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The resonance subtraction of two frequencies in a quantum system with three discrete energy
levels has been investigated theoretically and experimentally. The effect is regarded as the
result of a three-photon process; the quantum-mechanical treatment allows us to use a dia-
gram technique. The experiment consists of observing a field at a frequency of 70 MHz which
is induced in a ruby single crystal when it is irradiated by two fields at frequencies of 10.22
and 10.15 GHz; the experimental results confirm the basic predictions of the analysis.

1. INTRODUCTION

IT is known that the efficiency of nonlinear proc-
esses in the interaction of radiation with matter
increases sharply when the frequencies of the ef-
fective fields approach some characteristic fre-
quency of the system wpp. For example, if a
medium which does not have a center of symmetry
is subject to two monochromatic fields with fre-
quencies w; and w,, where w; & wsy and wy Fwsy,
a strong polarization component (or magnetization
component) arises at the frequency w; — wy ®wsyy.
This effect can be used for frequency subtraction
in the optical and microwave regions. A detailed
analysis of this effect based on the use of the den-
sity matrix is given in t1-41,

In Sec. 2 of the present paper, the subtraction
of two frequencies by means of a three-level sys-
tem is treated from the quantum-mechanical point
of view; the probability for three-photon processes
is computed by means of a diagram technique. In
Sec. 3 we give the results of an experimental in-
vestigation of resonance subtraction of two fre-
quencies in the microwave region (A — 3 cm) using
spin levels in the ground state of ruby; the fre-
quency difference is 17 MHz.

2. QUANTUM-MECHANICAL ANALYSIS

The formulas for frequency subtraction in a
three-level system can be found from the usual
density matrix formalism for addition' %! by using
the following interchange of subscripts and fre-
quency wg: 2— 3, 3— 2, wy — —w,. The addition
scheme is converted into a subtraction scheme by
interchanging levels 2 and 3. The corresponding
expression for the power at the difference fre-
quency as governed by assumptions appropriate
for the present experiment is given in the next
section.

We shall consider in greater detail another
method which is based on transition probabilities
and field quantization. This method yields the pos-
sibility of unique interpretation of multiphoton
processes; moreover, in conjunction with a dia-
gram technique is very convenient for computing
processes in higher approximations of perturba-
tion theory (cf. for example [6], where quantum-
mechanical absorption in a two-level system is
treated in detail). Certain rules for forming the
matrix element through the graph technique are
given in L1 1 83 and [T consideration is given
to processes by which a particle makes a transi-
tion to a different level. We can introduce the no-
tion of a transition probability for a single parti-
cle and then multiply this quantity by the difference
in populations for the initial and final states. The
effect being considered in the present work is an
example of a process of a different kind in which
the particle returns to the original level. In this
case the dependence of the probability on the level
populations is quadratic and the notion of a single-
particle transition probability cannot be used.

An analysis of the general formula with multi-
particle functions (such as Eq. (1) of '8} leads to
the following rule for processes in which particles
are returned to an original level: The matrix ele-
ment corresponding to each graph must be multi-
plied by the population of the initial (and final)
states. For a process characterized by the absorp-
tion of a photon with frequency w; and the simul-
taneous emission of photons at frequencies w, and
w3, we obtain the diagram shown in Fig. 1; this
diagram yields the following expression for the
probability:
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where B is the amplitude of the interaction opera-

tor and N is the population of the level.l For

reasons of simplicity the photon indices in (1) have

been omitted.

The resonance singularities in (1) can be
avoided in the usual way by introducing imaginary
corrections to the characteristic frequencies;
these correspond to the phenomenological intro-
duction of relaxation parameters in the density-
matrix equation. In general, however, this ap-
proach is not completely correct since it assumes
a Lorentzian line shape. A somewhat better ap-
proach is to take account of the exact form of the
interaction between the particles (cf. for exam-
ple [6)). The singularity associated with the 6-
function is avoided if damping is taken into ac-
count. For example, in a resonator the 8-function
becomes a Lorentzian function which, upon exact
tuning of the resonator to the frequency ws = w;

— wy, yields the factor 2Q/mws where Q is the
loaded quality factor of the resonator.
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FIG. 1. Diagrams for computing three-photon transitions.

The probability for the present effect is equal
to the difference between the expression in (1) and
the probability for the inverse process, i.e., emis-
sion of a photon at frequency w; with absorption
of photons at frequencies w, and ws. If we assume
that the initial numbers of photons n4, ny, and n; at
frequencies w;, wjy, and wj satisfy the inequality
ny, ny > n3 the effect is proportional to
ny(ny + 1)(ng + 1) — (ng + 1)nyng ~nyny. Thus, to a
first approximation the effect is independent of
the strength of the field so long as the number of
radiated photons is large. As expected, the final
result agrees with that obtained by semiclassical
methods.

D1t is assumed that the dimensions of the system are much
smaller than a wavelength.
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3. EXPERIMENT

The experimental investigation of frequency
subtraction was carried out in a ruby single crys-
tal with a volume of 0.15 cm® and a 0.02% concen-
tration of Cr ions. The three lower Zeeman levels
were used and these are denoted in order of in-
creasing energy by the numbers 1, 2, and 3. In or-
der to resolve all three transitions the fixed mag-
netic field H is oriented perpendicularly to the
axis of symmetry of the crystal (4 = 90°). The de-
pendence of the Bohr frequencies of ruby
Vmn(m,n =1, 2, 3) on H for this orientation is
shown in Fig. 2. It is evident from this figure that
computing vy,n(H) by means of the conventional
spin-Hamiltonian for ruby leads to a considerable
discrepancy with experiment. The experimental
curves in Fig. 2 allow us to choose the parameters
for a three-level ruby converter for the 3-centi-
meter region.
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FIG. 2. Magnetic field dependence of the Bohr frequencies
for the three lowest levels in ruby with the magnetic field H
perpendicular to the crystal axis. The solid lines show the ex-
perimental results and the dashed lines show the results ob-
tained with the spin Hamiltonian.

In the experiment the frequencies of the origi-
nal fields vy and v, are 10.22 and 10.15 GHz so
that with H = 625 Oe = H; we have vy = vy,

Vg = V39 and vg = Vg = 70 MHz. For these values
of 4 and H the matrix elements for the compo-
nents of the spin-operator S are |S3X [ = |s§Y’ |2
=0.95, lsélz) [* = 2.2 (the z-axis is parallel to the
axis of symmetry of the crystal; the y-axis is
parallel to H; the other components of S are much
smaller than unity).

The crystal, of cylindrical shape, is located in
a rectangular resonator in which the frequencies
for the TEj;; and TE;; modes are respectively
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vy and vy. The crystal is located at antinodes of
the magnetic fields H; and H, where Hy ||y and
H, |lx. The loaded quality factors for both modes
are approximately 1000. Around the sample there
is a detection coil with a quality factor of order

20 tuned to a frequency v3 = 70 MHz and connected
to a tuned amplifier. The axis of the coil is paral-
lel to the x-axis.

The strength of the signal induced in the coil at
the difference frequency is shown in Fig. 3a as a
function of the field H (arbitrary units), where H
varies from 440 to 880 Oe. The maximum power
of the signal at the difference frequency Pj is of
the order of 2 X 10" W when the power of the
input signals Py and P, is of the order of 50 mW.
A theoretical estimate of the quantity P3 can be
obtained from the formula
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(here x = H3/(H}) and V, is the effective volume
of the pickup coil; N is the number of Cr ions in
the sample; A = pg3 — py7 ® p33 — Pyy is the differ-
ence in the diagonal elements of the density ma-
trix; the spin-spin relaxation time 7 is assumed
to be the same in all transitions. This expression
yields Pg~ 107 W which is in good agreement
with the experimental results.
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FIG. 3. The magnetic field dependence of the 70 MHz signal
(a), the paramagnetic absorption at 10.15 GHz (b) and the para-
magnetic absorption at 10.22 GHz (c).

The function f(H), which gives the line shape
for the signal, is

pon=[1+(“) T 1 (141757,

(3)
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where H; is the resonance value of the field for
all three transitions and A Hy,,, is the line width.
The experimental line width (P3)!/? at the 0.7 level
(cf. Fig. 3a) is AH = 24 Oe. The curves in 3b and
c represent the dependence on H of the paramag-
netic absorption at frequencies vy and v, respec-
tively as obtained by a double-modulation method.
It follows from these results that AHy; = 39 Oe,
AHjz, = 42 Oe. If we assume that AHyy > AHgy

= AHjy = 40.5 Oe then according to Eq. (3) AH

= AHy, (212 - 1)1/% = 26 Oe, which is in satisfactory
agreement with the experimental value.

We have also investigated the dependence of the
quantity P3 on the angle 4. When ¢ varies within
the limits 90°+ 20’ the quantity Pj; is reduced by
a factor of four. This sharp dependence is deter-
mined by the function S,,,(#) (especially Sglz)(19) ).

The experimental results described here verify
the basic theoretical predictions. As in the case
of frequency addition (multiplication)(cf. for ex-
ample, l:53) resonance between the frequencies of
the field and the medium enhances considerably
the effectiveness of the subtraction process. It
should be noted that under the experimental condi-
tions the spacing between levels 1 and 2 is of the
same order as the width of the paramagnetic ab-
sorption line associated with the 3—1 and 3-2 tran-
sitions. At the same time Eq. (2) is based on the
assumption that the initial frequencies »; and v,
each excites its ‘‘own’’ transition independently:
1-3 or 2-3. Nonetheless, Eq. (2) yields satisfac-
tory agreement with experiment because H;Ss,
~ HyS3;y ~ 0 for the chosen orientation of the mag-
netic fields with respect to the axis of symmetry
of the crystal.“

The experiment reported here indicates the pos-
sibility of using three-level quantum-mechanical
systems with discrete levels as resonance mixers
for converting microwave signals into interme-
diate-frequency signals. In these experiments the
conversion coefficient P3/P, is 5 x 107 for hetero-
dyne power P; ~ 50 mW. However, this quantity
can evidently be increased considerably by optimi-
zation of the quantum-mechanical system (either
solid or gaseous), by cooling the working material,
and by using resonance systems with high quality
factors.

2)The small shoulder which appears in Fig. 3b to the right

of the main line and in Fig. 3c to the left of the main line is
due to the fact that these relations are starting to become
exact equalities.
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