, wi~<m + 2) ~ 103 sec-1, wt(m + 1) 

= 103 sec-1, wt(m + 2) = 2 x 103 sec-1. It is of 

interest to compare the obtained values for the 
analogous probabilities for the case of magnetic 
nuclear dipole-dipole interaction. Assuming that 
the order of magnitude of the nuclear magnetic 
moment is 10-23 erg/G, we find that the probability 
of reorientation of two neighboring spins at a dis-

tance is of the order W~uc ~ 103 sec-1. 

Thus, at distances of the order of the lattice 
constant, the probabilities of reorientation of the 
nuclear spins, due to the interaction of the quadru
pole moments of the nuclei via the virtual field of 
the optical phonons can be of the same order as 
the probabilities of analogous processes due to 
magnetic dipole-dipole interactions. And even at a 

nuc 
distance rij = 3a the value of wij decreases 

by only two orders, i.e., the interaction in question 
has a much longer range than the dipole-dipole 
interaction. 

It is quite obvious that analogous processes can 
occur in the optical and in the microwave bands as 
a result of the interaction between the quadrupole 
moments of the electron shells with the gradient of 
the electric field produced by the optical oscilla
tions. Unlike the nuclear quadrupole tensor compo
nent, we shall denote the components of the electron 
shell tensor of the impurity particle by D±W 
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Drr.p = e ~ ( 3rrr.<"> rp<"> - r{k.)' llrr.p) ; a, ~ = x, y, z, 
h 

D±2 = )': (Dxx- Dyy - 2iDx11), (13) 

where the summation is over all the electrons of 
the impurity particle. 

Calculations similar to those given above lead 
to the following expressions for the probabilities 
of the cross relaxation transitions between the 
quadrupole sublevels of the particle: 

(14) 

(16) 

00 

X~ g!,.(ro)dro, 
0 

!J.= 1,2, (17) 

00 

where [ L; l (Sl ,( 9 l are the expressions in the square 
n=O 

brackets in formulas (8) and (9), and gp(w) is the 

normalized density distribution function of the 
states of the level p. It must be emphasized that 
the expressions obtained are valid when Ll = tiw 0 

> liw 1 and Ll < liw 1· The inclusion of Ll = liw 1 en
tails no difficulty if one knows the analytic relation 
W1 = f(q}. 

For the spectroscopy of the impurity centers, 
the most interesting case is rij »a. It is easy to 

see that for this case we can rewrite (14)-(17) in 
the form 

, n2 Ftell 
Wi;ll (D±t) = cos2 ~i; 23 (.<l2 _ /i2rou2) 2 asri;' 

(14a) 

(16a) 

26102n3 F2e.L r 2 

W;;.L'(D±2) = (,<l2 -/i2ro.L2)2a2r;,S cos2c:p;; ~ grr.,•(ro)dro. 

(17a) 

To estimate the order of magnitude of the quan
tities, we use the following values of the param
eters entering into the formulas: 

00 

roo"' 1015 sec -1, r;j"' 10-7 cm, S gp2 (ro)dro ~ 10-10 sec. 
0 

The remaining parameters are the same as used 
above. The calculations yield 

W;}l (DH) ......, 109 sec-1, W;}l (D±2) "' 103 sec-1, 

W;j.L (D±1) "' 1013 sec-1• 

Consequently, in the optical branch of the spectrum, 
the mechanism under discussion is also a very ef
fective means of transferring the excitation energy 
between the orbital states of the impurity centers. 
Such a mechanism effects migration of the energy 
over the levels for which the dipole-dipole interac-

tions are equal to zero. In addition, wi~· 1 (D±t) de

creases with increasing rij much more slowly than 
the analogous probabilities due to dipole-dipole 
interactions. 

In conclusion, we note that upon simultaneous 
action of the operator 

3te= ~ (-1)11D11 (VEII . .L)_,. 
11 

and the spin-orbit operator V so• cross correlation 
transitions are possible in the electron-spin sys
tem, and also relaxation of the spin systems with 
conversion of the magnetic energy into the energy 
of the optical branches of the lattice oscillations. 
It is obvious that the latter mechanism can be ef
fective only at sufficiently high temperatures. 

I am grateful to U. Kh. Kopvillem for interest 
in the work and for valuable remarks. 

1 Max Born and Kun Huang, Dynamic Theory of 
Crystal Lattices, Oxford, 1954. 

2 G. Leibfried, Microscopic Theory of Mechani-



QUADRUPOLE AND NUCLEAR SPIN INTERACTION 1259 

cal and Thermal Properties of Crystals (Russ. 
transl.), Fizmatgiz, 1963. 

3 V. R. Nagibarov and I. A. Nagibarov, JETP 
Letters, in press. 

4 V. Ya. Kravchenko, FTT 4, 1796 (1962), Soviet 
Phys. Solid State 4, 1319 (1965). 

5 V. L. Vinetskil and V. Ya. Kravchenko, ibid. 7, 
319 (1965), transl. p. 256. 

6 Sh. Sh. Bashkirov and U. Kh. Kopvillem, ibid. 4, 
3340 (1962), transl. p. 2445. 

7 R. V. Pound, Phys. Rev. 79, 685 (1950). 
8 P. A. M. Dirac, The Principles of Quantum 

Mechanics, Oxford, 1947, Chapter VII. 

Translated by J. G. Adashko 
235 


