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Experiments are discussed on measuring nucleon polarization produced as a result of the
scattering of a polarized beam by a polarized proton target. In such experiments it becomes
possible for the first time to determine the components of the third rank polarization tensor
Mjkq- The correlation of polarizations is discussed also in the case when one of the initial
particles is polarized. Relativistic formulas for the quantities being measured are obtained.
The problem of reconstructing the scattering matrix is discussed.

1. INTRODUCTION

THE use of polarized proton targets considerably
extends the possibilities of investigations in the
physics of elementary particles. In experiments
utilizing a polarized target the parities of particles
and of resonances can be uniquely determined [1_6],
the parameters R and A of meson-nucleon scat-
tering can be measured [7’1], the angular interval
for the measurement of polarization can be appre-
ciably extended (8,1 etc,

The use of polarized targets essentially sim-
plifies the measurements of the polarization char-
acteristics of nucleon-nucleon scattering. Meas-
urement of the scattering cross section for nu-
cleons on a polarized proton target enables us to
determine the polarization of the recoil protons.
The tensor Cji describing the correlation of
polarizations can be obtained from the cross
section for the scattering of a polarized beam by
a polarized target. A measurement of nucleon
polarization in the scattering of an unpolarized
beam by a polarized target enables us to deter-
mine the depolarization tensor Djix and the polari-
zation transfer tensor Kjk. Here we shall discuss
possible experiments on the measurement of nu-
cleon polarization arising as a result of the
scattering of a polarized beam by a polarized
target. In these experiments it becomes possible
for the first time to determine the components of
the third rank polarization tensor Mjkq. Measure-
ment of such complicated polarization character-
istics will help to remove the remaining ambigui-
ties of phase analysis. These measurements will
be particularly important in that energy region
where the cross sections for inelastic processes
are comparable to the cross section for elastic

scattering. In order to carry out a phase analysis
in this region it is necessary to utilize the results
of the phenomenological analysis of inelastic
processes. Moreover, in the high energy domain
there is a considerable increase in the number of
states the interaction in which must be taken into
account. As is well known, the amplitude for
elastic scattering can also be determined directly
from the experimental data on elastic scattering
without making use of information from inelastic
processesm. However, this method requires a
large number of polarization measurements.

2. THIRD RANK POLARIZATION TENSOR

We consider the polarization of the final parti-
cle arising as the result of the scattering of a
polarized beam by a polarized target. The sub-
script 1 in the spin matrices will refer to the in-
cident and the scattered particles, and the sub-
script 2 to the target particles and the recoil
particles. In the case of identical particles we
shall define the scattered particle to be the one
emerging into the angular integral 0 < 6 < 7/2 in
the c.m.s.

In the rest system obtained by a Lorentz
transformation from the c.m.s. the polarization of
the scattered particle is equal to -

= Sp 01:M*/2(1 + (01P1) ) /2 (1 + (02P2) ) M+ (1)

C SpMY/s(1+(0iP)) /o (1 + (0oP) ) MH
where P; and P, are the polarizations of the
initial particles in the corresponding rest systems,
while M is the scattering matrix in the c.m.s.

As is well known, the nucleon-nucleon scatter-
ing matrix M (k’, k) is characterized by five com-
plex functions of the angle and the energy and has
the following general form 19,100,
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MK, k) = (z+v) + (u — v) (ein) (62n) + c[(om)

+ (o:0) 1 + (¢ — h) (o1m) (s2m) + (g + %) (a4l) (02)).
2)
Here k and k’ are unit vectors in the directions
of the initial and final momenta in the ¢.m.s.,
while 1, m, and n form an orthonormal triad of

vectors:
k+k k'—k

l— =

Kk |k — k|’

[kk']
kK| -
(3)*

n= [lm] =

The matrix (2) satisfies the requirements of
invariance under rotations, reflections and time
reversal, and is also symmetric with respect to
the simultaneous interchange of initial and final
spin indices. The latter condition is a consequence
of identity in the case of pp scattering, while
for np-scattering it is only true within the frame-
work of isotopic invariance.

As can be seen from expression (1), the polar-
ization P;j’ is determined by the following ten-
sors:

Po= % Sp o1 MM+ = % Sp oz MM*
0 0

1 1
=5 ———S M iM+= —_— M iM+=Ai, 4
7o, P Mo 40081) 02 (4)
D; ——18 o1i Moy, M+ (5)
ih — 400 P 014 1k ’

1 1
Kin = ——Sp 61;MoyM+ = —— Sp 03 Mo M+, 6
k Zos p o1:Ma2x Too p 62:iMoyp (6)

1
i = —— Sp Moo M+, 7
Py, Zos Sp Mo1i02n (7)
1
Mihq = —Sp GiiM(}'ihO'qu+. (8)
40’0

In these formulas o, is the differential cross
section for the scattering of an unpolarized beam
by an unpolarized target in the c.m.s., while P{
is the polarization occurring in the scattering of
unpolarized nucleons. In virtue of the principles
of invariance the polarization P‘i’ coincides with
the asymmetry A; arising in the scattering of a
polarized beam by an unpolarized target (or of an
unpolarized beam by a polarized target)[9’1°J.

The depolarization tensor Dji and the polari-
zation transfer tensor Kjj can be determined from
experiments on the measurement of polarization
in the case when either the incident beam or the
target is polarized. By studying the cross section

*kkT=k xk'.
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for the scattering of a polarized beam by a
polarized target it is possible to determine the
components of the tensor Pjik. We note that the
tensor Pji is related to the tensor describing the
correlation of polarizations

Cih = (40’0) -1 Sp O'ii()'zkﬂfM'*‘

by the relation 1,8]

Py (K, k) = Cin(—k, —K'), 9)

which follows from the invariance with respect to
time reversal. Relation (9) means that the com-
ponents of the tensor Pji can be determined also
from experiments on the measurement of the
correlation of nucleon polarization arising in the
scattering of unpolarized particles.

A new quantity measured in the experiments
under consideration is the third rank pseudo-
tensor Mjkq. We investigate the structure of this
tensor. From considerations of invariance with
respect to rotations and reflections we obtain

Mirg = Munlilyng + Miumnlimpng + Minilinglg
+ Miypmlingmg + Mmlnmilknq + Mmmnmimhn‘q
-+ anmminhmq -+ M‘mnlminhlq

+ Mnmlnim'qu + Mpmmtimemq -+ Mpimnilpmg

-+ Mnllnilqu + ]V]nnnninth' (10)
Not all the components of this tensor are inde-
pendent. In order to verify this we utilize the
relation [1+6
M (K, k) = (oin) (oon) M (K, k) (o1n) (o2n), (11)

which follows from the requirements of invariance
with respect to reflections in the scattering plane.
We show first of all that the component Mppn
coincides with the polarization Pl = (P°n) which
arises in the scattering of unpolarized particles.
Indeed, we have

1
M ynpn = ——Sp(om) M (o:n) (o:n) M+
4:00

= ! Sp(eon) MM+ = P°,
400
Further, utilizing (11) and the symmetry require-

ments we obtain

(12)

A’lnmm = _Mnll, anm = Mlnly Mmmn = Mlln- (13)

Thus, the tensor Mikq is characterized by nine
components. In subsequent discussion we shall use
half the sums and half the differences of compon-
ents with different indices:

M = Y/s(Munim &= Mum), Mz = /s (Minm &= Mmni),

Ml?r:m == i/Z(I.MIWWL_*_:]umln)~ (14)
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We present the expressions for the components
of the tensor Mjikq and for the cross section o
calculated with the aid of the matrix (2):
coMmmn = 4 Re c*v,
oM pnn = 0oP® = 4 Re c’u,

0‘0]”71” =4 Re C*h,
0oMpmnm =4 Rec’g,

GoM 7t m = 4 Im uh”, oM nim = 4 Im gv*,

GoMz;tm = 4 Im hv", 0oMinm = 4 Imug”,

O'Oer-r':n = 4Im hg", ooMimn = 4 Im uv®,
oo =2(|ul?+ |v|*+ |c]2+ [g]2+ |2[?).

It can be shown that there exist algebraic rela-
tions between these quantities. In order to do this
we utilize the identity

(15)

zIm yz* + y Im zz" + z Im zy* = 0, (16)

which is valid for any three complex numbers
X, V, z. As a result of the invariance of observable
quantities with respect to multiplication of the
scattering matrix by a phase factor, the amplitude
¢ in the expansion (2) can be assumed to be real.
The remaining four complex functions u, v, g and
h satisfy the relations
ulmgh® + gIm hu* 4+ A Imug® = 0, 17
vimgh* + glmhv* + A Imvg* = 0. wn
From here with the aid of expressions (15) we
obtain three relations between the components of
the tensor under consideration:

-'Ml;mMnll + Ml-r}-nnpo + M'lemanm = 01
M'rTlmMnll + Ml-:;lanmn - Ml-'t';manm == 01

MM — Myt M, + MM, = 0. (18)

It is evident that relations (18) enable us to ex-
press three components in terms of the remaining
ones.

In addition to the tensor Mjkq We can construct
the following three third rank polarization ten-

sors [ﬂ:
1
Nikq = 4—0_0 Sp 03; MﬁikGZqM+, (19)
1
Cikq S -4—%Sp 014 szM Oiq M+, (20)
1
Pikq == — Sp 0’11;0'th0'qu+. (21)

40‘0

The tensor Nikq appears in the expression for
the polarization of the recoil particle in the case
when the beam and the target are polarized, while
Cikq (Pikq) appears in the expression for the
correlation of polarizations in the case of the
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scattering of a polarized beam by an unpolarized
target (or of an unpolarized beam by a polarized
target). From invariance with respect to time
reversal and oy <= 0, symmetry it can be easily
seen that

Nikq (k/7 k) zuwiqh (k/, k) ) (22)

Cing(K', k) = Prig(K', k) = —Mgin(—k, —k’). (23)

Thus, the components of the tensor Mikq also
define all the other third rank tensors.

As is well known, the measurement of nucleon
polarization in the energy range from 20 to
100 MeV is difficult because no target analyzers
with sufficient analyzing power are available.
Relations (22) and (23) can be utilized to determine
the components of Mjkq over the whole angular
interval. For example, in scattering through
large angles it can turn out that a measurement
of Njkq. i.e., of the polarization of recoil parti-
cles, is simpler than the measurement of Mjkq-

In concluding this section we make two re-
marks. The first refers to proton-proton scatter-
ing. As a result of the Pauli exclusion principle,
the tensor Mjkq satisfies in this case the relation

Ming(K', k) = Mign(—K', k). (24)

From this we obtain for the components of the
tensor

]Wmnl(ﬂ — e) = —Munn (e),
anm(n — e) = —Mmmn (6)7
Mnml(n - 6) == _Mnml(e),

Mupin (5t — 0) = — M1 (8),
Moy(st — 0) = Mau(0),
Mnlm(ﬂi - 9) = "‘Mnlm(e)a

(247)

where 6 is the scattering angle in the ¢.m.s. Thus,
in the case of identical particles it is sufficient to
measure the polarization in the range

0 =60 =< n/2 for all possible orientations of the
polarizations of the initial particles.

The second remark refers to the low energy
domain, where it is sufficient to take into account
the interaction only in the S-state. The scattering
amplitude in this case has the form

M = a + B(0102),

where the coefficients @ and B are related to the
scattering amplitudes in the 3S;- and the 15,-
states bt and bg by the following relations:

(25)

o =14(3br + bs), B = Ys(br — bs). (26)

The tensor Mjiq is equal to
Mg = Mumeing, (27)
oM nim = 2Im a™f. (28)
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In the case of pp-scattering « = —8 and Mikq = 0.
Restricting ourselves to the main term in the ex-
pansion with respect to the momentum p we

obtain for the scattering of neutrons by protons
0oMnim = fopasar{as — ar). (29)

Here ag and ag are the singlet and the triplet
scattering lengths.
3. MEASURED QUANTITIES

For the determination of quantities measured
experimentally we introduce in the laboratory
system two orthonormal vector triads

ki, np=[kik']/|[kik,/]],

st = [nk;],

si” = [nk;']; (30)

k;, nj. (31)

where kj (k7) is the unit vector in the direction of
the momentum of the scattered (incident) nu-
cleon. It is obvious k; = k, n7 = n. The polariza-
tion of the scattered particles can be naturally
characterized by its components in the system (30),
while the initial polarizations can be naturally
characterized by the components in the system
(31). However, we should keep in mind that in the
relativistic domain in comparing the results of
the calculation of the average values of the spin
operators with the results of polarization meas-
urements in addition to the usual kinematic cor-
rections it is necessary to take into account the
characteristic relativistic rotation "1714, The
component of the polarization vector of the
scattered particle along the direction aJ meas-
ured in the 1.s. taking this effect into account is
equal to

(os>1a;) = o1 8p (o1(a;) r) MY/a(1+ (o1P1))
X 1f2(1 4 (02P2) ) M+,
o = SpM's(1 + (01P1)) /2 (1 + (02P2) ) M+.

Here o is the differential scattering cross sec-
tion, while

(32)

(a;)r = Bn (R1)a;.

In (33) Ry (9,) is the operator for a rotation

about the normal n through an angle ; = @

— 207 (6] is the scattering angle in the 1.s.).
Utilizing considerations of invariance we ob-

tain from (32) the following expressions for the

components of the polarization of the scattered

particle:

6o n;) = 0o[P® + Dnn(Pim ;) + Knn(Pan;)
+ PO(Pmy) (Pen;) + Munr (Piky) (Pok )
—-;— Mnks(Pik,l) (Ple) + Mnsh(Plsl) (szl)
+ Mass(P1sy) (Pasy) 1,

(33)

(34)
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5 (<o k") = 00| Dpm (Pik;) + Dpos(Pis ;) + Knn (P2k)
+ Ko (Pos 1)+ Mpmn (Piky) (Pony)
+ Mpron (Pis ) (Pong) + Mymp (Pimg) (Pk;)
+Mk"ns(Pinl) (PZSl)L

0 (<o 181") = GolDsn (Piky) + Dsrs (P18 ) + Ksn (Pok 1)
+ Koos(Pos )+ Mspn (Piky) (Pon ) 4 Mosp (Pys ) (Pony)

(35)

+ My (Ping) (Pok ) + Moms (Pm) (Posi)]. (36)
Here we have utilized the following notation:
Dap = (a1)riDin(bi)n, Kap = (a) piKin (b1 ),
Mape = (a;) riMing(by)r(e)q. (37)

We note that the well known Wolfenstein parame-
ters for triple scattering [15) determined taking the
relativistic rotation into account are given in the
present notation by

D= Dnn,
RI - Dh'S1

R = Ds's, A= Ds’ky

A’ = Dy (38)

The differential cross sections for the scattering
of a polarized beam by a polarized target can be
written in the form

o = oo[1 + P°(Pin;) + P°(Peny) + Ppn(Ping) (Pang)
+ Ppr(Piky) (Poky) + Prs(Piky) (Posy)
+ Ppo(Pis;) (Pok;) + Pus(Pisy) (Posp) ],

Pop = (a;)iPin(b;)n.

As can be seen from the formulas given above the
nucleon polarization arising in the collision of a
polarized beam with a polarized proton target is
characterized in addition to the quantities deter-
mined in simpler polarization experiments also
by the twelve quantities My} . These quantities
are related by linear expressions to the nine com-
ponents of the tensor Mjkq and it is therefore ob-
vious that between them there must be three rela-
tions. Indeed, it can be shown that

MS'Sn - Mk'h‘n
Ms’kn + Mk’sn

Mons— Mpinp
Below we give formulas relating the measured
parameters Mgpe to the components of the tensor
Mikq:

(39)

Mnkk="‘M’nss7 =tg 0y,

=1g0,. (40)*

Mo =M,, cos 06— M7, sin 6,

Mo=M,, sin04+ M} cosd+ M, ,

M =M, sin0+M: cos0—M_ .
*tg = tan.



1134
0 . (0
My, =M, .. cos (—2— —{—a)— Mj ., sin (-i—a:)
A
—Mlmnsm(f—i—ot),
A N 0
My, =M, ,sin <—2~+a>+Mlmn cos *2‘—~oc>
- 0
+Mlmncos<§+a>,
0 . AL
Mk'nksznmcos (7 +a>—Mlnm51n <'2——Cl>
. [0
— M, sin <7+a>,
(8 . 0
My == M, sint (7 +°‘> + My, cOS (7_ a)
_ 0
+ M, cos (—2‘+a>,
. 0 + 0
Ms’kn = Mmmn sin (_2‘ =+ a’) + Mlmn cos (E ——-01,)
_ 0
—Mlmncos (~2—+a),
9 .. (8
My=M, . cos (§+°‘>+Mzmn sin (g-—a)
_ . (8
— M, sin <§+a>,
A + 0
Moy =—M 1 SiD \>i+a>+Mlnmcos 5 —a
_ 0
— M7, cos (—2—+a>,
0 . (8
Ms'ns=anm cos <—2_ +a>+M4‘nm sin (7—0")

— M7, sin (—g +a). (41)

The angle « is defined in the following manner:

a=9/2-91. (42)

It is obvious that in order to obtain nonrelativistic
relations one must set @ = 0. In order to measure
the transverse components ( {o;l)nz) and

({041 )81’) of the polarization it is necessary to
choose the plane for the analyzing scattering to be
orthogonal with respect to n; and s;s. The longi-
tudinal component ((o,7)k,) of the polarization
can be measured if the nucleons prior to the ana-
lyzing scattering are made to go through a mag-
netic field directed along nj.

For example, in order to determine the param-
eter Mg/gp it is necessary to scatter the beam
with polarization Py = Pys; on a target polarized
orthogonally to the scattering plane (P, = Pynj).
It follows from (34)—(36) and (39) that the polari-
zation arising as a result of this is equal to

<o = [k (DpsPy + MusnPiPa) 481" (Dsr6Py

+ ]l[s’snpipz) + n; (Knnp2+ PO)] / (1 + POPZ)' (43)
From this it follows that if the normal to the plane
of the analyzing scattering is parallel to sjs, then
the left-right asymmetry is equal to
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_P PI(R+Ms'snP2)‘
e 1+ PP, ’

et (44)
where P, is the analyzing power of the target-
analyzer. If the parameters R and P’ are known,
then from (44) one can obtain Mgrgp. The remain-
ing quantities Mgpe can be found in an analogous
manner.

The components of the tensor Mjky can also be
determined by means of measuring the polariza-
tion of the recoil particle arising in the scattering
of a polarized beam by a polarized target. Ex-
perimentally one measures the components of the
polarization vector of the recoil particle in the
system associated with the momentum of the re-
coil particle in the l.s.:

n;, k" s;” = [nk;"]. (45)

Here ki’ is the unit vector in the direction of the
momentum of the recoil particle. Taking the rela-
tivistic rotation into account we obtain in analogy
with (34)—(36) that from the measurements of the
polarization of the recoil particle the following
quantities can be determined:

Nope = (1) iVing(b1)r(cq)q
Nyproe = (k1) rilVing (b 1) (€ 1) g,

Nope = (81") rilVing (b1) (€ 1) 4. (46)
Here bj and c¢] are vectors from the triad ny,
k7, sg, while (kf )R and (s] )R are equal to
(k1”)r = Ra()k/", (s:”)r = Ru(Q)s,”, (47)
where Rp (£2,) is the operator for the rotation
about the normal n by an angle
Q =20, — . (48)

In this relation ] is the recoil angle in the l.s.,
while & is the recoil angle in the c.m.s. Formu-
las for relating the quantities (46) determined
experimentally with the components of Mjkq can
be found with the aid of formula (41). It can be
easily shown that

Nnbc == Mncb,
Nype = Mprep

Nh"bc = - Ms'cb ((l"> - (l,).,

(a—>—a), (49)

where (a — —a’) means that in the correspond-
ing expressions in (41) the angle « must be re-
placed by the angle —a’, with

=0/2—0, (50)

In the non-relativistic limit a’ = 0.

The components of the tensor under consider-
ation can also be determined from measurements
of the correlation of polarizations arising as a
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result of the scattering of a polarized beam by an Crnk — Cons ¢ ( _ 6) 59
unpolarized target. Comn - Cams B\ 7% (52)
Below we reproduce expressions for the meas-
ured quantities 1) Finally, information about the components of Mjkq
can also be obtained in measuring the correlation
Corg = M, sin (%_a,> M}, cos (% +a,) of polarizations in the case when the target is
polarized. The quantities measured in this case
+ M7, cos (%_a,>, f:an be found from expressions (51) in the follow-
6 ) ing manner:
an”s = anmcos (7 .—_a/) + Ml+nm sin (?_l_a’) Pyprg = — Cyrgrin (Cl = — (Z,), Psprrn = Cyporn (Q = —(l,),
+ Mpm sin (% - a’)’ Pysin = Crrsrm (CI. = — a/)v Ponpy = —Crnprp (U«/—> - (l),
— ’ — —_ — ’
Cns"k= anm cos (—g——a') + IMZLn'm sin (% +a’) Ph/nb B Cns”b (a - a) , Pns”b B Ck,nb (a—y ’ )’
0 Pysin = — Crprm (0 == — (l/),
— My, sin (7—1), Py = — Comp (a—— o). (53)
. (6 0
Crsrs = M pnm sin (E —O") — M, cos <? + a') The required replacement of angles is shown
0 in brackets.
+ M cOS (7"“’)! In conclusion, we consider the problem of the

direct reconstruction of the amplitude for nucleon-
nucleon scattering. As Schumacher and Bethe
Cirsrn = My cos (x— o) — M, sin (¢ —a') + Mo, sin (24 o), have shown!® , for the reconstruction of the am-
plitude it is sufficient to measure the cross sec-
tion, the polarization, the depolarization tensor
som = — My sin (@ —a') — My, cos (2 — o)+ My, cos (@ + o), Djk, and also certain components of Cjx and Kjxk
(a total of eleven quantities). In doing this the
corresponding quantities must be measured with
a high degree of accuracy. Utilizing relations (15)
and Table II from the review article [J, we ob-
tain?)

Croprn =M, sin (a— ')+ ME, cos (a—a’) + My, cos (a4 o),

nlm

, P , — ,
Coprmn =My, cos (a—a')— My, . sin (a —a') — M7, sin (o + @),

c
0 + . (0
Crmx = M imn COS (?—i—a) + M}, sin (TZ —a)
- (8
—Mlmnmn(?—ka),

. A 0
Crons = M sin (E + cz) — M}, €os (3 — a> o o6 o
9 Reh=—M,;, Imv=—D,,; Rev= —[-)M,,m-m,
+ Mj,,, cos (_2. +U-), 4e 4¢ 4¢

0 (7] (o] g (o
Conpe =— M, n sin (7+a)—Mfmn cos (7—a) Imh=4—co—sz, Reg=4—:anm, Img=4—szz,

- S
— M, cos (2 +a), Reu=—z%P°. (54)

0 (8
Corns = M €05 (7 +a) = Miwn si2 ( 2 —a) The amplitude c is taken to be real and positive.
It is related to the observed quantities by relation
(7.46) from M. With the aid of (54) other expres-
The notation is obvious: sions for ¢ can be obtained:

Crisimn = (K1) ri(S1”) Re Cing(R1)q 0o (M'rimn + Drfwl)
2(1 + Dnn - Knn - C"l")

— M, sin(-g——}-a). (51)

2 —

etc. From equations (13) it follows that the follow- . )
ing relations hold: 00 (Mmnm + K1)

Crnsh + Chnrs —tg (a, + 2) 2 (1 - Dnn + K”n - C’ﬂn)
Cnh"h - Cns"s 2 ! _ Oo (M:ll + C,iz) (55)
" 2(1 —Dnn — Kun +Cnn)

Ch's”n - Cs’k”n ’
Cs's"n + Ch’k"n - tg(a + ¢ )’
2)In Table II of the review articlel['] there are some mis-
- prints. In formulas (5) and (8) of this table one should replace
DThe formula for Cs 's ", taking relativistic rotations into l==m. The same replacement should also be made in (7.43),
account was obtained earlier by V. I. Nikanorov. (7. 44) and (7.50 ').
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|

The angular dependence of the parameter Ms 'sn for
np-scattering at an energy of 630 MeV. The graphs 1-3

have been calculated with the aid of sets of phases from['7],

The errors shown are due to the errors in the determination
of the elements of the scattering matrix in the course of the
phase analysis.

Relations (54) and (55) show to what extent the
procedure for reconstructing the scattering am-

plitude is simplified if the tensor Mjgq is known.

The measured parameters Mgp, are calcu-
lated in (6] with the aid of the available sets of
phases over a wide range of energies. The dia-
gram shows results of the calculations of the
component Mg’sn for np-scattering at an energy
of 630 MeV. It can be seen from the graphs that
a measurement of this quantity would enable us
to significantly reduce the ambiguity of the phase
analysis.

We are grateful to F. Legar and Z. Yanout who
at our request have calculated the graphs shown
in the diagram, and also to Yu. M. Kazarinov and
Ya. A. Smorodinskil for useful discussions of the
problems discussed here.
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